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Abstract

Control and planning of multi-agent systems is an active and increasingly
studied topic of research, with many practical applications such as rescue
missions, security, surveillance, and transportation. This thesis addresses the
planning and control of multi-agent systems under temporal logic tasks. The
considered systems concern complex, robotic, manipulator-endowed systems,
which can coordinate in order to execute complicated tasks, including object
manipulation/transportation. Motivated by real life scenarios, we take into
account high-order dynamics subject to model uncertainties and unknown
disturbances. Our approach is based on the integration of tools from the
areas of multi-agent systems, intelligent control theory, cooperative object
manipulation, discrete abstraction design of multi-agent-object systems, and
formal verification.

The first part of the thesis is devoted to the design of continuous control
protocols for the cooperative object manipulation/transportation by multiple
robotic agents, and the relation of rigid cooperative manipulation schemes
to multi-agent formation. We propose first a variety of centralized and
decentralized control algorithms that do not employ force/torque information
at the contact points and take into account both cases of rigid and rolling
grasping points, dynamic uncertainties in the object’s and agents’ model,
and potential constraint satisfaction, such as obstacle avoidance and input
saturation. Next, we tackle the problem of robust formation control for a
class of multi-agent systems and we analyze the relation between formation
rigidity theory and rigid cooperative manipulation.

In the second part of the thesis, we develop control schemes for the
continuous coordination of multi-agent complex systems with uncertain
dynamics. We first study the motion planning problem and propose novel
adaptive control schemes for the collision-free navigation of single- and
multi-agent spherical systems in obstacle-cluttered environments. Next, we
focus on the leader-follower coordination problem of spherical multi-agent
systems. More specifically, we design a robust adaptive decentralized control
scheme for the successful navigation of a designated leader to a predefined
point, while guaranteeing collision avoidance and connectivity maintenance
properties. Finally, we design a closed-form robust barrier function-based
control protocol for the collision avoidance of multiple 3D ellipsoidal agents.

The third part of the thesis is focused on the planning and control
of multi-agent and multi-agent-object systems subject to complex tasks
expressed as temporal logic formulas. We tackle first the case of local
independent tasks for multi-agent systems, and by using previous results on
multi-agent constrained navigation, we design a discrete abstraction of the
agents’ motion in the workspace and synthesize decentralized control policies
that satisfy the agents’ specifications. Next, in addition to the robotic agents,



we take into account complex tasks to be satisfied by unactuated objects.
We design a discrete abstraction that simulates the behavior of the agents
and the objects in the workspace and we synthesize controllers for the agents
that take into account both theirs and the objects’ specifications.

The fourth and final part of the thesis focuses on several extension
schemes for single-agent setups. Firstly, we consider the problem of single-
agent motion planning under timed temporal tasks in an obstacle-cluttered
environment. Using previous results on collision-free timed navigation, we
develop a novel control policy that guarantees satisfaction of the agent’s
timed tasks as well as asymptotic optimality with respect to energy resources.
Secondly, we tackle the motion planning problem for high-dimensional
complex systems with uncertain dynamics in obstacle-cluttered environments.
We integrate intelligent control techniques with sampling-based motion
planning algorithms to guarantee the safe navigation of the system to a
predefined goal, while compensating for the model inaccuracies. Finally, we
develop a novel control protocol that achieves asymptotic reference tracking
for an unknown control affine system, while respecting at the same time
funnel constraints.



Sammanfattning

Reglering och planering av multiagent-system är ett aktivt och växande
forskningsfält med en rad praktiska tillämpningar s̊asom räddningsupp-
drag, övervakning, säkerhet och transport. Denna avhandling adresserar
planering och reglering av multiagent-system med temporallogiska uppgifter.
De berörda systemen är komplexa, robotiska, manipulatorbaserade sys-
tem, vilka kan samarbeta för att utföra komplicerade uppgifter, bland
annat manipulation och transport av objekt. Motiverade av verkliga sce-
narier tar vi hänsyn till högniv̊a dynamik med osäkerheter och okända
störningar. V̊art angreppssätt baseras p̊a integration av redskap fr̊an följande
omr̊aden: multiagent-system, intelligent reglerteknik, samarbetande objekt-
manipulation, diskret abstrakt design av multi-agent-objekt system och
formell verifiering.

Avhandlingens första del tillägnas design av kontinuerliga protokoll för
samarbetande manipulering och transportering av objekt utförd av flera robo-
tagenter, och relationen av rigida samarbetskrävande manipulationsuppgifter.
Vi föresl̊ar först n̊agra centraliserade och decentraliserade regleralgoritmer
som saknar information om kraft och moment i kontaktpunkterna, men som
tar hänsyn till b̊ade fasta och rullande greppunkter, dynamiska osäkerheter
i objektets och agentens modell, samt möjlighet till att uppfylla villkor
s̊asom att undvika hinder och mättning av insignaler. Som ett nästa steg
behandlar vi reglering för robust formering för en klass av multi-agent system
och vi analyserar relationen mellan teori för formationsrigiditet och rigid
samarbetskrävande manipulation.

I avhandlingens andra del utvecklar vi regleralgoritmer för kontinuerlig
koordinering av komplexa multi-agent system med osäker dynamik. Vi
betraktar först rörelseplanering och föresl̊ar nya adaptiva regleralgoritmer
för kollisionsfri navigering av enkel- och sfäriska- multiagent-system i hin-
derfyllda miljöer. Vi fokuserar sedan p̊a ledar-följare koordinering av sfäriska
multiagent-system. Mer specifikt s̊a designar vi robust adaptiv decentralis-
erad reglering för framg̊angsrik navigation av en utnämnd ledare till en
förutbestämt punkt, samtidigt som vi garanterar att kollisioner kan und-
vikas och att sammankoppling upprätth̊alls. Slutligen designar vi ett robust
reglerprotokoll p̊a återkopplad form baserat p̊a barriärfunktion för kollision-
sundvikande av multipla ellipsoidformade 3D-agenter.

Avhandlingens tredje del fokuserar p̊a planering och reglering av mul-
tiagent och multiagent-objekt system med komplexa uppgifter uttryckta
med formler p̊a temporallogisk form. Vi behandlar först fallet med lokala
oberoende uppgifter för multiagent-system, och genom att använda tidigare
resultat fr̊an begränsad navigering av multiagent-system designar vi en
diskret abstraktion av agentens rörelse i arbetsytan och syntetiserar decen-
traliserade reglerpolicys som uppfyller agentens specifikationer. Förutom



robotagenterna tar vi sedan även hänsyn till komplexa uppgifter som utförs
av op̊averkade objekt. Vi designar en diskret abstraktion som simulerar agen-
ternas beteenden och objekten i arbetsytan och vi syntetiserar regulatorer
som tar hänsyn b̊ade till agenternas och objektens specifikationer.

Den fjärde och sista delen av avhandlingen fokuserar p̊a flera utvidgningar
för singelagentfallet. Först betraktar vi rörelseplanering för singelagenter
under temporala uppgifter i en hinderfylld miljö. Genom att använda
tidigare resultat fr̊an kollisionsfri tidsbegränsad navigering utvecklar vi en
ny reglerpolicy som garanterat uppfyller agentens tidsbegränsningar och
är asymptotiskt optimal med avseende p̊a energikällor. Sedan angriper
vi rörelseplaneringproblemet för mångdimensionella komplexa system med
osäker dynamik i hinderfyllda miljöer. Vi integrerar intelligenta tekniker för
reglering med samplingsbaserade rörelseplaneringsalgoritmer för att garan-
tera säker navigering av systemet till ett förutbestämt m̊al, samtidigt som vi
kompenserar för modellfel. Slutligen utvecklar vi nya regleringsprotokoll som
uppn̊ar asymptotisk referensföljning för ett okänt affint system, samtidigt
som trattformade begränsningar uppfylls.
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Chapter 1

Introduction

The technological developments have been increasing exponentially during
the last century, with an evident peak in the last few decades. The recent
need for development of smart cities (including autonomy in industrial
buildings, houses, highways, as well as automated rescue missions) calls for
wider deployment of robots that must coordinate with each other to achieve a
specific task. Additionally, noteworthy is the increasing evolution of wireless
communication technology that results in the low-cost massive development
of (internal and external) sensor devices. Along with the incapability of
the corresponding computing units to process very large amounts of data
in small amounts of time, this has given rise to a special case of systems
that consist of multiple robots, namely multi-agent systems. Multi-agent
systems consist of agents/robots that rely solely on local sensor information
with respect to their neighboring robots to determine their actions, which is
often called decentralized control.

During the last decade, decentralized control of multi-agent systems
has gained a significant amount of attention due to the great variety of
its applications, including multi-robot systems, transportation, multi-point
surveillance and biological systems. The main focus of multi-agent systems
is the design of distributed control protocols in order to achieve global tasks,
such as consensus [? ? ? ? ? ], in which all the agents are required to
converge to a specific point, and formation [? ? ], in which all the agents
aim to form a predefined geometric shape. At the same time, the agents
might need to fulfill certain transient properties, such as network connectivity
[? ? ? ] and/or collision avoidance [? ].

A special case of multi-agent systems is cooperative robotic manipula-
tors. In particular, when it comes to object manipulation/transportation,
large/heavy payloads as well as complex maneuvers necessitate the de-
ployment of more than one robot. The most common tasks consist of
pick-and-place tasks and cooperative object transportation, while satisfying
certain properties, such as collision- and singularity-avoidance.

Another topic that has troubled researchers the last decades is the control
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Figure 1.1: A humanoid robot moving to an environment consisting of 6
rooms and 3 corridor regions. In room R6 there exists a ball that the robot
can grab.

of multiple systems such that each agent/robot fulfills desired tasks given
by high-level specifications expressed as temporal logic formulas. Temporal-
logic based motion planning has gained a significant amount of attention
over the last decade, since it provides a fully automated correct-by-design
controller synthesis approach for autonomous robots. Temporal logics, such
as linear temporal logic (LTL), provide formal high-level languages that can
describe planning objectives more complex than the well-studied navigation
algorithms, and have been used extensively both in single- as well as in
multi-agent setups. The objectives are given as a temporal logic formula with
respect to a discretized abstraction of the system (usually a finite transition
system), and then, a high-level discrete path is found by off-the-shelf model-
checking algorithms, given the abstracted system and the task specification.
Consider, for instance, the robot in Figure 1.1 operating in a workspace
which is partitioned into 6 rooms and a corridor consisting of three regions.
A high-level task for the robot might have the following form: “Periodically
visit rooms R1, R4, R6, in this order, while avoiding rooms R2, R3 and R5”,
or “Grab the ball that lies in room R6 and deliver it in room R3 between 10
and 20 seconds”. The aforementioned specifications include complex tasks
where time might play an important role.

One of the main problems that arise when dealing with high-level tasks
based on temporal-logic formulas is the construction of a discrete abstracted
representation of the continuous system. More specifically, given a temporal-
logic formula over a continuous workspace/state space, how does one partition
this space into discrete state?s? Moreover, given a predefined partition, what
are the control inputs of the agents that guarantee well-defined transitions
among the discrete states? When multi-agent systems are concerned, the
aforementioned specifications must also incorporate collision-avoidance as
well as connectivity-maintenance properties among the robots, which brings
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the problem of abstraction to a new level of complexity.
Furthermore, consider a case where some unactuated objects must un-

dergo a series of processes in a workspace with autonomous agents (e.g.,
car factories), expressed as temporal-logic high-level specifications. In such
cases, the agents, except for satisfying their own motion specifications, are
also responsible for coordinating with each other in order to transport the
objects around the workspace. When the unactuated objects’ specifications
are expressed using temporal logics, then the motion- and task- planning of
the agents’ behavior becomes much more complex, since the discrete system
abstraction has to also take into account the objects’ goals.

The aforementioned problems become even more challenging when one
takes into account system uncertainty. The dynamic model of real robotic
systems cannot be accurately known by the user/designer, since it includes
terms that might not be easy to identify, e.g., dynamic parameters (mass,
inertia), friction, and other external disturbances. This becomes more
apparent as the complexity of the considered systems increases (consider,
e.g., a mobile robot vs a 6-DoF robotic manipulator). These uncertainties
are expected to affect the performance of the system, and since they cannot
be accurately canceled by the control design, the latter must render the
closed-loop system robust to them [? ].

Motivated by the above discussion, this thesis aims at solving the problem
of decentralized motion- and task-planning of uncertain multi-agent and
multi-agent-object systems under complex task specifications by integrating
tools from the computer science and automatic control fields. The main
contributions lie in the robust abstraction of the continuous coupled object-
agents dynamics into a discrete representation of the system (transition
systems) and the application of formal verification methodologies towards
the satisfaction of temporal logic formulas. More specifically, we break
down the problem into three main subproblems. Motivated by the need
of transition design for unactuated objects, we consider first the problem
of cooperative object manipulation. We design control protocols for the
centralized and decentralized cooperative manipulation of an object grasped
by multiple robotic agents by means of rigid as well as rolling contacts,
possibly subject to model uncertainties. Moreover, we study the relation
of rigid cooperative manipulation with rigid formation control, and design
a novel control algorithm for the latter problem. Secondly, again in view
of transition design for multi-agent systems, we develop numerous control
protocols for the coordination of multi-agent systems, including multi-agent
navigation and leader-follower coordination, subject to collision and connec-
tivity constraints as well as model uncertainties. The third part draws from
the previous ones to design well defined discrete abstractions for multi-agent
and multi-agent-objects systems. In that way, we allow the expression of
complex desired tasks as temporal logic specifications, for which we provide
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controller synthesis. Finally, we study some problems for single-agent setups,
including timed temporal specifications in an obstacle-cluttered environ-
ment, integration of intelligent control protocols with sampling-based motion
planning algorithms for complex uncertain systems, as well as asymptotic
stability properties with funnel constraint satisfaction.

The work developed in this thesis was supported by the research projects
“H2020 Research and Innovation Programme” under the Grant Agreements
No. 644128 (AEROWORKS) and No. 731869 (Co4Robots), the0 H2020
ERC Starting Grant BUCOPHSYS, the Knut and Alice Wallenberg Foun-
dation, the Swedish Research Council (VR), and the Swedish Foundation
for Strategic Research. The next section presents the outline of this thesis.

1.1 Thesis Outline and Contributions

In this Section, we provide the outline of the thesis and indicate the contri-
butions of each chapter. The thesis is divided into four main parts, the first
three of which aiming to solve the aforementioned problems, and the final
one discussing single-agent extensions.

• The first part consists of Chapters 2 and 3. In this part, we first
tackle the problem of cooperative manipulation of an object grasped
by several robotic agents. We propose a variety of control algorithms,
combining centralized and decentralized setups, rigid and rolling con-
tacts, adaptive and Model Predictive control techniques, as well as
incorporation of collision avoidance techniques with workspace obsta-
cles. Next, motivated by its application to cooperative manipulation,
we propose a novel control algorithm for the formation stabilization
of a multi-agent team. Moreover, we explicitly study the relation of
rigid formation control with robotic cooperative manipulation schemes
through rigid contacts.

• The second part consists of Chapter 4. In this part, we develop con-
tinuous control algorithms for multi-agent coordination under model
uncertainties. More specifically, we propose first a novel adaptive con-
trol protocol for the single- and multi-agent collision-free navigation
in an obstacle-cluttered workspace subject to uncertain dynamics and
spherical shapes. Next, we tackle the leader-follower coordination
problem. We develop an adaptive control algorithm for the leader
navigation to a predefined goal while guaranteeing inter-agent col-
lision avoidance and connectivity maintenance. Finally, motivated
by real robotic structures, we present a closed form control proto-
col that achieves collision avoidance among ellipsoidal agents, while
compensating at the same time for the uncertain dynamics.
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• The third part consists of Chapter 5. In this chapter, we design well-
defined abstractions for multi-agent and multi-agent-object systems
in discretized workspaces. This allows us to define complex tasks as
temporal logic formulas and employ formal verification methodologies
to synthesize control protocols. The discretized abstractions include
both fully partitioned workspaces as well as discretization based on
predefined regions of the workspace. We use control methodologies
from the previous chapters as well as newly designed ones.

• The fourth and final part, consisting of Chapter 6, considers some
challenging extensions for single-agent systems. Firstly, we tackle
the problem of the optimal motion planning under timed temporal
logic specifications in an obstacle-cluttered environment. We use
previous results on collision-free timed navigation and we develop a
novel reconfigurable framework that guarantees asymptotically optimal
behavior. Secondly, we integrate adaptive control techniques with
sampling-based algorithms for the motion planning problem of complex
high-dimensional systems. We propose a two-layer approach that
compensates for the system uncertainties and guarantees the collision-
free navigation to the goal via a geometric path in an extended free
space. Finally, we develop a novel control algorithm that guarantees
asymptotic stability of a general class of uncertain systems subject to
funnel constraints.

Chapter 2

This chapter addresses the problem of cooperative manipulation of a single
object by multiple robotic agents. We present first four control algorithm
for the case of rigid contact grasps. The first two are decentralized, adaptive
closed-form techniques that aim to guarantee trajectory tracking by the
object’s center of mass while compensating for model uncertainties and
external disturbances, and imposing predefined performance on the closed-
loop system. Next, we design a centralized and a decentralized control
protocol using the Nonlinear Model Predictive Control methodology, which
guarantee object transportation to a desired pose, while complying with other
constraints, such as obstacle avoidance and input saturation. Finally, we
consider the case of rolling contacts. We design a centralized control protocol
that guarantees object trajectory tracking, robust to model uncertainties and
center of mass location. Moreover, we propose a novel algorithm for contact
maintenance of the agents with the object. By employing event-triggered
agent communication, we extend the latter scheme to a decentralized version.
It is noteworthy that none of the aforementioned approaches relies on
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force/torque sensor information. The covered material is based on the
following contributions [? ? ? ? ? ? ]:

• C. K. Verginis, M. Mastellaro and D. V. Dimarogonas, “Robust
quaternion-based cooperative manipulation without force/torque infor-
mation”, IFAC-PapersOnLine, 50(1), pp. 1754-1759, Toulouse, France,
2017.

• C. K. Verginis, M. Mastellaro and D. V. Dimarogonas, “Cooperative
manipulation without force/torque measurements: Control design and
experiments”, IEEE Transactions on Control Systems Technology, vol.
28, no. 3, pp. 713-729, 2020.

• A. Nikou, C. K. Verginis and D. V. Dimarogonas, “A nonlinear model
predictive control scheme for cooperative manipulation with singularity
and collision avoidance”, IEEE Mediterranean Conference on Control
and Automation (MED), pp. 707-712, Valletta, Malta, 2017.

• C. K. Verginis, A. Nikou and D. V. Dimarogonas, “Communication-
based decentralized cooperative object transportation using nonlinear
model predictive control”, IEEE European Control Conference (ECC),
pp. 733-738, Limassol, Cyprus, 2018.

• C. K. Verginis, W. S. Cortez and D. V. Dimarogonas, “Adaptive
Cooperative Manipulation with Rolling Contacts”, to appear in the
American Control Conference (ACC), Denver, Colorado, USA, 2020.

• C. K. Verginis, W. S. Cortez and D. V. Dimarogonas, “Decentralized
adaptive Cooperative Manipulation with Rolling Contacts”, under
preparation.

Chapter 3

This chapter presents first a novel control protocol for the formation control
of tree graphs in SE(3). The control laws are decentralized as well as robust to
modeling uncertainties (parametric and structural) and external disturbances.
The proposed methodology guarantees collision avoidance and connectivity
maintenance among the initially connected agents and certain predefined
functions characterize the transient and steady-state performance of the
closed loop system. Next, we study the relation between rigid cooperative
manipulation and rigid formations. By doing so, we provide novel conditions
for the internal force-free cooperative manipulation based on the rigidity
matrix of the underlying multi-agent system. The covered material is based
on the following contributions [? ? ? ]:
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• C. K. Verginis, A. Nikou and D. V. Dimarogonas, “Robust formation
control in SE(3) for tree-graph structures with prescribed transient
and steady state performance”, Automatica 103 (2019): 538-548.

• C. K. Verginis and D. V. Dimarogonas: “Energy-Optimal Cooperative
Manipulation via Provable Internal-Force Regulation”, to appear in the
IEEE International Conference on Robotics and Automation (ICRA),
Paris, France, 2020.

• C. K. Verginis, D. Zelazo, and D. V. Dimarogonas: “Cooperative Ma-
nipulation via Internal Force Regulation: A Rigidity Theory Perspec-
tive”, Under Review. Arxiv Link: https://arxiv.org/pdf/1911.01297.pdf

Chapter 4

This chapter tackles the problem of multi-agent coordination in the following
ways. Firstly, we consider the problem of single- and multi-agent navigation
in an obstacle-cluttered spherical environment under 2nd-order uncertain
dynamics. We propose an adaptive control scheme that guarantees the single-
agent collision-free navigation to the goal from almost all initial conditions
while compensating for the uncertain dynamics, which is then extended it
to a decentralized priority-based multi-agent case. Secondly, we consider
the leader-following coordination problem in the following sense. A leader
agent aims at navigating to a pre-specified pose, while the entire team has
to avoid collision with each other, as well as maintain connectivity. We
develop a decentralized adaptive control protocol, compensating again for
dynamic uncertainties, to guarantee accomplishment of the aforementioned
specifications. The algorithms above consider spherical agents, which might
be a conservative over-simplification when it comes to real robots. Therefore,
we finally develop an adaptive control methodology that guarantees collision
avoidance among ellipsoidal agents. We propose a novel closed-form function
that encodes collisions among 3D ellipsoids and combine it with an adaptive
control law that compensates for the model uncertainties. The covered
material is based on the following contributions [? ? ? ]:

• C. K. Verginis and D. V. Dimarogonas: “Adaptive Robot Navigation
with Collision Avoidance Subject to 2nd-order Uncertain Dynamics”,
Under Review.

• C. K. Verginis and D. V. Dimarogonas, “Adaptive Leader-Follower
Coordination of Lagrangian Multi-AgentSystems under Transient Con-
straints”, IEEE Conference on Decision and Control (CDC), pp. 3833-
3838, Nice, France, 2019.
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• C. K. Verginis and D. V. Dimarogonas, “Closed-Form Barrier Func-
tions for Multi-Agent Ellipsoidal Systems with Uncertain Lagrangian
Dynamics”, IEEE Control System Letters, pp. 727-732, 2019.

Chapter 5

This chapter addresses the motion planning problem for multi-agent and
multi-agent-object systems under high level complex tasks expressed as
temporal logic formulas. We first focus on local temporal logic specifications
for each agent individually. We use previous results to derive well-defined
discrete abstractions based on pre-defined regions of interest in the workspace,
possibly by accounting for collision and connectivity constraints. We use
then standard formal verification techniques to derive paths that satisfy the
independent tasks. Next, apart from the agents, we consider that unactuated
objects have to satisfy certain temporal logic tasks. The robotic agents are
now responsible for satisfying the objects’ tasks, except for their own. We use
again previous results to derive discrete abstractions of the coupled system’s
motion, based on both regions of interest as well as a complete workspace
partition. We then apply the same formal verification-based strategy to
obtain discrete paths that satisfy the agents’ and the object’s goals. These
results are based on [? ? ? ? ? ? ]:

• C. K. Verginis, Z. Xu and D. V. Dimarogonas, “Decentralized motion
planning with collision avoidance for a team of UAVs under high level
goals”, IEEE International Conference on Robotics and Automation
(ICRA), pp. 781-787, Singapore, 2017.

• C. K. Verginis and D. V. Dimarogonas, “Robust decentralized abstrac-
tions for multiple mobile manipulators”, IEEE Conference on Decision
and Control (CDC), pp. 2222-2227, Melbourne, Australia, 2017.

• C. K. Verginis and D. V. Dimarogonas, “Distributed Cooperative Ma-
nipulation under Timed Temporal Specifications”, American Control
Conference (ACC), pp. 1358-1363, Seattle, USA, 2017.

• C. K. Verginis and D. V. Dimarogonas, “Timed abstractions for dis-
tributed cooperative manipulation”, Autonomous Robots, 42, no. 4
(2018): 781-799.

• C. K. Verginis and D. V. Dimarogonas, “Multi-agent motion planning
and object transportation under high level goals”, IFAC-PapersOnLine,
50(1), pp. 15816-15821, Toulouse, France, 2017.

• C. K. Verginis, and D. V. Dimarogonas, “Motion and cooperative
transportation planning for multi-agent systems under temporal logic
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formulas”, BOSCH AI Conference, 2018.
Arxiv Link: https://arxiv.org/pdf/1803.01579.pdf.

Chapter 6

This chapter addresses some challenging extensions for single-agent setups.
Firstly, we consider the problem of motion planning under timed temporal
tasks for a mobile robot in an obstacle-cluttered environment. We use
previous results in collision-free timed navigation and develop a novel timed
automata-based reconfiguration algorithm that achieves the satisfaction of
the task in an asymptotically energy-optimal way. Secondly, we consider
the motion planning problem for complex high-dimensional systems (e.g.,
robotic manipulators) with uncertain dynamics in obstacle-cluttered environ-
ments. We integrate in an innovative way sampling-based motion planning
algorithms and adaptive control to provide a two layer framework that guar-
antees the safe navigation of the robot to its goal, while compensating for
its uncertain dynamics. Finally, we consider the tracking problem for a class
of uncertain nonlinear systems under funnel constraints. We develop a novel
adaptive control protocol that achieves asymptotic tracking while complying
to the funnel specifications and without using any model information. These
results are based on [? ? ? ? ]:

• C. K. Verginis, K. Vrohidis, C. P. Bechlioulis, K. J. Kyriakopoulos, and
D. V. Dimarogonas, “Reconfigurable Motion Planning and Control
in Obstacle Cluttered Environments under Timed Temporal Tasks”,
IEEE International Conference on Robotics and Automation (ICRA),
pp. 951-957, Montreal, Canada, 2019.

• C. K. Verginis, D. V. Dimarogonas, and L. E. Kavraki, “Sampling-
based Motion Planning for Uncertain High-dimensional Systems via
Adaptive Control”, submitted to the Workshop on the Algorithmic
Foundations of Robotics (WAFR), Oulu, Finland, 2020.

• C. K. Verginis and D. V. Dimarogonas, “Asymptotic Stability of
Uncertain Lagrangian Systems with Prescribed Transient Response”,
IEEE Conference on Decision and Control, pp. 7037-7042, Nice, France,
2019.

• C. K. Verginis and D. V. Dimarogonas, “Asymptotic Tracking of
Second-order Nonsmooth Feedback Stabilizable Unknown Systems
with Prescribed Transient Response”, under Review.

Finally, in Chapter 7, conclusions of this thesis as well as future research
directions are discussed.
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Contributions not included in this thesis

The following publications are not covered in this thesis, but are related to
the work presented here [? ? ? ? ? ? ? ]:

• A. Nikou, C. K. Verginis and D. V. Dimarogonas, “Robust distance-
based formation control of multiple rigid bodies with orientation align-
ment”, IFAC-PapersOnLine, 50(1), pp. 15458-15463, Toulouse, France,
2017.

• C. K. Verginis, A. Nikou and D. V. Dimarogonas, “Position and orienta-
tion based formation control of multiple rigid bodies with collision and
avoidance and connectivity maintenance”, IEEE International Confer-
ence on Decision and Control (CDC), pp. 411-416, 2017, Melbourne,
Australia.

• L. Lindemann, C. K. Verginis and D. V. Dimarogonas, “Prescribed
performance control for signal temporal logic specifications”, Proceed-
ings of the IEEE Conference on Decision and Control (CDC), pp.
2997-3002, Melbourne, Australia, 2017.

• A. Nikou, C. K. Verginis, S. Heshmati-alamdari and D. V. Dimarogo-
nas, “Decentralized abstractions and timed constrained planning of a
general class of coupled multi-agent systems”, Proceedings of the IEEE
Conference on Decision and Control (CDC), pp. 990–995, Melbourne,
Australia, 2017.

• J. Wei, C. K. Verginis, J. Wu, D. V. Dimarogonas, H. Sandberg,
and K. H. Johansson, “Asymptotic and Finite-Time Almost Global
Attitude Tracking: Representations Free Approach”, European Control
Conference (ECC), pp. 3126-3131, Limassol, Cyprus, 2018.

• T. Pan, C. K. Verginis, A. M. Wells, D. V. Dimarogonas, and L. E.
Kavraki: “Augmenting Control Policies with Motion Planning for
Robust and Safe Multi-robot Navigation”, submitted to the IEEE
International Conference on Intelligent Robots and Systems (IROS),
Las Vegas, NV, USA, 2020.

• N. Lissandrini, C. K. Verginis, P. Roque, A. Cenedese, and D. V.
Dimarogonas: “Decentralized Nonlinear MPC for Robust Cooperative
Manipulation by Heterogeneous Aerial-Ground Robots”, submitted to
the IEEE International Conference on Intelligent Robots and Systems
(IROS), Las Vegas, NV, USA, 2020.



Chapter 2

Cooperative Object Manipulation

As mentioned in the previous chapter, cooperative manipulation of objects by
autonomous robotic agents is of paramount importance in creating discrete
representations of multi-object-robot systems as well as autonomizing item
transportation tasks.

This chapter addresses the problem of cooperative manipulation of a
single object by multiple robotic agents. We consider first the case where
the agents grasp an object by means of rigid contacts, and we present
four novel control methodologies for the trajectory tracking by the object’s
center of mass, without the need for force/torque feedback at the grasping
points. Firstly, we design an adaptive control protocol which employs
quaternion-based feedback for the object orientation to avoid potential
representation singularities. Secondly, we propose a control protocol that
guarantees predefined transient and steady-state performance for the object
trajectory. Both methodologies are decentralized, since the agents calculate
their own signals without communicating with each other, as well as robust
to external disturbances and model uncertainties. Load sharing coefficients
are also introduced to account for potential differences in the agents’ power
capabilities. Thirdly, we turn to optimization techniques and use Nonlinear
Model Predictive Control (NMPC) to guarantee convergence of the object’s
center of mass to a fixed pose, both in a centralized and a communication-
based decentralized framework. These approaches also guarantee collision
avoidance properties among the robotic agents and potential workspace
obstacles as well as avoidance of kinematic/representation singularities.

Secondly, we consider the problem of object manipulation by means of
rolling contacts. We present a centralized control algorithm that achieves
trajectory tracking by the object as well as a decentralized extension using
event-triggered communication, still without using force/torque feedback.
Both schemes employ adaptive control ideas to compensate for potential
uncertainties in the agents’ and the object’s dynamic parameters and do
not use information regarding the object’s center of mass, since the tracking
concerns an observable point on the object. Contact slip avoidance is also

39
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guaranteed by novel optimization algorithms. Simulation and experimental
results support the theoretical findings.

2.1 Introduction

As highlighted in the previous chapter, multi-agent systems have gained
significant attention the last years due to the numerous advantages they
yield with respect to single-agent setups. In the case of robotic manipulation,
heavy payloads and challenging maneuvers necessitate the employment of
multiple robotic agents. Although collaborative manipulation of a single
object, both in terms of transportation (regulation) and trajectory tracking,
has been considered in the research community in the last decades, there still
exist several challenges that need to be taken account by on-going research,
both in control design as well as experimental evaluation. Moreover, along
the lines of designing well-defined discretized abstractions for cooperative
manipulation tasks, successful manipulation/transportation of objects plays
a crucial role for the potential transitions between the states of the derived
discrete system representation. In this chapter we model explicitly a system
of multiple robotic agents grasping an object and develop control protocols
for the pose and time trajectory tracking of the center of mass of the object.

Early works develop control architectures where the robotic agents com-
municate and share information with each other, and completely decentral-
ized schemes, where each agent uses only local information or observers,
avoiding potential communication delays (see, indicatively, [? ? ? ? ? ? ?
? ? ? ]). Impedance and hybrid force/position control is the most common
methodology used in the related literature [? ? ? ? ? ? ? ? ? ? ? ? ? ?
? ? ? ], where a desired impedance behavior is imposed potentially with
force regulation. Most of the aforementioned works employ force/torque
sensors to acquire feedback of the object-robots contact forces/torques, which
however may result in a performance decline due to sensor noise or mounting
difficulties. Recent technological advances allow manipulator grippers to
grasp rigidly certain objects (see e.g., [? ]), which can render the use of
force/torque sensors unnecessary. Force/Torque sensor-free methodologies
can be found in [? ? ? ], which have inspired the dynamic modeling
in this work. Moreover, [? ] uses an external force estimator, without
employing force sensors, [? ] presents a force sensor-free control protocol
with gain tuning, and [? ] considers the object regulation problem without
force/torque feedback. Finally, force/torque sensor-free methodologies are
developed in [? ], where the robot dynamics are not taken into account, and
in [? ], where a linearization technique is employed.

Another important characteristic is the representation of the agent and
object orientation. The most commonly used tools for orientation repre-
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sentation consist of rotation matrices, Euler angles, and the pair angle-axis
convention. Rotation matrices, however, are not commonly used in robotic
manipulation tasks due to the difficulty of extracting an error vector from
them. Moreover, the mapping from Euler angle/axis values to angular
velocities exhibits singularities at certain points, rendering thus these repre-
sentations incompetent. On the other hand, the representation using unit
quaternions, which is employed in this work, constitutes a singularity-free
orientation representation, without complicating the control design. In co-
operative manipulation tasks, unit quaternions are employed in [? ? ? ] as
well as in [? ], where the interaction dynamics of cooperative manipulation
are analyzed.

In addition, most works in the related literature consider known dynamic
parameters regarding the object and the robotic agents. However, the
accurate knowledge of such parameters, such as masses or moments of inertia,
can be a challenging issue, especially for complex robotic manipulators;
adaptive control protocols are proposed in [? ] with a gain tuning scheme,
in [? ], where the object regulation problem is considered, and in [? ], [?
]. An estimation of parameters is included in [? ? ], whereas [? ] and
[? ] employ fuzzy mechanisms to compensate for model uncertainties. In
[? ? ] the authors develop a task-oriented adaptive control protocol using
observers. Kinematic uncertainties and joint limits are handled in [? ], [? ],
and [? ], respectively.

An internal force and load distribution analysis is performed in [? ];
[? ] employs a leader-follower scheme, and [? ] develops a decentralized
force consensus algorithm. Furthermore, [? ] introduces hybrid modeling of
cooperative manipulation schemes and [? ] includes intermittent contact;
[? ] proposes a kinematic-based multi-robot manipulation scheme, and [?
? ] address the problem from a formation-control point of view. In [? ]
a navigation function-based approach is used, and object manipulation by
aerial robots is considered in [? ? ? ].

Another interesting direction regarding cooperative manipulation is the
safe transportation of an object in an obstacle-cluttered environment. In
standard manipulation tasks, collision with obstacles of the environment
has been dealt with only by exploiting the extra degrees of freedom that
appear in over-actuated robotic agents. Potential field-based algorithms may
suffer from local minima and navigation functions [? ] cannot be extended
to multi-agent second order dynamical systems in a trivial way. Moreover,
these methods usually result in high control input values near obstacles that
need to be avoided, which might conflict the saturation of the actual motor
inputs.

Other important properties that concern robotic manipulators are the 1)
input saturation constraints, naturally characterizing real actuators, and 2)
singularities of the Jacobian matrix, which maps the joint velocities of the
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agent to a 6D vector of generalized velocities. Such singular kinematic con-
figurations, which indicate directions towards which the agents cannot move,
must be always avoided, especially when dealing with task-space control in
the end-effector [? ]. As already mentioned before, representation singulari-
ties can also occur in the mapping from coordinate rates to angular velocities
of a rigid body. Typical control schemes cannot guarantee satisfaction of a
task while provably avoiding input saturations or singularities.

The aforementioned properties can be considered as an instance of
constrained-based control, which has always been of special interest to
the automatic control/robotics community, due to the advantages it yields,
by keeping variables of interest in specific compact sets, while achieving
a primary task. A widely employed methodology in the last years is the
methodology of Model Predictive Control (MPC) [? ], where a constrained
optimization problem is solved for a finite horizon in the future, providing a
prediction of the state evolution. For the design of a stabilizing feedback
control law under such constraints, one would ideally look for a closed-loop
solution for the feedback law satisfying the constraints while optimizing the
performance. However, typically the optimal feedback law cannot be found
analytically, even in the unconstrained case, since it involves the solution of
the corresponding Hamilton-Jacobi-Bellman partial differential equations.
One approach to circumvent this problem is the repeated solution of an
open-loop finite-horizon optimal control problem for a given state. The first
part of the resulting open-loop input signal is implemented and the whole
process is repeated. Control approaches using this strategy are referred to
as Nonlinear Model Predictive Control (NMPC) (see e.g. [? ? ? ? ? ? ?
? ? ? ]), which we use in this chapter for the problem of the constraint
cooperative object manipulation.

All the aforementioned approaches rely on the assumption that each
robotic agent is rigidly attached to the object, allowing it to apply any
force/torque at the contact point. This rigidity assumption is highly re-
strictive as it only applies to objects on which a rigid grasp can be formed,
excluding, e.g., objects with smooth surfaces or large boxes/spheres (e.g.,
packages), which cannot be rigidly grasped by a simple gripper. Non-
rigid/rolling contacts, on the other hand, increase the number of objects that
can be grasped, increase the workspace of the system, and allow for modular
manipulation scenarios in which robots can be swapped in/out to adjust
the grasp online. Note that, by employing rolling contacts, the cooperative
manipulation problem becomes similar to robotic grasping [? ] albeit with
moving “fingers.”

Rolling contacts complicate the problem as each contact may only apply
a force that respects friction cone constraints to prevent slip, instead of
an arbitrary wrench associated with rigid contacts [? ]. Early robotic
grasping approaches required exact knowledge of the agent’s dynamics [? ?
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]. Other recent techniques are robust to model uncertainties, but neglect
rolling effects or dynamics [? ? ? ], while other more sensor-deprived
approaches assume the object is weightless [? ? ]. The approach from
[? ] assumes a priori bounded states, which does not apply to mobile
manipulators that can be potentially considered. Adaptive control schemes
that have also been developed require force and contact location sensing,
and assume boundedness of the uncertain parameter estimates [? ? ], or are
limited to set-point (constant reference) manipulation [? ].

Furthermore, for collaborative manipulation using rolling contacts, it is
critical to ensure the object does not slip. This is neglected by most of the
aforementioned approaches, which assume either rigid grasps or simply no
slip without guarantees. Methods of ensuring slip prevention are developed
typically by solving an optimization problem online [? ? ? ]. However, [? ?
] neglect the dynamics of the system, which may perturb the system and
cause slip. The approach in [? ] uses a conservative bound on the dynamics,
which overcompensates the amount of force required to hold the object.
Finally, most related works consider accurate knowledge of the object center
of mass, which can be difficult to obtain in practice, especially in cases of
complicated object shapes.

The contribution of this chapter consists of the following: Firstly, we
introduce two novel close-form nonlinear control protocols for the trajectory
tracking by the center of mass of an object that is rigidly grasped byN robotic
agents, without using force/torque measurements at the grasping points. In
particular, we develop first a decentralized control scheme that combines (i)
adaptation laws to compensate for external disturbances and uncertainties
of the agents’ and the object’s dynamic parameters, with (ii) quaternion
modeling of the object’s orientation that avoids undesired representation
singularities. Then, we propose a decentralized model-free control scheme
that guarantees predefined transient and steady-state performance for the
object’s center of mass.

Secondly, we use NMPC to design control inputs for the navigation of the
object to a final pose, while avoiding inter-agent collisions as well as collisions
with obstacles. Moreover, we take into account constraints that emanate from
control input saturation as well kinematic and representation singularities.
We propose both a centralized and a decentralized methodology.

Thirdly, we propose an adaptive control protocol for the trajectory
tracking by an observable point on an object that is manipulated by N
robotic agents in terms of rolling contacts, also without using force/torque
measurements at the grasping points. We develop a centralized as well as a
decentralized event-triggered communication-based control scheme. Both
schemes include the adaptive and quaternion modeling attributes of the
rigid grasp schemes, and are robust to uncertainties of the object’s center of
mass pose, since the tracking concerns an observable a priori selected point



44 Cooperative Object Manipulation

Figure 2.1: Two robotic agents rigidly grasping an object.

on the object. Novel algorithms that guarantee contact slip avoidance are
also developed. We provide detailed stability analyses for all the proposed
schemes, whose validity is verified by using simulation and experimental
results.

2.2 Rigid Contacts

Consider N fully actuated robotic agents rigidly grasping an object (see Fig.
2.1). We denote by {Ei}, {O} the end-effector and object’s center of mass
frames, respectively; {I} corresponds to an inertial frame of reference. The
rigidity assumption implies that the agents can exert both forces and torques
along all directions to the object. In the following, we present the modeling
of the coupled kinematics and dynamics of the object and the agents.

2.2.1 System Model

We derive in this section the model of the system object-robots.
We denote by qi, q̇i ∈ Rni , with ni ∈ N,∀i ∈ N := {1, . . . , N}, the gener-

alized joint-space variables and their time derivatives of agent i, with qi :=
[qi1 , . . . , qini ]. The overall joint configuration is then q := [q>1 , . . . , q

>
N ]>, q̇ :=

[q̇>1 , . . . , q̇
>
N ]> ∈ Rn, with n :=

∑
i∈N ni. In addition, the inertial position

and orientation of the ith end-effector, denoted by pEi and ηEi , respectively,
can be derived by the forward kinematics and are smooth functions of qi, i.e.
pEi := pEi(qi) : Rni → R3, ηEi := ηEi(qi) : Rni → T, where T is an appropri-
ate orientation space. The differential equation describing the dynamics of
each agent is [? ]:

Biq̈i + Cqi q̇i + gqi + dqi = τi − J>i hi, (2.1)

where Bi := Bi(qi) : Rni → Rni×ni is the positive definite inertia matrix,
Cqi := Cqi(qi, q̇i) : R2ni → Rni×ni is the Coriolis matrix, gqi := gqi(qi) :
Rni → Rni is the joint-space gravity term, dqi := dqi(qi, q̇i, t) : R2ni×R≥0 →
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Rni is a bounded vector representing unmodeled friction, uncertainties and
external disturbances, hi ∈ R6 is the vector of generalized forces that agent i
exerts on the grasping point with the object and τi = [τi,1, . . . , τi,ni ]

> ∈ Rni
is the vector of joint torques, acting as control inputs, ∀i ∈ N .

The generalized velocity of each agent’s end-effector vi := [ṗ>Ei , ω
>
Ei

]> ∈
R6, where ωEi ∈ R3 is the respective angular velocity, can be considered as
a transformed state through the differential kinematics vi = Jiq̇i [? ], where
Ji := Ji(qi) : Rni → R6×ni is a smooth function representing the geometric
Jacobian matrix, ∀i ∈ N [? ]. The latter leads also to

v̇i = Jiq̈i + J̇iq̇i. (2.2)

We define also the sets Si := {qi ∈ Rni : det(Ji(qi)Ji(qi)
>) > 0}, which

contains all the singularity-free configurations. By employing the differential
kinematics as well as (2.2), we obtain from (2.1) the transformed task space
dynamics [? ]:

Miv̇i + Civi + gi + di = ui − hi, (2.3)

with the corresponding task space terms Mi := Mi(qi) : Si → R6×6, Ci :=
Ci(qi, q̇i) : Si × Rni → R6×6, gi := gi(qi) : Si → R6, di := di(qi, q̇i, t) :
Si × Rni × R≥0 → R6 and ui = [ui,1, . . . , ui,6]> ∈ R6 being the task space

wrench, related to τi via τi = J>i ui + (Ini − J>i J̃
>
i )τi0, where J̃i is a

generalized inverse of Ji [? ]; τi0 concerns redundant agents (ni > 6) and
does not contribute to end-effector forces.

The agent task-space dynamics (2.3) can be written in vector form as:

Mv̇ + Cv + g + d = u− h, (2.4)

where v := [v>1 , . . . , v
>
N ] ∈ R6N , M := M(q) := diag{[Mi]i∈N } ∈ R6N×6N ,

C := C(q, q̇) := diag{[Ci]i∈N } ∈ R6N×6N , h := [h>1 , . . . , h
>
N ]>, u := [u>1 , . . . ,

u>N ]>, g := g(q) := [g>1 , . . . , g
>
N ]>, d := d(q, q̇, t) := [d>1 , . . . , d

>
N ]> ∈ R6N .

Regarding the object, we denote by xO := [p>O , η
>
O ]> ∈ M := R3 × T,

vO := [ṗ>O , ω
>
O ]> ∈ R6 the pose and generalized velocity of its center of mass;

ηO here denotes explicitly Euler angles ηO := [φO, θO, ψO]> ∈ T = R3. We
consider the following second order dynamics, which can be derived based
on the Newton-Euler formulation:

ẋO = JOvO, (2.5a)

MOv̇O + COvO + gO + dO = hO, (2.5b)

where MO := MO(ηO) : T → R6×6 is the positive definite inertia matrix,
CO := CO(ηO, ωO) : T × R6 → R6×6 is the Coriolis matrix, gO ∈ R6 is the
gravity vector, dO := dO(xO, ẋO, t) : M× R6 × R≥0 → R6 a bounded vector
representing modeling uncertainties and external disturbances, and hO ∈ R6
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is the vector of generalized forces acting on the object’s center of mass.
Moreover, JO := JO(ηO) : T→ R6×6 is the object representation Jacobian
JO(ηO) := diag{I3, JOη}, where JOη := JOη (ηO) : T→ R3×3:

JOη :=

1 sin(φO) tan(θO) cos(φO) tan(θO)
0 cos(φO) − sin(θO)

0 sin(φO)
cos(θO)

cos(φO)
cos(θO)

 ,
and is not well-defined when θO = ±π2 , which is referred to as representation
singularity. Moreover, it can be proved that

‖JO(ηO)‖ =
√
|sin(θO)|+1
1−sin2(θO)

, (2.6a)

‖JO(ηO)−1‖ =
√

1 + sin(θO) ≤
√

2, (2.6b)

∀ηO ∈ T. We also denote by RO := RO(ηO) : T→ SO(3) the object’s rotation
matrix.

A possible way to avoid the aforementioned singularity is to transform the
Euler angles to a unit quaternion representation for the orientation. Hence,
the term ηO can be transformed to the unit quaternion ζO = [ϕO, ε

>
O ]> ∈ S3,

where ϕO ∈ [−1, 1] and εO ∈ R3 are the scalar and vector parts, respectively
[? ]. The dynamics of ζO can be proven to satisfy [? ]:

ζ̇O =
1

2
E(ζO)ωO (2.7a)

ωO = 2E(ζO)>ζ̇O, (2.7b)

where E : S3 → R4×3 is defined as:

E(ζ) =

[
−ε>

ϕI3 − S(ε)

]
,∀ζ = [ϕ, ε>]> ∈ S3.

and hence it holds that E(ζ)>E(ζ) = I3,∀ζ ∈ S3. It can be also shown that

ω̇O = 2E(ζO)>ζ̈O.

In view of Fig. 2.1, one concludes that the pose of the agents and the
object’s center of mass are related as

pEi(qi) = pO +Ri(qi)p
Ei
Ei/O

, (2.8a)

ηEi(qi) = ηO + ηEi/O, (2.8b)

∀i ∈ N , where Ri := Ri(qi) : Rni → SO(3) is the i’s end-effector rotation
matrix, and p

Ei
Ei/O

, ηEi/O ∈ R3 are the constant distance and orientation
offset vectors between {O} and {Ei}. Following (2.8), along with the fact
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that, due to the grasping rigidity, it holds that ωEi = ωO,∀i ∈ N , one
obtains

vi = JOivO, (2.9)

where JOi := JOi(qi) : Rni → R6×6 is the object-to-agent Jacobian matrix,
with

JOi(x) :=

[
I3 −S(Ri(x)p

Ei
Ei/O

)
0 I3

]
,∀x ∈ Rni , (2.10)

which is always full-rank. Moreover, from (2.9), one obtains

v̇i = JOi v̇O + J̇OivO. (2.11)

In addition, it can be proved for JOi that

‖JOi(qi)‖ ≤
∥∥pEiO/Ei∥∥+ 1,∀qi ∈ Rni , i ∈ N , (2.12)

which will be used in the subsequent analysis.
The kineto-statics duality along with the grasp rigidity suggest that the

force hO acting on the object’s center of mass and the generalized forces
hi, i ∈ N , exerted by the agents at the grasping points, are related through:

hO = Gh, (2.13)

where G := G(q) : Rn → R6×6N , with G(q) := [J>O1
, . . . , J>ON ], is the full

row-rank grasp matrix. By substituting (2.4) into (2.13), we obtain:

hO = G (u−Mv̇ − Cv − g − d) ,

which, after substituting (2.9), (2.11) , (2.5), and rearranging terms, yields
the overall system coupled dynamics:

M̃v̇O + C̃vO + g̃ + d̃ = Gu, (2.14)

where

M̃ := M̃(x) :=MO +GMG> (2.15a)

C̃ := C̃(x) :=CO +GCG> +GMĠ> (2.15b)

g̃ := g̃(x) :=gO +Gg. (2.15c)

d̃ := d̃(x, t) :=dO +Gd (2.15d)

and x is the overall state x := [q>, q̇>, η>O , ω
>
O ]> ∈ X := S × Rn+3 × T,

S := S1 × · · · × SN . Moreover, the following Lemma is necessary for the
following analysis.
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Lemma 2.1. The matrix M̃(x) is symmetric and positive definite and the

matrix
˙̃
M(x)− 2C̃(x) is skew symmetric, i.e.,[

˙̃
M(x)− 2C̃(x)

]>
= −

[
˙̃
M(x)− 2C̃(x)

]
,∀x ∈ X

y>
[

˙̃
M(x)− 2C̃(x)

]
y = 0, ∀x ∈ X, y ∈ R6.

Proof. The matrices MO and Mi are symmetric and positive definite, ∀i ∈ N
and the matrices Ṁi−2Ci, MO−2CO are skew-symmetric, ∀i ∈ N [? ], which
leads to the skew-symmetry of Ṁ − 2C. Therefore, since G is full row-rank,
we can conclude the symmetry and positive definiteness of M̃ . Regarding

the skew symmetry of
˙̃
M − 2C̃, we define first A := A(x) := ĠMG>, and

we have from (2.15b):

˙̃
M − 2C̃ =ṀO − 2CO +G(Ṁ − 2C)G> +A−A>,

which, by employing the skew-symmetry of MO − 2CO and Ṁ − 2C, leads

to [
˙̃
M − 2C̃]> = −[

˙̃
M − 2C̃], which completes the proof.

The positive definiteness of M̃(x) leads to the property

mI6 ≤ M̃(x) ≤ m̄I6, (2.16)

∀x ∈ X, where m and m̄ are positive unknown constants.

2.2.2 Problem Statement - Uncertain Model

The general problem treated in this chapter is the tracking of a pose/trajectory
by the object. We first assume that the object and robot models (2.5), (2.3)
are uncertain, i.e., they are not fully available for feedback in the control
design. Officially, the problem we are aiming to solve for the rigid contact
case is the following:

Problem 2.1. Given a desired bounded object smooth pose trajectory
specified by xd := xd(t) := [(pd)>, (ηd)>]> := [(pd(t))>, (ηd(t))>]> : R≥0 →
M, ηd := [ϕd, θd, ψd] := [ϕd(t), θd(t), ψd(t)] : R≥0 → T, with bounded first
and second derivatives, determine a continuous time-varying control law u
in (2.14) such that

lim
t→∞

[
pO(t)− pd(t)
ηO(t)− ηd(t)

]
= 0

To solve the aforementioned problem, we need the following assumptions
regarding the agent feedback and the kinematic singularities.
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Assumption 2.1. (Feedback) Each agent i ∈ N has continuous feedback
of its own state qi, q̇i.

Assumption 2.2. (Object geometry) Each agent i ∈ N knows the constant
offsets p

Ei
Ei/O

and ηEi/O,∀i ∈ N .

Assumption 2.3. (Kinematic singularities) The robotic agents operate
away from kinematic singularities, i.e., qi(t) evolves in a closed subset of Si,
∀i ∈ N .

Assumption 2.1 is realistic for real manipulation systems, since on-
board sensors can provide accurately the measurements qi, q̇i. The object
geometrical characteristics in Assumption 2.2 can be obtained by on-board
sensors, whose inaccuracies are not modeled here and constitute part of
future work. Finally, Assumption 2.3 states that the qi that achieve xO(t) =
x̄d(t),∀t ∈ R≥0 are sufficiently far from kinematic singular configurations.
Since each agent has feedback from its state qi, q̇i, it can compute through
the forward and differential kinematics the end-effector pose pEi(qi), ηEi(qi)
and the velocity vi, ∀i ∈ N . Moreover, since it knows p

Ei
Ei/O

and ηEi/O, it
can compute JOi(qi) from (2.10), and xO, vO by inverting (2.8) and (2.9),
respectively. Consequently, each agent can then compute the object unit
quaternion ζO as well as ζ̇O.

Note that, due to Assumption 2.2 and the grasp rigidity, the object-
agents configuration is similar to a single closed-chain robot. The considered
multi-agent setup, however, renders the problem more challenging, since the
agents must calculate their own control signal in a decentralized manner,
without communicating with each other. Moreover, each agent needs to
compensate its own part of the (possibly uncertain/unknown) dynamics of
the coupled dynamic equation (2.14), while respecting the rigidity kinematic
constraints.

We present next two control schemes for the solution of Problem 2.1. The
proposed controllers are decentralized, in the sense that the agents calculate
their control signal on their own, without communicating with each other, as
well as robust, since they do not take into account the dynamic properties of
the agents or the object (mass/inertia moments) or the uncertainties/external

disturbances modeled by the function d̃(x, t) in (2.14). The first control
scheme is presented in Section 2.2.3, and is based on quaternion feedback and
adaptation laws, while the second control scheme is given in Section 2.2.4
and is inspired by the Prescribed Performance Control (PPC) methodology
introduced in [? ].
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2.2.3 Adaptive Control with Quaternion Feedback

Firstly, we need the following assumption regarding the model uncertain-
ties/external disturbances.

Assumption 2.4. (Uncertainties/Disturbance parameterization) There
exist constant unknown vectors d̄O ∈ RµO , d̄i ∈ Rµ and known functions
δO := δO(xO, ẋO, t) : M×R6×R≥0 → R6×µO , δi := δi(qi, q̇i, t) : R2ni×R≥0 →
R6×µ, such that dO(xO, ẋO, t) = δO(xO, ẋO, t)d̄O, di(qi, q̇i, t) = δi(qi, q̇i, t)d̄i,
∀qi, q̇i ∈ Rni , xO ∈ M, ẋO ∈ R6, t ∈ R≥0, i ∈ N , where δO(xO, ẋO, t) and
δi(qi, q̇i, t) are continuous in (xO, ẋO) and (qi, q̇i), respectively, and uniformly
bounded in t.

The aforementioned assumption is motivated by the use of Neural Net-
works for approximating unknown functions in compact sets [? ]. More
specifically, any continuous function f(x) : Rn → Rm can be approxi-
mated on a known compact set X ⊂ Rn by a Neural Network equipped
with N Radial Basis Functions (RBFs) Φ(x) and using unknown ideal
constant connection weights that are stored in a matrix Θ ∈ RN×m as
f(x) = Θ>Φ(x) + ε(x); Θ>Φ(x) represents the parametric uncertainty and
ε(x) represents the unknown nonparametric uncertainty, which is bounded
as ‖ε(x)‖ ≤ ε̄ in X. In our case, the functions δO, δi play the role of
the known function Φ(x) and d̄O, d̄i and µ, µO represent the unknown
constants Θ and the number of layers of the Neural Network, respectively.
Nevertheless, in view of Neural Network approximation, Assumption 4
implies that the nonparametric uncertainty is zero and that dO and di
are known functions of time. These properties can be relaxed with non-
zero bounded nonparametric uncertainties and unknown but bounded time-
dependent disturbances, i.e. di(qi, q̇i, t) = δi,q(qi, q̇i)d̄i + di,t(t) + εi,q(qi, q̇i)
and dO(xO, ẋO, t) = δO,x(xO, ẋO)d̄O + dO,t(t) + εO,x(xO, ẋO), where di,t, dO,t,
εi,q, εO,x are bounded. In that case, instead of asymptotic convergence of
the pose to the desired one, we can show convergence of the respective errors
to a compact set around the origin. For more details on Neural Network
approximation and adaptive control with illustrative examples, we refer the
reader to [? , Ch. 12].

The desired Euler angle orientation vector ηd : R≥0 → T is transformed
first to the unit quaternion ζd := ζd(t) : R≥0 → S3 [? ]. Then, we need
to define the errors associated with the object pose and the desired pose
trajectory. We first define the state that corresponds to the position error:

ep := pO − pd.

Since unit quaternions do not form a vector space, they cannot be subtracted
to form an orientation error; instead, we should use the properties of the



Rigid Contacts 51

quaternion group algebra. Let eζ = [eϕ, e
>
ε ]> ∈ S3 be the unit quaternion

describing the orientation error. Then, it holds that [? ],

eζ := ζd · ζ+
O =

[
ϕd

εd

]
·
[
ϕO
−εO

]
,

and yields

eζ =

[
eϕ
eε

]
:=

[
ϕOϕd + ε>O εd

ϕOεd − ϕdεO + S(εO)εd

]
.

By employing the quaternion dynamics (see (2.7a)) and certain properties
of skew-symmetric matrices [? ], it can be shown that the error dynamics of
ep, eϕ are:

ėp =ṗO − ṗd (2.17a)

ėϕ = 1
2e
>
ε eω (2.17b)

ėε =− 1
2 [eϕI3 + S(eε)] eω − S(eε)ωd, (2.17c)

where eω := ωO − ωd is the angular velocity error, with ωd = 2E(ζd)>ζ̇d, as
indicated by (2.7b).

Due to the ambiguity of unit quaternions, when ζO = ζd, then eζ =
[1, 0>3 ]> ∈ S3. If ζO = −ζd, then eζ = [−1, 0>3 ]> ∈ S3, which, however,
represents the same orientation. Therefore, the control objective established
in Problem 2.1 is equivalent to

lim
t→∞

 ep(t)|eϕ(t)|
eε(t)

 =

0
1
0

 .
The left hand side of (2.3), after employing (2.9) and (2.11), becomes

Miv̇i + Civi + gi + di = Mi

(
JOi v̇O + J̇OivO

)
+ CiJOivO + gi + di.

which, according to Assumption 2.4 and the fact that the manipulator
dynamics can be linearly parameterized with respect to dynamic parameters
[? ], becomes

MiJOi v̇O +
(
MiJ̇Oi + CiJOi

)
vO + gi + di = Yiϑi + δid̄i,

∀i ∈ N , where ϑi ∈ R`, ` ∈ N, are vectors of unknown but constant dy-
namic parameters of the agents, appearing in the terms Mi, Ci, gi, and
Yi := Yi(qi, q̇i, vO, v̇O) : S × Rni+12 → R6×` are known regressor matrices,
independent of ϑi, i ∈ N . Without loss of generality, we assume here that
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the dimension of ϑi is the same, ` for all the agents. Similarly, the dynamical
terms of the left hand side of (2.5b) can be written as

MOv̇O + COvO + gO + dO = YOϑO + δOd̄O,

where ϑO ∈ R`O , `O ∈ N is a vector of unknown but constant dynamic
parameters of the object, appearing in the terms MO, CO, gO, and YO :=
YO(ηO, ωO, vO, v̇O) : T× R15 → R6×`O is a known regressor matrix, indepen-
dent of ϑO. It is worth noting that the choice for ` and `O is not unique. In
view of the aforementioned expressions, the left-hand side of (2.14) can be
written as:

M̃v̇O + C̃vO + g̃ + d̃ = YOϑO + δOd̄O +G
(
Ỹ ϑ+ δ̃d̄

)
(2.18)

where Ỹ := Ỹ (q, q̇, vO, v̇O) := diag{[Yi]i∈N } ∈ R6N×N`, ϑ := [ϑ>1 , . . . , ϑ
>
N ]> ∈

RN`, δ̃ := δ̃(q, q̇, t) := diag{[δi]i∈N } ∈ R6N×Nµ, and d̄ := [d̄>1 , . . . , d̄
>
N ]> ∈

RNµ.
Let us now introduce the states ϑ̂O ∈ R`O and ϑ̂i ∈ R` which represent the

estimates of ϑO and ϑi, respectively, by agent i ∈ N , and the corresponding
stack vector ϑ̂ := [ϑ̂>1 , . . . , ϑ̂

>
N ]> ∈ RN`, for which we formulate the associated

errors as

eϑO :=ϑO − ϑ̂O (2.19a)

eϑ :=

eϑ1

...
eϑN

 :=

 ϑ1 − ϑ̂1

...

ϑN − ϑ̂N

 = ϑ− ϑ̂. (2.19b)

In the same vein, we introduce the states d̂O ∈ RµO and d̂i ∈ Rµ that
correspond to the estimates of d̄O and d̄i, respectively, by agent i ∈ N , and
the corresponding stack vector d̂ := [d̂>1 , . . . , d̂

>
N ]> ∈ RNµ, for which we also

formulate the associated errors as

edO :=d̄O − d̂O ∈ RµO (2.20a)

ed :=

ed1

...
edN

 :=

 d̄1 − d̂1

...

d̄N − d̂N

 = d̄− d̂ ∈ RNµ. (2.20b)

Next, we design the reference velocity

vf := vd −Kfe =

[
ṗd − kpep
ωd + kζeε

]
(2.21)
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where vd := [ṗ>d , ω
>
d ]>, e := [e>p ,−e>ε ]> ∈ R6, and Kf := diag{kp, kζ}, with

kp, kζ positive control gains. We also introduce the respective velocity error
evf as

evf := vO − vf , (2.22)

and design the adaptive control law ui in (2.14), for each agent i ∈ N , as
ui : Ufi × R≥0 → R6 with

ui := ui(χf , t) :=Yfi ϑ̂i + δid̂i + JMi

[
YfO ϑ̂O − e−Kvevf + δOd̂O

]
, (2.23)

where Uf := Si×T×R12+`+`O+µ+µO , χf := [q>i , η
>
O , e

>, e>vf , ϑ̂
>
i , ϑ̂

>
O , d̂i, d̂O]>,

Yfi := Yi(qi, q̇i, vf , v̇f ), YfO := YO(ηO, ωO, vf , v̇f ), Kv is a positive definite
gain matrix and JMi

:= JMi
(qi) : Rni → R6×6 are the matrices [? ]

JMi
(qi) =

[
m∗i (m

∗
O)−1I3 m∗i (J

∗
O)−1S

(
RO(ηEi(qi)− ηEi/O

)
pOO/Ei)

0 J∗i (J∗O)−1

]
,

(2.24)
for some positive coefficients m∗i ∈ R>0 and positive definite matrices
J∗i ∈ R3×3, ∀i ∈ N , satisfying

m∗O =
∑
i∈N

m∗i ,
∑
i∈N

Ri(qi)p
Ei
Ei/O

m∗i = 0

J∗O =
∑
i∈N

J∗i −
∑
i∈N

m∗iS
(
Ri(qi)p

Ei
Ei/O

)2
.

In addition, we design the following adaptation laws:

˙̂
ϑi = −γiY >fi JOievf , (2.25a)

˙̂
di = −βiδ>i JOievf (2.25b)

˙̂
ϑO = −γOY >fOevf (2.25c)

˙̂
dOi = −βOδ>O evf , (2.25d)

with arbitrary bounded initial conditions, where βi, βO, γi, γO ∈ R>0 are
positive gains, ∀i ∈ N .

The control and adaptation laws can be written in vector form

u =Ỹf ϑ̂+ δ̃d̂+G+
M

[
YfO ϑ̂O − e+ δOd̂O −Kvevf

]
(2.26a)

˙̂
ϑ =− ΓỸ >f G

>evf (2.26b)

˙̂
d =−Bg δ̃>G>evf (2.26c)

˙̂
ϑO =− γOY >fOevf (2.26d)

˙̂
dO =− βOδ>O evf , (2.26e)
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where Ỹf := Ỹ (q, q̇, vf , v̇f), G
+
M := G+

M (q) := [J>M1
, . . . , J>MN

]> ∈ R6N×6,

Bg := diag{[βiIµ]i∈N }, and Γ := diag{[γiI`]i∈N }. The matrix G+
M (q) was

introduced in [? ], where it was proved that it yields a load distribution that
is free of internal forces. The parameters m?

O,m
?
i are used to distribute the

object’s needed effort (the term that right multiplies G+
M (q) in (2.26a)) to

the agents.

Remark 2.1 (Decentralized manner (adaptive controller)). Notice
from (2.23) and (2.25) that the overall control protocol is decentralized
in the sense that the agents calculate their own control signals without
communicating with each other. In particular, the control gains and the
desired trajectory can be transmitted off-line to the agents, which can
compute the object’s pose and velocity, and hence the signals e, vf , evf
from the inverse kinematics. For the computation of JMi , each agent needs
knowledge of the offsets p

Ei
Ei/O

, which can also be transmitted off-line to
the agents. Moreover, by also transmitting off-line to the agents the initial
conditions ϑ̂O, d̂O, and via the adaptation laws (2.26d), (2.26e), each agent

has access to the adaptation signals ϑ̂O(t), d̂O(t), ∀t ∈ R≥0. Finally, the
structure of the functions δi, δO, Yi, YO, as well as the constants m?

i , J
?
i can

be also known by the agents a priori.

The following theorem summarizes the main results of this subsection.

Theorem 2.1. Consider N robotic agents rigidly grasping an object with
coupled dynamics described by (2.14) and unknown dynamic parameters.
Then, under Assumptions 2.1-2.4, by applying the control protocol (2.23)
with the adaptation laws (2.25), the object pose converges asymptotically to
the desired pose trajectory. Moreover, all closed loop signals are bounded.

Proof. Consider the nonnegative function

V := 1
2e
>
p ep + 2(1− eϕ) + 1

2e
>
vf
M̃evf + 1

2e
>
ϑ Γ−1eϑ + 1

2γO
e>ϑOeϑO

+ 1
2e
>
d B
−1
g ed + 1

2βO
e>dOedO , (2.27)

By taking the derivative of V and using (2.22), (2.21), (2.18), and Lemma
2.1, we obtain

V̇ =− e>Kfe+ e>vf [G(u− Ỹfϑ− δ̃d̄) + e− δOd̄O − YfOϑO]− e>ϑ Γ−1 ˙̂
ϑ

− 1
γO
e>ϑO

˙̂
ϑO − e>d B−1

g
˙̂
d− 1

βO
e>dO

˙̂
dO,
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and after substituting the adaptive control and adaptation laws (2.26) and
using the fact that G>G+

M = I6,

V̇ =− e>Kfe− e>vfKvevf − e>vf
[
G
(
Ỹfeϑ + δ̃ed

)
+ YfOeϑO + δOedO

]
+ e>ϑ Ỹ

>
f G

>evf + e>d δ̃
>G>evf + e>ϑOY

>
fO
evf + e>dOδ

>
O evf

=− kp‖ep‖2 − kζ‖eε‖2 − e>vfKvevf , (2.28)

which is non-positive. Note, however, that V̇ is not negative definite, and
we need to invoke invariance-like properties to conclude the asymptotic
stability of ep, eε, evf . Since the closed-loop system is non-autonomous
(this can be verified by inspecting (2.17), the derivative of (2.22) and
(2.26)), LaSalle’s invariance principle is not applicable, and we thus em-
ploy Barbalat’s lemma (Lemma A.1 of Appendix A). From (2.28) we con-
clude the boundedness of V and of x, which implies the boundedness of
the dynamic terms M̃(x), C̃(x), g̃(x). Moreover, by invoking the bound-
edness of pd(t), vd(t), ωd(t), v̇d(t), ω̇d(t), we conclude the boundedness of

vf , vO, vi, ϑ̂O, ϑ̂, d̂, d̂O. By differentiating (2.17), we also conclude the
boundedness of v̇f and therefore, the boundedness of the control and adap-
tation laws (2.23) and (2.25). Thus, we can conclude the boundedness
of the second derivative V̈ and by invoking Corollary 8.1 of [? ], the
uniform continuity of V̇ . Therefore, according to Barbalat’s lemma, we
deduce that limt→∞ V̇ (t) = 0 and, consequently, that limt→∞ ep(t) = 0,
limt→∞ evf (t) = 0, and limt→∞ ‖eε(t)‖2 = 0, which, given that eζ is a unit
quaternion, leads to the configuration (ep, evf , eϕ, eε) = (0, 0,±1, 0).

Remark 2.2 (Unwinding). Note that the two configurations where eϕ = 1
and eϕ = −1 represent the same orientation. The closed loop dynamics of
eϕ, as given in (2.17b), can be written, in view of (2.21), as ėϕ = kζ

1
2‖eε‖2 +

1
2 [0>3 , e

>
ε ]evf . Since the first term is always positive, we conclude that the

equilibrium point (ep, evf , eϕ, eε) = (0, 0,−1, 0) is unstable. Therefore, there
might be trajectories close to the configuration eϕ = −1 that will move
away and approach eϕ = 1, i.e., a full rotation will be performed to reach
the desired orientation (of course, if the system starts at the equilibrium
(ep, evf , eϕ, eε) = (0, 0,−1, 0), it will stay there, which also corresponds to the
desired orientation behavior). This is the so-called unwinding phenomenon
[? ]. Note, however, that the desired equilibrium point (ep, evf , eϕ, eε) =
(0, 0, 1, 0) is eventually attractive, meaning that for each δε > 0, there
exist finite a time instant T ≥ 0 such that 1 − eϕ(t) < δε,∀t > T ≥ 0. A
similar behavior is observed if we stabilize the point eϕ = −1 instead of
eϕ = 1, by setting e := [e>p , e

>
ε ]> in (2.21) and considering the term 2(1+eϕ)

instead of 2(1− eϕ) in the function (2.27).
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In order to avoid the unwinding phenomenon, instead of the error e =
[e>p ,−e>ε ]>, we can choose e = [e>p ,−eϕe>ε ]>. Then by replacing the term
1−eϕ with 1−e2

ϕ in (2.27) and using (2.26), we conclude by proceeding with
a similar analysis that (ep, ‖eε‖eϕ, evf ) → (0, 0, 0), which implies that the
system is asymptotically driven to either the configuration (ep, evf , eϕ, eε) =
(0, 0,±1, 0), which is the desired one, or a configuration (ep, evf , eϕ, eε) =
(0, 0, 0, ẽε), where ẽε ∈ S2 is a unit vector. The latter represents a set
of invariant undesired equilibrium points. The closed loop dynamics are
ėϕ = 1

2eϕ‖eε‖2 + 1
2 [0>3 , e

>
ε ]evf , and ∂

∂t‖eε‖2 = −e2
ϕ‖eε‖2− eϕ[0>3 , e

>
ε ]evf . We

can conclude from the term [0>3 , e
>
ε ]evf that there exist trajectories that can

bring the system close to the undesired equilibrium, rendering thus the point
(ep, evf , eϕ, eε) = (0, 0,±1, 0) only locally asymptotically stable. It has been
proved that eϕ = ±1 cannot be globally stabilized with a purely continuous
controller [? ]. Discontinuous control laws have also been proposed (e.g., [?
]), whose combination with adaptation techniques constitutes part of our
future research directions.

Remark 2.3 (Robustness (adaptive controller)). Notice also that the
control protocol compensates the uncertain dynamic parameters and external
disturbances through the adaptation laws (2.25), although the errors (2.19),
(2.20) do not converge to zero, but remain bounded. Finally, the control
gains kp, kζ ,Kv can be tuned appropriately so that the proposed control
inputs do not reach motor saturations in real scenarios.

Simulation Results

We provide here simulation results for the developed control scheme. The
tested scenario consists of four UR5 robotic manipulators rigidly grasping a
rectangular object. The object’s initial pose is xO(0) = [−0.225,−0.612, 0161,
−π, π3 , 0]> ([m], [rad]) with respect to a chosen inertial frame and the desired
trajectory is set as pd(t) = [−0.225+0.1 sin(0.5t),−0.612+0.2 cos(0.5t), 0.25+
0.05 sin(0.5t)]>, ηd(t) = [−π+0.25 cos(0.5t), π3 +Aθ sin(0.25t), 0.25 cos(0.5t)]>,
where Aθ = π

6 (note that the desired pitch angle reaches the configuration of
π
2 , which yields a representation singularity in the Euler-angle formulation).
In view of Assumption 2.4, we set di = (‖qi‖ sin(ωdit + φdi) + q̇i)d̄i and
dO = (‖ẋO‖ sin(ωdO t+ φdO ) + vO)d̄O, where the constants ωdi , φdi , ωdO , ωdO
are randomly chosen in the interval (0, 1), ∀i ∈ N . Regarding the force dis-
tribution matrix (2.24), we set m?

i = 1, ∀i ∈ N , and J?1 = 0.6I3, J?2 = 0.4I3,
J?3 = 0.75I3, J?4 = 0.25I3 to demonstrate a potential difference in the agents’
power capabilities. In addition, we set an artificial saturation limit for the
joint motors as τ̄ = 150 Nm. We set the control gains appearing in (2.23) and
(2.25) as kp = diag{[5, 5, 2]}, kζ = 3I3, Kv = 400I6, γi = γO = βi = βO = 1,
∀i ∈ N . The simulation results are depicted in Figs. 2.2-2.4 for t ∈ [0, 40]
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Figure 2.2: Simulation results for the control scheme of Section 2.2.3; (a):
The position errors ep(t); (b): The quaternion errors eϕ(t), ‖eε(t)‖; (c) The
velocity errors evf (t), ∀t ∈ [0, 40]. A zoomed version of the steady-state
response has been included in all plots.

seconds. More specifically, Fig. 2.2 shows the evolution of the pose and ve-
locity errors ep(t), eζ(t), evf (t), Fig. 2.3 depicts the norms of the adaptation
errors eϑi(t), eϑO(t), edi(t), edO(t), and Fig. 2.4 shows the resulting joint
torques τi(t), ∀i ∈ {1, . . . , 4}. Note that ep(t), eζ(t) and evf (t) converge to
the desired values and the adaptation errors are bounded, as predicted by
the theoretical analysis.

One can conclude from the aforementioned figures that the simulation
results verify the theoretical findings, since asymptotic stability is achieved.
Moreover, the joint torques respect the saturation values we set. The
simulations were carried out in the MATLAB R2017a environment on a
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Figure 2.3: The adaptation error norms ‖eϑi(t)‖, i ∈ N , ‖eϑO (t)‖ (a),
‖edi(t)‖, i ∈ N , ‖edO (t)‖ (b), of the control scheme of Section 2.2.3 ∀t ∈ [0, 40].

i7-5600 laptop computer at 2.6Hz, with 8GB of RAM.

Experimental Results

We further validate the developed control scheme through experimental
results. The tested scenario for the experimental setup consists of two
WidowX Robot Arms rigidly grasping a wooden cuboid object of initial
pose xO(0) = [0.3, 0, 0.15, 0, 0, 0]> ([m], [rad]), which has to track a planar
time trajectory pd(t) = [0.3 + 0.05 sin( 2πt

35 ), 0.15− 0.05 cos( 2πt
35 )]>, ηd(t) =

π
20 sin( 5πt

35 ). For that purpose, we employ the three rotational -with respect
to the y axis - joints of the arms. The lower joint consists of a MX-64
Dynamixel Actuator, whereas each of the two upper joints consists of a
MX-28 Dynamixel Actuator from the MX Series. Both actuators provide
feedback of the joint angle and rate qi, q̇i, ∀i ∈ {1, 2}. The micro-controller
used for the actuators of each arm is the ArbotiX-M Robocontroller, which
is serially connected to an i-7 desktop computer with 4 cores and 16GB
RAM. All the computations for the real-time experiments are performed at a
frequency of 120 [Hz]. Finally, we consider that the MX-64 motor can exert
a maximum torque of 3 [Nm], and the MX-28 motors can exert a maximum
torque of 1.25 [Nm], values that are slightly more conservative than the
actual limits. The load distribution coefficients are set as m?

1 = m?
2 = 1,

and J?1 = 0.75I3, J?2 = 0.25I3. For the adaptive quaternion-feedback
control scheme, we set δO(xO, ẋO, t) = 0, δi(qi, q̇i, t) = 0, ∀i ∈ N , which
essentially means that we do not model any external disturbances. We also
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Figure 2.4: The agents’ joint torques τi(t), i ∈ N , (in (a)-(d), respectively) of
the control scheme of Section 2.2.3 ∀t ∈ [0, 40], and the motor saturation (with
black), which has not been plotted in (a), (b), (d) for better visualization.
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Figure 2.5: Experimental results for the control scheme of Section 2.2.3;
(a): The position errors ep(t); (b): The quaternion errors eϕ(t), eε(t); (c) The
velocity errors evf (t), ∀t ∈ [0, 70].
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Figure 2.6: The norms of the adaptation signals eϑi(t), ∀i ∈ {1, 2} (left) and
eϑO (t), (right) ∀t ∈ [0, 70] of the experiment of the controller in Section 2.2.3.

set the control gains appearing in (2.23) and (2.25) as kp = 50, kζ = 80,
Kv = diag{3.5, 0.5, 0.5}. The experimental results are depicted in Fig. 2.5-
2.7 for t ∈ [0, 70] seconds. More specifically, Fig. 2.5 pictures the pose and
velocity errors ep(t), eζ(t), evf (t), Fig. 2.6 depicts the norms of the adaptation
errors eϑi(t), eϑO(t), and Fig. 2.7 shows the joint torques τ1(t), τ2(t) of
the agents. Although external disturbances and modeling uncertainties are
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Figure 2.7: The agents’ joint torques of the experiment of the controller in
Section 2.2.3, for t ∈ [0, 70], with their respective limits (with black).

not taken into account in the system model, they are indeed present during
the experiment run time and one can observe that the errors converge to
the desired values and the adaptation errors remain bounded, verifying the
theoretical findings. A video illustrating the simulation and experimental
results (along with the control scheme of the next section) can be found on
https://youtu.be/jJWeI5ZvQPY.

2.2.4 Prescribed Performance Control

In this section, we adopt the concepts and techniques of prescribed perfor-
mance control, proposed in [? ], in order to achieve predefined transient
and steady-state response for the derived error, as well as ensure that
θO(t) ∈ (−π2 , π2 ),∀t ∈ R≥0. As stated in Appendix B, prescribed perfor-
mance characterizes the behavior where a signal evolves strictly within a
predefined region that is bounded by absolutely decaying functions of time,
called performance functions. This signal is represented by the object’s pose
error

es :=
[
esx , esy , esz , esφ , esθ , esψ

]>
:= xO − xd (2.29)

Similarly to the result of the previous subsection, the Euler angle Euclidean
difference here does not represent a valid orientation distance metric. How-
ever, as also stated before, the desired equilibrium point will be rendered
eventually attractive, which stems from stabilization on the unit sphere. A
PPC scheme based on a proper distance metric on SO(3) is introduced in
the next chapter.

We now relax Assumption 2.4 and impose a controllability assumption
on θd, given that Euler angles are used now:

https://youtu.be/jJWeI5ZvQPY
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Assumption 2.5 (Uncertainties/Disturbances bound). The functions
dO(xO, ẋO, t) and di(qi, q̇i, t) are continuous in (xO, ẋO) and (qi, q̇i), respec-
tively, and bounded in t by unknown positive constants d̄O and d̄i, respec-
tively, ∀i ∈ N .

Assumption 2.6. It holds that θd(t) ∈ [−θ̄, θ̄] ⊂ (−π2 , π2 ),∀t ∈ R≥0.

More specifically, the requirement θd(t) ∈ [−θ̄, θ̄] ⊂ (−π2 , π2 ),∀t ∈ R≥0 is
a necessary condition needed to ensure that tracking of θd will not result
in singular configurations of JO(ηO). The constant θ̄ ∈ [0, π2 ) can be taken
arbitrarily close to π

2 .

The mathematical expressions of prescribed performance are given by
the following inequalities:

− ρsk(t) < esk(t) < ρsk(t),∀k ∈ K, (2.30)

where K := {x, y, z, φ, θ, ψ} and ρk : R≥0 → R>0, with

ρsk := ρsk(t) := (ρsk,0 − ρsk,∞) exp(−lskt) + ρsk,∞, ∀k ∈ K, (2.31)

are designer-specified, smooth, bounded and decreasing positive functions
of time with lsk , ρsk,∞, k ∈ K, positive parameters incorporating the desired
transient and steady-state performance respectively. The terms ρsk,∞ can
be set arbitrarily small, achieving thus practical convergence of the errors
to zero. Next, we propose a state feedback control protocol that does not
incorporate any information on the agents’ or the object’s dynamics or the
external disturbances and guarantees (2.30) for all t ∈ R≥0. More specifically,
given the errors (2.29):
Step I-a. Select the functions ρsk as in (2.31) with

(i) ρsθ,0 = ρsθ (0) = θ∗, ρsk,0 = ρsk(0) > |esk(0)|,∀k ∈ K\{θ},

(ii) lsk ∈ R>0,∀k ∈ K,

(iii) ρsk,∞ ∈ (0, ρsk,0),∀k ∈ K,

where θ∗ is a positive constant satisfying θ∗ + θ̄ < π
2 .

Step I-b. Introduce the normalized errors

ξs :=
[
ξsx , . . . , ξsψ

]>
:= ρ−1

s es, (2.32)
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where ρs := ρs(t) := diag{[ρsk ]k∈K} ∈ R6×6, as well as the transformed state
functions εs : (−1, 1)6 → R6, and signals rs : (−1, 1)6 → R6×6, with

εs := εs(ξs) :=
[
εsx , . . . , εsψ

]>
:=
[
ln
(

1+ξsx
1−ξsx

)
, . . . , ln

(
1+ξsψ
1−ξsψ

)]>
(2.33)

rs := rs(ξs) := diag{[rsk(ξsk)]k∈K} := diag

{[
∂εsk
∂ξsk

]
k∈K

}
= diag

{[
2

1− ξ2
sk

]
k∈K

}
, (2.34)

and design the reference velocity vector vr : (−1, 1)6 × R≥0 → R6 with

vr := vr(ξs, t) := −gsJO
(
ηd(t) + ρsη (t)ξsη

)−1

ρ−1
s rsεs, (2.35)

where ρsη := ρsη(t) := diag{ρsφ , ρsθ , ρsψ}, ξsη := [ξsφ , ξsη , ξsφ ]>, and we
have further used the relation ξs = ρ−1

s (xO − xd) from (2.29) and (2.32).
Step II-a. Define the velocity error vector

ev :=
[
evx , . . . , evψ

]>
:= vO − vr, (2.36)

and select the corresponding positive performance functions ρvk := ρvk(t) :
R≥0 → R>0 with ρvk(t) := (ρvk,0 − ρvk,∞) exp(−lvkt) + ρvk,∞, such that
ρvk,0 = ‖ev(0)‖ + α, lvk > 0 and ρvk,∞ ∈ (0, ρvk,0),∀k ∈ K, where α is an
arbitrary positive constant.
Step II-b. Define the normalized velocity error

ξv :=
[
ξvx , . . . , ξvψ

]>
:= ρ−1

v ev, (2.37)

where ρv := ρv(t) := diag{[ρvk ]k∈K}, as well as the transformed states
εv : (−1, 1)6 → R6 and signals rv : (−1, 1)6 → R6×6, with

εv := εv(ξv) :=
[
εvx , . . . , εvψ

]>
:=
[
ln
(

1+ξvx
1−ξvx

)
, . . . , ln

(
1+ξvψ
1−ξvψ

)]>
rv(ξv) := diag{[rvk(ξvk)]k∈K} := diag

{[
∂εvk
∂ξvk

]
k∈K

}
= diag

{[
2

1− ξ2
vk

]
k∈K

}
, (2.38)

and design the decentralized feedback control protocol for each agent i ∈ N
as ui : Si × (−1, 1)6 × R≥0, with

ui := ui(qi, ξv, t) := −gvJMi(qi)ρ
−1
v rvεv, (2.39)
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where gv is a positive constant gain and JMi as defined in (2.24). The control
laws (2.39) can be written in vector form u := [u>1 , . . . , u

>
N ]>, with:

u = −gvG+
M (q)ρ−1

v rvεv. (2.40)

Remark 2.4 (Decentralized manner and robustness (PPC)). Sim-
ilarly to (2.26), notice from (2.39) that each agent i ∈ N can calculate
its own control signal, without communicating with the rest of the team,
rendering thus the overall control scheme decentralized. The terms lk, ρk,0,
ρk,∞, α, lvk , and ρvk,∞, k ∈ K needed for the calculation of the perfor-
mance functions can be transmitted off-line to the agents. Moreover, the
Prescribed Performance Control protocol is also robust to uncertainties of
model uncertainties and external disturbances. In particular, note that the
control laws do not even require the structure of the terms M̃, C̃, g̃, d̃, but
only the positive definiteness of M̃ , as will be observed in the subsequent
proof of Theorem 2.2. It is worth noting that, in the case that one or more
agent failed to participate in the task, then the remaining agents would
need to appropriately update their control protocols (e.g., update JMi) to
compensate for the failure.

The main results of this subsection are summarized in the following
theorem.

Theorem 2.2. Consider N agents rigidly grasping an object with un-
known coupled dynamics (2.14). Then, under Assumptions 2.1-2.3, 2.5,
the decentralized control protocol (2.32)-(2.39) guarantees that −ρsk(t) <
esk(t) < ρsk(t),∀k ∈ K, t ∈ R≥0 from all initial conditions satisfying
|θO(0)− θd(0)| < θ∗ (from Step I-a (i)), with all closed loop signals being
bounded.

Proof. The proof consists of two main parts. Firstly, we prove that there
exists a maximal solution (ξs(t), ξv(t)) ∈ (−1, 1)12 for t ∈ [0, τmax), where
τmax > 0. Secondly, we prove that (ξs(t), ξv(t)) is contained in a compact
subset of (−1, 1)12 and consequently, that τmax = ∞. Without loss of
generality, we assume that vO(0) = 0.

Part A: Consider the combined state σ := [q, ξs, ξv] ∈ S× R12. Differen-
tiation of σ yields, in view of (2.9), (2.32) and (2.37)

σ̇ =

 J̃G>vO
ρ−1
s (ẋO − ẋd − ρ̇sξs)
ρ−1
v (v̇O − v̇r − ρ̇vξv),

 , (2.41)

where J̃ := J̃(q) := diag{[Ji(qi)>(Ji(qi)Ji(qi)
>)−1]i∈N } ∈ Rn×6N is well

defined due to Assumption 2.3. Then, by employing (2.5), (2.29), (2.32),
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and (2.35)-(2.40) as well as GG+
M = I6, we can express the right-hand side

of (2.41) as a function of σ and t, i.e.,

σ̇ = fcl(σ, t) :=

 fcl,q(σ, t)
fcl,s(σ, t)
fcl,v(σ, t)]

 ,
with

fcl,q(σ, t) :=J̃(q)G(q)>
(
ρv(t)ξv + vr(ξs, t)

)
fcl,s(σ, t) :=ρs(t)

−1
[
JO(ηd(t) + ρsη (t)ξsη )ρv(t)ξv − ρ̇s(t)ξs

− gsρs(t)−1rs(ξs)εs(ξs)− ẋd(t)
]

fcl,v(σ, t) :=− ρv(t)−1

(
M̃(x(σ, t))

[
C̃(x(σ, t))

(
ρv(t)ξv + vr(ξs, t)

)
+ g̃(x(σ, t)) + d̃(x(σ, t), t) + gvρv(t)

−1rv(ξv)εv(ξv)

]
− ρ̇v(t)ξv

+
∂vr(ξs, t)

∂t
+
∂vr(ξs, t)

∂ξs
fcl,s(σ, t)

)
,

and we also express x as a function of σ and t via

x(σ, t) =


q
q̇
ηO
ωO

 =


q

fcl,q(σ, t)
ηd(t) + ρsη (t)ξsη(

ρv(t)ξv + vr(ξs, t)
)

3:6


where (·)3:6 denotes the three last components of the vector. Consider now
the open and nonempty set Ω := S× (−1, 1)12. The choice of the parameters
ρsk,0 and ρvk,0, k ∈ K in Step I-a and Step II-a, respectively, along with
the fact that the initial conditions satisfy |θO(0) − θd(0)| < θ∗ imply that
|esk(0)| < ρsk(0), |evk(0)| < ρvk(0),∀k ∈ K and hence [ξs(0)>, ξv(0)>]> ∈
(−1, 1)12. Moreover, it can be verified that fcl : Ω× R≥0 → Rn+12 is locally
Lipschitz in σ over the set Ω and continuous and locally integrable in t for
each fixed σ ∈ Ω. Therefore, the hypotheses of Theorem A.1 in Appendix A
hold and the existence of a maximal solution σ : [0, τmax)→ Ω, for τmax > 0,
is ensured. We thus conclude

ξsk(t), ξvk(t) ∈ (−1, 1) (2.42)

∀k ∈ K, t ∈ [0, τmax), which also implies that ‖ξs(t)‖ <
√

6, and ‖ξv(t)‖ <√
6,∀t ∈ [0, τmax). In the following, we show the boundedness of all closed

loop signals and τmax =∞.
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Part B: Note first from (2.42), that |θO(t)− θd(t)| < ρθ(t) ≤ ρθ(0) = θ∗,

which, since θd(t) ∈ [−θ̄, θ̄],∀t ∈ R≥0, implies that |θO(t)| ≤ θ̃ := θ̄ +
θ∗ < π

2 ,∀t ∈ [0, τmax). Therefore, by employing (2.6), one obtains that,
∀t ∈ [0, τmax),

‖JO(ηO(t))‖ ≤ J̄O :=

√
| sin(θ̃)|+ 1

1− sin2(θ̃)
<∞. (2.43)

Consider now the positive definite function Vs := 1
2‖εs‖2. Differentiating

Vs along the solutions of the closed loop system yields V̇s = ε>s rsρ
−1
s ξ̇s,

which, in view of (2.41), (2.37), (2.35) and the fact that ẋO = JO(ηO)vO =
JO(ηO)(vr + ev), becomes

V̇s =− gs‖ρ−1
s rsεs‖2 − ε>s rsρ−1

s

(
ẋd + ρ̇sξs − JOev

)
≤− gs‖ρ−1

s rsεs‖2 + ‖ρ−1
s rsεs‖

(
‖ẋd‖+ ‖JOρvξv‖+ ‖ρ̇sξs‖

)
.

In view of (2.43), (2.42), and the structure of ρsk , ρvk , k ∈ K, as well as the
fact that vO(0) = 0 and the boundedness of ẋd, the last inequality becomes

V̇s ≤− gs‖ρ−1
s rsεs‖2 + ‖ρ−1

s rsεs‖B̄s,

∀t ∈ [0, τmax), with

B̄s :=
√

6J̄O(‖vr(0)‖+ α) + sup
t>0
‖ẋd(t)‖+

√
6 max
k∈K
{lk(ρsk,0 − ρsk,∞)},

independent of τmax. Therefore, V̇s is negative when ‖ρ−1
s rsεs‖ > B̄s

gs
, which,

by employing (2.34), the decreasing property of ρsk , k ∈ K as well as (2.42),

is satisfied when ‖εs‖ > maxk∈K{ρsk,0}B̄s
2gs

. Hence, by using Theorem A.5 of
Appendix A, we conclude that

‖εs(ξs(t))‖ ≤ ε̄s := max

{
‖εs(0)‖,

max
k∈K
{ρsk,0}B̄s
2gs

}
, (2.44)

∀t ∈ [0, τmax). Furthermore, since |εsk | ≤ ‖εs‖,∀k ∈ K, taking the inverse
logarithm function from (2.33), we obtain

−1 <
exp(−ε̄s)− 1

exp(−ε̄s) + 1
=: −ξ̄s ≤ ξsk(t) ≤ ξ̄s :=

exp(ε̄s)− 1

exp(ε̄s) + 1
< 1, (2.45)

∀t ∈ [0, τmax). Hence, recalling (2.34) and (2.35), we obtain the boundedness
of rs(ξs(t)), vr(t), ∀t ∈ [0, τmax), and in view of vO = vr + ev, (2.36), (2.42),
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(2.9) and (2.12), the boundedness of vO(t) and vi(t) as

‖rs(ξs(t))‖ ≤ r̄s :=
2

1− ξ̄2
s

=
(exp(ε̄s) + 1)2

2 exp(ε̄s)
,

‖vr(t)‖ ≤ v̄r := gs
√

2
ε̄s(exp(ε̄s) + 1)2

2 mink∈K{ρsk,∞} exp(ε̄s)

‖vO(t)‖ ≤ v̄O := v̄r +
√

6 max
k∈K
{ρvk,0}

‖vi(t)‖ ≤ v̄i :=
(
‖pEiO/Ei + 1

)
v̄O,∀i ∈ N , (2.46)

∀t ∈ [0, τmax), From (2.45), (2.5a), and (2.29) we also conclude the bound-
edness of xO(t), ẋO(t), as

‖xO(t)‖ ≤ x̄O := sup
t>0
‖xd(t)‖+

√
6ξs max

k∈K
{ρsk,0},

‖ẋO(t)‖ ≤ J̄Ov̄O,

∀t ∈ [0, τmax). The coupled kinematics (2.8) and Assumption 2.3 imply
also the boundedness of pEi(t), qi(t), and q̇i(t), ∀i ∈ N , as ‖q(t)‖ ≤ q̄,
‖q̇(t)‖ ≤ J̄‖v‖ ≤ J̄∑i∈N v̄i for a positive constant J̄ , [0, τmax). Hence, we
conclude that

‖x(t)‖ ≤ x̄ := q̄ + J̄
∑
i∈N

v̄i + x̄O + J̄Ov̄O,

[0, τmax). In a similar vein, by differentiating the reference velocity (2.35)
and using (2.33), (2.34), and (2.44), we also conclude the boundedness of
v̇r(t) by a positive constant ¯̇vr, ∀t ∈ [0, τmax).

Applying the aforementioned line of proof, we consider the positive
definite function Vv := 1

2‖εv‖2. By differentiating Vv we obtain V̇v =

ε>v rvρ
−1
v ξ̇v, which, in view of (2.41), (2.36), (2.14), becomes

V̇v =− gvε>v rvρ−1
v M̃ρ−1

v rvεv + ε>v rvρ
−1
v

(
− ρ̇vξv − M̃

[
C̃(ρvξv + vr) + g̃

+ d̃
]
− v̇r

)
. (2.47)

Invoking Assumption 2.5 and the boundedness of qi(t), q̇i(t), xO(t), ẋO(t),
∀t ∈ [0, τmax), we conclude the boundedness of dO(xO(t), ẋO(t), t) and
di(qi(t), q̇i(t), t) by positive finite constants d′

O
, d′i, ∀i ∈ N , respectively,

∀t ∈ [0, τmax). Hence, from (2.12) and (2.14), we also obtain the bounded-

ness of d̃(x(t)) as

‖d̃(x(t))‖ ≤ d := d′O +
∑
i∈N
{‖pEiO/Ei‖+ 1}d′i.
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In addition, the continuity of C̃(x), g̃(x) implies the existence of positive and

finite constant c̄, ḡ such that ‖C̃(x(t))‖ ≤ c̄, ‖g̃(x(t))‖ ≤ ḡ, ∀t ∈ [0, τmax).
Thus, by combining the aforementioned discussion with the boundedness

of v̇r, the positive definitiveness and boundedness of M̃(x), (2.16) and (2.42),
we obtain from (2.47)

V̇v ≤ −gvm‖ρ−1
v rvεv‖2 + ‖ρ−1

v rvεv‖B̄v,

∀t ∈ [0, τmax), where

B̄v :=
√

6 max
k∈K
{lvk(ρvk,0−ρvk,∞)}+ ¯̇vr + m̄(ḡ+d+ c̄(v̄r +

√
6(‖vr(0)‖+α)))

is a positive and finite constant, independent of τmax.
By proceeding similarly as with V̇s, we conclude that

‖εv(ξv(t))‖ ≤ ε̄v := max

{
‖εv(0)‖,

max
k∈K
{ρvk,0}B̄v
2gvm

}
, (2.48)

∀t ∈ [0, τmax), from which we obtain

−1 <
exp(−ε̄v)− 1

exp(−ε̄v) + 1
=: −ξ̄v ≤ ξvk(t) ≤ ξ̄v :=

exp(ε̄v)− 1

exp(ε̄v) + 1
< 1, (2.49)

∀t ∈ [0, τmax). In view of (2.38), (2.39), this also implies

‖rv(ξv(t))‖ ≤ r̄v :=
2

1− ξ̄2
v

=
(exp(ε̄v) + 1)2

2 exp(ε̄v)
,

‖ui(t)‖ ≤ ūi := gvJ̄Mi max
k∈K
{ρ−1
vk,∞}r̄v ε̄v, (2.50)

∀t ∈ [0, τmax), where J̄Mi
is an upper bound of ‖JMi

(qi)‖, which can be
proven to be independent of q.

What remains to be shown is that τmax = ∞. We can conclude from
the aforementioned analysis, Assumption 2.3, and (2.45), (2.49) that the
solution σ(t) remains in a compact subset Ω′ of Ω, ∀t ∈ [0, τmax), namely
σ(t) ∈ Ω′, ∀t ∈ [0, τmax). Hence, according to Theorem A.2 of Appendix
A, it holds that τmax = ∞. Thus, all closed loop signals remain bounded
and moreover σ(t) ∈ Ω′ ⊂ Ω,∀t ∈ R≥0. Finally, by multiplying (2.45) by
ρk(t), k ∈ K, we obtain

− ρsk(t) < −ξ̄sρsk(t) ≤ esk(t) ≤ ξ̄sρsk(t) < ρsk(t), (2.51)

∀t ∈ R≥0, which leads to the conclusion of the proof.
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Remark 2.5 (Prescribed Performance). From the aforementioned proof
it can be deduced that the Prescribed Performance Control scheme achieves
its goal without resorting to the need of rendering the ultimate bounds
ε̄s, ε̄v of the modulated pose and velocity errors εs, εv arbitrarily small by
adopting extreme values of the control gains gs and gv (see (2.44) and (2.48)).
More specifically, notice that (2.45) and (2.49) hold no matter how large
the finite bounds ε̄s, ε̄v are. In the same spirit, large uncertainties involved
in the coupled model (2.14) can be compensated, as they affect only the
size of εv through B̄v, but leave unaltered the achieved stability properties.
Hence, the actual performance given in (2.51), which is solely determined by
the designed-specified performance functions ρsk(t), ρvk(t), k ∈ K, becomes
isolated against model uncertainties, thus extending greatly the robustness
of the proposed control scheme.

Remark 2.6 (Control Input Bounds). The aforementioned analysis of
the Prescribed Performance Control methodology reveals the derivation of
bounds for the velocity vi and control input ui of each agent. Note the
explicit bounds v̄i and ūi for vi and ui (see (2.46), (2.50)), respectively,
which depend on the control gains, the bounds of the dynamic terms, the
desired trajectory, and the performance functions. Therefore, given desired
bounds for the agents’ velocity v̄i,b and input ūi,b (derived from bounds
on the joint velocities and torques q̇i, τi, respectively) and that the upper
bounds of the dynamic terms are known, we can tune appropriately the
control gain gs, gv as well as the parameters ρsk,0, ρvk,0, ρsk,∞, ρvk,∞, lsk , lvk
in order to achieve v̄i ≤ v̄i,b, ūi ≤ ūi,b,∀i ∈ N . It is also worth noting that
the selection of the control gains gs, gv affects the evolution of the errors
es, ev inside the corresponding performance envelopes.

Remark 2.7 (Internal forces). The internal forces were proven, in [? ],
to be regulated to zero using the distribution matrix JMi

from (2.24). That
result, however, did not take into account the actual dynamic parameters
of the robots. In the next chapter we analyze the internal forces in rigid
cooperative manipulation and provide conditions that achieve their regulation
to zero.

Simulation Results

We provide here simulation results for the developed control scheme.
The tested scenario is identical to the one used for the adaptive control

scheme of Section 2.2.3, with the modification of Aθ = π
9 , in order to avoid

θd(t) = ±π2 . We set the performance functions as ρsk(t) = (|esk(0)| +
0.09) exp(−0.5t) + 0.01, ρvk(t) = (|evk(0)|+ 0.95) exp(−0.5t) + 0.05, ∀k ∈ K,
and the control gains of (2.35), (2.39) as gs = 0.005, gv = 10, respectively, by
following the bounds derived in the previous section and considering known
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Figure 2.8: Simulation results for the controller of Section 2.2.4, with (in
blue) and without (in green) taking into account input constraints; Top: The
position errors esx(t), esy (t), esz (t) (with blue and green, respectively) along
with the respective performance functions (with red); Bottom: The orientation
errors esφ(t), esθ (t), esψ (t) (with blue and green, respectively) along with the
respective performance functions (with red), ∀t ∈ [0, 40]. Zoomed versions of
the transient and steady-state response have been included for all plots.

0 5 10 15 20 25 30 35 40

-0.2
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0.2

Figure 2.9: The velocity errors ev(t) along with the respective performance
functions (with red) for the controller of Section 2.2.4, ∀t ∈ [0, 40].
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dynamic bounds. The simulation results are depicted in Figs. 2.8-2.10,
for t ∈ [0, 40] seconds. In particular, Fig. 2.8 depicts the evolution of the
pose errors es(t) (in blue), along with the respective performance functions
ρs(t) (in red), Fig. 2.9 depicts the evolution of the velocity errors ev(t),
along with the respective performance functions ρv(t), and Fig. 2.10 shows
the resulting joint torques τi(t), ∀i ∈ {1, . . . , 4}. One can conclude from
the aforementioned figures that the simulation results verify the theoretical
findings, since the errors es(t), ev(t) stay confined in the performance function
funnels. Moreover, the joint torques in respect the saturation values we set.
For comparison purposes, we also simulate the same system without taking
into account any input constraints. In order to achieve good performance
in terms of overshoot, rise, and settling time, we set the control gains as
gs = 1, gv = 200. The resulting pose errors are depicted in Fig. 2.8 for
t ∈ [0, 40] seconds (with green) along with the performance functions (with
red), and the resulting torques are depicted in Fig. 2.11 for t ∈ [0, 0.001]
seconds. This small time interval is sufficient to observe the high-value
initial peaks of the torque inputs that do not satisfy the desired constraint
of τ̄ = 150 Nm, which can be attributed to the lack of gain calibration.
Nevertheless, note also the better performance of the pose errors, in terms
of overshoot, rise and settling time, as pictured in Fig. 2.8. Finally, note
that any Prescribed Performance Control methodology would fail to solve
Problem 2.1 with θ(0) = π

2 or θd(t) = π
2 for some t ∈ R≥0, in contrast

to the adaptive quaternion-feedback control scheme of Section 2.2.3. The
simulations were carried out in the MATLAB R2017a environment on a
i7-5600 laptop computer at 2.6Hz, with 8GB of RAM.

Experimental Results

We provide here experimental results for the developed Prescribed Per-
formance Control scheme. The scenario here is identical to the one used
for Section 2.2.3. We set the performance functions as ρsx(t) = ρsz(t) =
0.03 exp(−0.2t) + 0.02 [m], ρsθ(t) = 0.2 exp(−0.2t) + 0.2 [rad], ρvx(t) =
5 exp(−0.2t) + 5 [m/s], ρvz(t) = 5 exp(−0.2t) + 10 [m/s], and ρvθ(t) =
4 exp(−0.2t)+3 [m/s], and the control gains of (2.35) and (2.39) as gs = 0.05
and gv = 10, respectively. The experimental results are depicted in Fig.
2.12-2.13 for t ∈ [0, 70] seconds. In particular, Fig. 2.12 shows the pose and
velocity errors es(t), ev(t) along with the respective performance functions,
and Fig. 2.13 depicts the joint torques τ1(t), τ2(t) of the agents. We can
conclude that the experimental results verify the theoretical analysis, since
the errors evolve strictly within the prespecified performance bounds. Note
also that the joint torques respect the saturation limits. A video illustrating
the simulation and experimental results (along with the ones of the previous
section’s control scheme) can be found on https://youtu.be/jJWeI5ZvQPY.

https://youtu.be/jJWeI5ZvQPY
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Figure 2.10: The agents’ joint torques τi(t), i ∈ N , (in (a)-(d), respectively)
of the control scheme of Section 2.2.4 ∀t ∈ [0, 40] by taking into account input
constraints.
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Figure 2.11: The agents’ joint torques τi(t), i ∈ N , (in (a)-(d), respectively)
of the control scheme of Section 2.2.4 ∀t ∈ [0, 40] without taking into account
input constraints, ∀t ∈ [0, 0.001].

2.2.5 Discussion

In view of the aforementioned results, we mention some worth-noting differ-
ences between the two control schemes. Firstly, note that the PPC method-
ology allows for exponential convergence of the errors to the set defined
by the values ρsk,∞, ρvk,∞, achieving predefined transient and steady-state
performance, without the need to resort to tuning of the control gains. The
adaptive quaternion-feedback methodology, however, can only guarantee
that the errors converge asymptotically to zero as t→∞. This is verified
by the simulation results, where the error trajectories ep(t), eζ(t) and ev(t)
show an oscillatory behavior. Improvement of such performance (in terms
of overshoot, rise, and settling time) would require appropriate gain tuning.
Secondly, note that, as shown in the simulations section, the quaternion-
feedback methodology allows for trajectories where the pitch angle of the
object (θO) can be ±90 degrees, in contrast to the PPC methodology, where
that configuration is ill-posed, since the matrix JO(ηO) is not defined. Finally,
the adaptive quaternion-feedback methodology can be considered less robust
to modeling uncertainties in real-time scenarios, since it accounts only for
parametric uncertaintes (the unknown terms ϑi, ϑO, di, dO), assuming a
known structure of the dynamic terms. The PPC methodology, however,
does not require any information of the structure or the parameters of the
dynamic model (note that the only requirements are the positive definiteness
of the coupled inertia matrix, the locally Lipschitz and continuity properties
of the dynamic terms and the boundedness - with respect to time - of the
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Figure 2.12: Experimental results for the controller of Section 2.2.4; Top:
the pose errors esx(t), esz (t), esθ (t) (with blue) along with the respective
performance functions (with red); Bottom: The velocity errors evx(t), evz (t),
evθ (t) (with blue) along with the respective performance functions (with red),
∀t ∈ [0, 70].
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Figure 2.13: The agents’ joint torques of the experiment of the controller in
Section 2.2.4, ∀t ∈ [0, 70], with their respective limits (with black).

disturbances di, dO). In that sense, one would expect the PPC methodology
to perform better in real-time experiments, where unmodeled dynamics are
involved. The fact, however, that PPC is a control scheme that does not
contain any information of the model structure makes it more difficult to
tune (in terms of gain tuning) in order to achieve robot velocities and torques
that respect specific bounds, especially when the bounds of the dynamic
terms are unknown. This has been noticed during both simulations and
experiments.
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2.2.6 Problem Statement - Constrained Transportation

We deal here with a slightly different problem, that is, the problem of
cooperatively transporting an object to a desired constant pose, while
complying to certain constraints. Such constraints consist of inter-robot
collision avoidance, collision avoidance with obstacles, singularity avoidance,
as well as robot velocity and torque saturation constraints.

Consider Z ∈ N obstacles Oz ⊂ R3, z ∈ Z := {1, . . . , Z} and denote by
Ai(qi) ⊂ R3, i ∈ N , AO(xO) ⊂ R3 the physical volumes occupied by agent i,
at state qi, i ∈ N , and the object, at state xO, respectively.

Remark 2.8. As mentioned before, since the geometric object parameters
p
Ei
Ei/O

and ηEi/O are known, each agent can compute pO, ηO and vO from
the coupled kinematics and dynamics, respectively, without employing any
sensory data. In the same vein, all agents can also compute the object’s
bounding ellipsoid CO, which depends on q.

We can now formulate the problem considered here:

Problem 2.2. Consider N robotic agents rigidly grasping an object, gov-
erned by the coupled dynamics (2.14). Given a desired constant pose xd :=
[(pd)>, (ηd)>]>, pd ∈ R3, ηd := [ϕd, θd, ψd] ∈ T, with θd ∈ [−θ̄, θ̄] ⊂

(
−π2 , π2

)
,

design the control input u ∈ R6N such that lim
t→∞

xO(t) = xd, while ensuring

the satisfaction of the following collision avoidance and singularity properties:

1. Ai(qi(t)) ∩ Oz = ∅,∀i ∈ N , z ∈ Z,

2. AO(xO(t)) ∩ Oz = ∅,∀z ∈ Z,

3. Ai(qi(t)) ∩ Aj(qj(t)) = ∅,∀i, j ∈ N , i 6= j,

4. −π2 < −θ̄ ≤ θO(t) ≤ −θ̄ < π
2 ,

5. qi(t) ∈ Si,

∀t ∈ R≥0, as well as the input and velocity magnitude constraints: |τi,k| ≤
τ̄i, |q̇ik | ≤ ¯̇qi,∀k ∈ {1, . . . , ni}, i ∈ N , for some positive constants τ̄i, ¯̇qi, i ∈
N .

In order to solve the aforementioned problem, we need the following
reasonable assumption regarding the workspace, which implies that the
collision-free space is connected:

Assumption 2.7. (Problem feasibility) The set {(q, xO) ∈ Rn×M : Ai(qi)∩
Oz = ∅,Ai(qi) ∩ Aj(qj) = ∅,AO(xO) ∩ Oz = ∅,∀i, j ∈ N , i 6= j, z ∈ Z}, is
connected.
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We also define the following sets:

Si,O := {qi ∈ Rni : Ai(qi) ∩ Oz = ∅,∀z ∈ Z}, ∀i ∈ N
SA := {q ∈ Rn : Ai(qi) ∩ Aj(qj) = ∅,∀i, j ∈ N , i 6= j},
SO := {xO ∈M : AO(xO) ∩ Oz = ∅}.

associated with the desired collision-avoidance properties.
We present next two control schemes, based on Nonlinear Model Predic-

tive Control (NMPC), for the solution of Problem 2.2. The first one is a
centralized scheme, where a central computer unit (e.g., on one of the robotic
agents) has global feedback and computes the control input of the entire
team. Secondly, we develop a decentralized scheme, where each robotic agent
computes its own control signal. The latter is based on a leader-follower
coordination as well as inter-agent communication.

We also assume that di(·) = dO(·) = 0, ∀i ∈ N in the dynamics (2.3),
(2.5), and that the system model is accurately known. Potential uncertainties
could be taken into account by using robust variations of NMPC, like, e.g.,
tube-based NMPC [? ].

2.2.7 Centralized NMPC

In this section, a centralized systematic solution to Problem 2.2 is introduced.
Our overall approach builds on designing a Nonlinear Model Predictive
control scheme for the system of the manipulators and the object. Nonlinear
Model Predictive Control (see e.g. [? ? ? ? ? ? ? ? ? ]) has been proven
suitable for dealing with nonlinearities and state and input constraints.

The coupled agents-object nonlinear dynamics can be written in compact
form as follows:

ẋc = fc(xc, u) :=

fc1(xc, u)
fc2(xc, u)
fc3(xc, u)

 , xc0 := xc(0), (2.52)

where xc := [x>O , v
>
O , q

>]> ∈M×Rn+6, u ∈ R6N and fc : M× S×R6N+6 →
Rn+12, with

fc1(xc, u) := JO(ηO)vO,

fc2(xc, u) := M̃(x)−1
[
G(q)u− C̃(x)vO − g̃(x)

]
,

fc3(xc, u) := J̃(q)G(q)>vO,

where we have used the first equation of (2.41). Note that fc is locally
Lipschitz continuous in its domain since it is continuously differentiable
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there. Next, we define the respective errors:

ec := xc − xd =

xOvO
q

−
xd

ẋd

qd

 =

xO − xd

vO
q − qd

 ∈M× R6 × S, (2.53)

where qd := [q>1,d, . . . , q
>
N,d]> ∈ Rn is appropriately chosen to comply with

the coupled kinematics (2.8) and xd. The error dynamics are then ėc(t) =
fc(xc(t), u(t)), which can be appropriately transformed to:

ėc = fe(ec, u), ec0 := ec(0) = xc(0)− xd. (2.54)

where fe := fc(ec + xd, u). By ignoring over-actuated input terms, we have
that τi = J>i ui, which yields

‖τi‖ ≤ τ̄i ⇔ σmin(J>i )‖ui‖ ≤ τ̄i,

where we have employed the property σmin(J>i )‖ui‖ ≤ ‖J>i ui‖, with σmin(J>i )
being positive, if the constraint qi ∈ Si is always satisfied. Hence, the con-
straint |τi,k| ≤ τ̄i is equivalent to

‖ui‖ ≤
τ̄i

σmin(J>i )
,∀i ∈ N .

Let us now define the following compact set Uc ⊆ R6N :

Uc :=

{
u ∈ R6N : ‖ui‖ ≤

τ̄i
σmin(J>i )

,∀i ∈ N , k ∈ {1, . . . , ni}
}
, (2.55)

as the set that captures the control input constraints of the error dynamics
system (2.54). By using (2.52) to express q̇ as a function of vO, we define
also the set Xc ⊆ Rn+12:

Xc :=
{
xc ∈ Rn+12 : θO ∈ [θ̄, θ̄], ‖Ji(qi)>(Ji(qi)Ji(qi)

>)−1JOi(qi)vO‖ ≤ ¯̇qi,

i ∈ N , q ∈ S ∩ SA ∩ (S1,O × · · · × SN,O), xO ∈M ∩ SO(xO)
}
.

The set Xc captures all the state constraint of the system dynamics (2.52).
In view of (2.53), we define the set Ec ⊆ Rn+12 as:

Ec := {ec ∈ Rn+12 : ec ∈ Xc ⊕ (−xd)},

as the set that captures all the constraints of the error dynamics system
(2.54).

The problem in hand is the design of a control input u(t) ∈ Uc such
that limt→∞ ec(t) = 0 while ensuring ec(t) ∈ Ec,∀t ∈ R≥0. The proposed
Nonlinear Model Predictive scheme is presented hereafter.
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Consider a sequence of sampling times {tj}, j ∈ N, with a constant
sampling period hs ∈ (0, Tp), where Tp is the prediction horizon, such that:

tj+1 = tj + hs,∀ j ≥ 0.

In the sampling-data NMPC, a finite-horizon open-loop optimal control
problem (OCP) is solved at discrete sampling time instants tj based on the
current state error information ec(tj). The solution is an optimal control
signal û(s), for s ∈ [tj , tj + Tp]. For more details, the reader is referred to [?
]. The open-loop input signal applied in between the sampling instants is
given by the solution of the following Optimal Control Problem (OCP):

min
û(·)

Jc(ec(tj), û(·)) := min
û(·)

{
Vc(êc(tj + Tp)) +

∫ tj+Tp

tj

Fc(êc(s), û(s))ds

}
(2.56a)

subject to:

˙̂ec(s) = fe(êc(s), û(s)), êc(tj) = ec(tj), (2.56b)

êc(s) ∈ Ec, û(s) ∈ Uc, s ∈ [tj , tj + Tp], (2.56c)

êc(tj + Tp) ∈ Ecf , (2.56d)

where the hat ·̂ denotes the predicted variables (internal to the controller), i.e.
êc(·) is the solution of (2.56b) driven by the control input û(·) : [tj , tj+Tp]→
Uc with initial condition ec(tj). Note that the predicted values are not
necessarily the same with the actual closed-loop values (see [? ]). The term
Fc : Ec × Uc → R≥0, is the running cost, and is chosen as:

Fc(ec, u) := e>c Qcec + u>Rcu.

The terms Vc : Ec → R>0 and Ecf are the terminal penalty cost and
bounded terminal set, respectively, and are used to enforce the stability
of the system. The terminal cost is given by Vc(ec) := e>c Pcec; Qc ∈
R(n+12)×(n+12) is chosen as a diagonal positive semi-definite matrix, and
Pc, Rc ∈ R(n+12)×(n+12) as diagonal positive definite matrices.

The solution of the OCP (2.56a)-(2.56d) starting at time tj provides an
optimal control input denoted by û?(s; ec(tj)), for s ∈ [tj , tj +Tp]. It defines
the open-loop input that is applied to the system until the next sampling
instant tj+1:

u(s; ec(tj)) = û?(s; ec(tj)), s ∈ [tj , tj+1). (2.57)

The corresponding optimal value function is given by J?c (ec(tj), û
?(·; ec(tj))).

where Jc(·) as is given in (2.56a). The control input u(s; ec(tj)) is a feed-
back, since it is recalculated at each sampling instant using the new state
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information. The solution of (2.54) starting at time tj from an initial con-
dition ec(tj), applying a control input u : [tj , tj+1] → Uc is denoted by
ec(s;u(·), ec(tj)), s ∈ [tj , tj+1].

Through the following theorem, we guarantee the stability of the system
which is the solution to Problem 1 (see also Theorem (D.1) in Appendix D).

Theorem 2.3. Let Assumption 2.7 hold. Suppose also that:

1. The OCP (2.56a)-(2.56d) is feasible for the initial time t = 0.

2. The terminal set Ecf ⊆ Ec is closed, with 0 ∈ Ecf .

3. The terminal set and terminal cost are chosen such that there exists
an admissible control input (according to Def. D.1 of Appendix D)
ucf : [0, hs]→ Uc such that for all ec(s) ∈ Ecf it holds that:

a) ec(s) ∈ Ecf ,∀ s ∈ [0, hs].

b)
∂Vc
∂ec

fe(ec(s), ucf (s)) + Fc(ec(s), ucf (s)) ≤ 0,∀ s ∈ [0, hs].

Then, the closed loop system (2.54), under the control input (2.57), converges
to the origin for t→∞, i.e., limt→∞ ec(t) = 0.

Proof. The proof is identical to the proof of Theorem 2.1 in [? ].

Simulation Results

To demonstrate the efficiency of the proposed control protocol, we consider
the following simulation scenario.

Consider N = 2 ground vehicles equipped with 2 DOF manipulators,
rigidly grasping an object with n1 = n2 = 4, n = n1 + n2 = 8. From (2.52)
we have that x = [x>O , v

>
O , q

>]> ∈ R16, u ∈ R8, with xO = [p>O , φO]> ∈ R4,
vO = [ṗ>O , ωO]> ∈ R4, where ωO ∈ R occurs with respect to only one axis. We
also denote pO = [xO, yO, zO]> ∈ R3, q = [q>1 , q

>
2 ]> ∈ R8, qi = [p>Bi , α

>
i ]> ∈

R4, pBi = [xBi , yBi ]
> ∈ R2, αi = [αi1 , αi2 ]> ∈ R2, i ∈ {1, 2}, where pBi are

the vehicles’ positions, and αi the manipulator angles. The manipulators
become singular when sin(αi1) = 0, i ∈ {1, 2}, thus the state constraints for
the manipulators are set to:

ε ≤ α11
≤ π

2
− ε,− π

2
+ ε ≤ α12

≤ π

2
− ε,

−π
2

+ ε ≤ α21
≤ −ε,− π

2
+ ε ≤ α22

≤ π

2
− ε.

We also consider the input constraints:

−10 ≤ ui,j(t) ≤ 10, i ∈ {1, 2}, j ∈ {1, . . . , 4}.
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Figure 2.14: The errors of the object for t ∈ [0, 80] seconds.

The initial conditions are set to:

xO(0) =
[
0,−2.2071, 0.9071,

π

2

]>
, vO(0) = [0, 0, 0, 0]

>
,

q1(0) =
[
0, 0,

π

4
,
π

4

]>
, q2(0) =

[
0,−4.4142,−π

4
,−π

4

]>
,

(in (m, rad), (m/s, rad/s), rad, rad/s, respectively). The desired goal states
are set to:

xd =
[
10, 10, 0.9071,

π

2

]>
,

q1,d =
[
10, 12.2071,

π

4
,
π

4

]>
, q2,d =

[
10, 7.7929,−π

4
,−π

4

]>
,

(in (m, rad), rad, respectively). We set a spherical obstacle between the
initial and the desired pose of the object, with center (5, 5, 1) m and radius
2 m. The sampling time is h = 0.1 seconds, the horizon is set to Tp = 0.5
seconds, and the total simulation time is 80 seconds; The matrices Pc, Qc, Rc
are set to:

Pc = Qc = 0.5I16, Rc = 0.5I8.

The terminal set is taken as a ball of radius 0.1 m around 0. The simulation
results are depicted in Fig. 2.14-Fig. 2.16, which show that the states of the
agents as well as the states of the object converge to the desired ones while
guaranteeing that all state and input constraints are met. The simulation
scenarios were carried out by using the NMPC toolbox given in [? ] and
they took 23500 seconds in MATLAB Environment on a desktop computer
with 8 cores, 3.60 GHz CPU and 16GB of RAM.
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Figure 2.15: The errors of robotic agents for t ∈ [0, 80] seconds.

Figure 2.16: The control inputs of the actuators of the robotic agents ui(t),
∀t ∈ [0, 80] seconds.

2.2.8 Decentralized NMPC

In this section, in order to reduce the computational complexity of the
NMPC, we develop a decentralized counterpart, where each robotic agent
calculates its own control signal.

We first decouple the dynamics (2.14) for each agent’s MPC. We define
xOi : Rni →M, vOi : R2ni → R6 with xOi(qi) := [pOi(qi)

>, ηOi(qi)
>]> ∈M,

pOi(qi) :=pEi(qi) +Ri(qi)p
Ei
O/Ei

(2.58a)

ηOi(qi) :=ηEi(qi) + ηO/Ei (2.58b)
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∀i ∈ N , as well as

vOi(qi, q̇i) := [ṗOi(qi)
>, ωOi(qi, q̇i)

>]> := JiO (qi)vi(qi, q̇i), ∀i ∈ N , (2.59)

where JiO (qi) := JOi(qi)
−1, ∀i ∈ N , which are derived from (2.8) and (2.9),

respectively; xOi and vOi are the pose and velocity of the object as computed
by agent i ∈ N .

Consider now the constants ci, with 0 < ci < 1 and
∑
i∈N

ci = 1 that play

the role of load sharing coefficients for the agents. Then the object dynamics
(2.5) can be written as:∑
i∈N

ci

{
MO

(
ηOi(qi)

)
v̇Oi(qi, q̇i) + CO

(
ηOi(qi), ωOi(qi, q̇i)

)
vOi(qi, q̇i) + gO

}
=∑

i∈N
JOi(qi)

>hi,

from which, by employing the grasp coupling (see (2.13)), the differen-
tial kinematics of the agents, (2.59), and after straightforward algebraic
manipulations, we obtain the coupled dynamics∑

i∈N

{
MDi(qi)q̈i + CDi(qi, q̇i)q̇i + gDi(qi)

}
=
∑
i∈N

JOi(qi)
>ui, (2.60)

where:

MDi := MDi(qi) :=ciMOJiOJi + J>OiMiJi,

CDi := CDi(qi, q̇i) :=J>Oi

(
MiJ̇i + CiJi

)
+ ciMOJiO J̇i + ciMOJ̇iOJi + ciCO,

gDi := gDi(qi) :=cigO + J>Oigi,

∀i ∈ N . Since the scheme developed here is decentralized, we need the
following assumption regarding the agent communication:

Assumption 2.8. (Sensing and communication capabilities) Each agent
i ∈ N is able to continuously communicate with the other agents j ∈ N\{i}
and transmit appropriate information.

Along with the sets Si,O, SA defined in the previous section, we also
define

SOi := {qi ∈ Rni : AO(xOi(qi)) ∩ Oz = ∅,∀z ∈ Z},
Si,A(q−i) := {qi ∈ Rni : Ai(qi) ∩ Aj(qj) = ∅,∀j ∈ N\{i}},

where q−i := [q>1 , . . . , q
>
i−1, q

>
i+1, . . . , q

>
N ]>, ∀i ∈ N .
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To design a decentralized NMPC control scheme, we employ a leader-
follower perspective. More specifically, as will be explained in the sequel, at
each sampling time, a leader agent solves part of the coupled dynamics (2.60)
via an NMPC scheme, and transmits its predicted variables to the rest of
the agents. Assume, without loss of generality, that the leader corresponds
to agent i = 1. Loosely speaking, the proposed solution proceeds as follows:
agent 1 solves, at each sampling time step, the receding horizon model
predictive control subject to the forward dynamics:

MD1
q̈1 + CD1

q̇1 + gD1
= J>O1

u1, (2.61)

and a number of inequality constraints, as will be clarified later. After
obtaining a control input sequence and a set of predicted variables for q1, q̇1,
denoted as q̂1, ˆ̇q1, it transmits the corresponding predicted state for the object
xO1

(q̂1), vO1
(q̂1, ˆ̇q1) for the control horizon to the other agents {2, . . . , N}.

Then, the followers solve the receding horizon NMPC subject to the forward
dynamics:

MDi q̈i + CDi q̇i + gDi = J>Oiui, (2.62)

the state equality constraints:

xOi(qi) = xO1
(q̂1), vOi(qi, q̇i) = vO1

(q̂1, ˆ̇q1), (2.63)

i ∈ {2, . . . , N} as well as a number of inequality constraints that incorporate
obstacle and inter-agent collision avoidance. More specifically, we consider
that there is a priority sequence among the agents, which we assume, without
loss of generality, that is defined by {1, . . . , N}. Each agent, after solving
its optimization problem, transmits its calculated predicted variables to
the agents of lower priority, which take them into account for collision
avoidance. Note that the coupled object-agent dynamics are implicitly taken
into account in equations (2.61), (2.62) in the following sense. Although
the coupled model (2.60) does not imply that each one of these equations
is satisfied, by forcing each agent to comply with the specific dynamics
through the optimization procedure, we guarantee that (2.60) is satisfied,
since it’s the result of the addition of (2.61) and (2.62), for i = 1 and every
i ∈ {2, . . . , N}, respectively. Intuitively, the leader agent is the one that
determines the path that the object will navigate through, and the rest of
the agents are the followers that contribute to the transportation. Moreover,
the equality constraints (2.63) guarantee that the predicted variables of the
agents {2, . . . , N} will comply with the rigidity at the grasping points.

By using the notation xqi := [x>qi,1, x
>
qi,2]> := [q>i , q̇

>
i ]> ∈ R2ni , i ∈ N ,

the nonlinear dynamics of each agent can be written as:

ẋqi = fqi(xqi , ui) :=

[
fqi,1(xqi)

fqi,2(xqi , ui)

]
, (2.64)
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where fqi : Si × Rni+6 → R2ni is the locally Lipschitz function:

fqi,1(xqi) :=xqi,2,

fqi,2(xqi , ui) :=M̂Di(qi)
(
JOi(qi)

>ui − CDi(qi, q̇i)q̇ − gDi(qi)
)
,

∀i ∈ N , where M̂Di : Si → Rni×6, is the pseudo-inverse

M̂Di(qi) := MDi(qi)
>
(
MDi(qi)MDi(qi)

>
)−1

.

∀i ∈ N . We define now the error vector eD1 : R2ni → ×R12, as:

eD1(xq1) :=

[
xO1

(q1)− xd

vO1
(q1, q̇1),

]
which gives us the error dynamics:

ėD1 = fD1(xD1 , u1), (2.65)

with fD1 : Si × Rni+6 → R12:

fD1(xq1 , u1) :=[
JO(ηO1

(q1))J1O (q1)J1(q1)q̇1

J1O (q1)J1(q1)fq1,2(xq1 , u1) +
(
J1O (q1)J̇1(q1) + J̇1O (q1)J1(q1)

)
q̇1,

]

where we employed (2.65) and the object dynamics. The input constraint
sets are defined similarly to (2.55) as

UDi :=

{
ui ∈ R6 : ‖ui‖ ≤

τ̄i
σmin(J>i )

}
,

Define also the sets

XD1
(q−1) :=

{
xq1 ∈ R2n1 : θO1

(q1) ∈ [−θ̄, θ̄], |q̇1k | ≤ ¯̇q1,∀k ∈ {1, . . . , n1},

q1 ∈ S1 ∩ S1,A(q−1) ∩ S1,O ∩ SO1

}

XDi(q−i) :=

{
xqi ∈ R2ni : |q̇ik | ≤ ¯̇qi,∀k ∈ {1, . . . , ni}, qi ∈ Si ∩ Si,A ∩ Si,O

}
,

∀i ∈ {2, . . . , N}. The sets XDi capture all the state constraints of the system
dynamics (2.64), i.e., representation- and singularity-avoidance, collision
avoidance among the agents and the obstacles, as well as collision avoidance
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of the object with the obstacles, which is assigned to the leader agent only.
We further define the set

ED1(q−1) := {eD1(xq1) ∈ R12 : xq1 ∈ X1(q−1)},

which now represents the constraints set for the NMPC scheme of the leader.
The main problem at hand is the design of a feedback control law u1 ∈ UD1

for agent 1 which guarantees that the error signal eD1 with dynamics given
in (2.65), satisfies limt→∞ ‖eD1

(xq1(t))‖ → 0, while ensuring singularity
avoidance, collision avoidance between the leader, the object and the ob-
stacles as well as collision avoidance between the leader and the followers
in their current position. The role of the followers {2, . . . , N} is, through
the load-sharing coefficients c2, . . . , cN in (2.60), to contribute to the object
trajectory execution, as derived by the leader agent 1, while also avoiding
collisions. In order to solve the aforementioned problem, we propose a
NMPC scheme, that is presented hereafter.

Consider a sequence of sampling times {tj}, j ∈ N as defined in the
centralized scheme, with tj+1 = tj + hs, hs ∈ (0, Tp), and Tp the respective
horizon. For agent 1, the open-loop input signal applied in between the
sampling instants is given by the solution of the following FHOCP:

min
û1(·)

JD1(eD1(xq1(tj)), û1(·)) := min
û1(·)

{
VD1(eD1(x̂q1(tj + Tp)))

+

∫ tj+Tp

tj

[
FD1

(eD1
(x̂q1(s)), û1(s))

]
ds

}
(2.66a)

subject to:

ėD1
(x̂q1(s)) = fD1

(x̂q1(s), û1(s)), eD1
(x̂q1(tj)) = fD1

(xq1(tj)), (2.66b)

eD1
(x̂q1(s)) ∈ ED1

(q−1(tj)), s ∈ [tj , tj + Tp], (2.66c)

û1(s) ∈ UD1
, s ∈ [tj , tj + Tp], (2.66d)

eD1
(x̂q1(tj + Tp)) ∈ ED1

. (2.66e)

At a generic time tj then, agent 1 solves the aforementioned FHOCP. The
functions FD1

: ED1
(q−1(tj)) × UD1

→ R≥0, VD1
: ED1

(q−1(tj)) → R≥0

stand for the running cost and the terminal penalty cost, respectively, and
they are defined as:

FD1
(eD1

, u1) :=e>D1
QD1

eD1
+ u>1 RD1

u1

VD1
(eD1

) :=e>D1
PD1

eD1
,

where RD1
∈ R6×6 and PD1

∈ R2n1×2n1 are symmetric and positive definite
gain matrices; QD1 ∈ R2n1×2n1 is a symmetric and positive semi-definite
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controller gain matrix. The bounded terminal set is defined here as ED1 ,
and we assume that ED1 ⊂

⋂
j∈N{ED1(q−1(tj))} 6= ∅.

The solution to FHOCP (2.66a) - (2.66e) starting at time tj provides an
optimal control input, denoted by û?1(s; eD1(xq1(tj)), xq(tj)), s ∈ [tj , tj+Tp],
xq := [x>q1 , . . . , x

>
qN ]>. This control input is then applied to the system until

the next sampling instant tj+1:

u1 (s; eD1(xq1(tj), xq(tj))) = û?1 (s; eD1(xD1(tj)), xq(tj)) , ∀s ∈ [tj , tj+1).
(2.67)

At time tj+1 = tj + hs a new FHOCP is solved in the same manner, leading
to a receding horizon approach. The control input u1(·) is of feedback form,
since it is recalculated at each sampling instant based on the then-current
state. The solution of (2.65) starting at time tj , from an initial condition
xq(tj), eD1

(xq1(tj)), by application of the control input u1 : [tj , tj+1]→ UD1

is denoted by eD1

(
xq1(s;u1(·), xq(tj), eD1(xq1(tj)

)
, s ∈ [tj , tj + Tp].

After the solution of the FHOCP and the calculation of the predicted
states x̂q1(s), s ∈ [tj , tj+1), at each time instant tj , agent 1 transmits the

values q̂1(s), ˆ̇q1(s) as well as xO1
(q̂1(s)) and vO1

(q̂1(s), ˆ̇q1(s)), as computed
by (2.58), (2.59), ∀s ∈ [tj , tj +Tp], to the rest of the agents {2, . . . , N}. The
rest of the agents then proceed as follows. Each agent i ∈ {2, . . . , N}, solves
the following FHOCP:

min
ûi(·)

JDi(xqi(tj)), ûi(·)) (2.68a)

subject to:

ẋqi = fqi(xqi(s), ui(s)), (2.68b)

xqi(s) ∈ Xi

(
q̂1(s), . . . , q̂i−1(s), qi+1(tj), . . . , qN (tj)

)
, (2.68c)

xOi(qi(s)) = xO1
(q̂1(s)), s ∈ [tj , tj + Tp] (2.68d)

vOi(qi(s), q̇i(s)) = vO1
(q̂1(s), ˆ̇q1(s)), s ∈ [tj , tj + Tp] (2.68e)

ui(s) ∈ UDi , s ∈ [tj , tj + Tp], (2.68f)

at every sampling time tj , where JDi is an associated cost function. The
constraint (2.68c) guarantees that agent i will obtain a trajectory that
does not collide with the predicted trajectories of the agents higher in
priority, or the agents lower in priority at tj . Note that, through the
equality constraints (2.68d), (2.68e), the follower agents must comply with
the trajectory computed by the leader q̂1(s), ˆ̇q1(s). This can be problematic
in the sense that this trajectory might drive the followers to collide with an
obstacle or among each other. Resolution of such cases, however, is not in
the scope of this thesis. We state that with the following assumption:
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Assumption 2.9. The sets {q ∈ Rn : xOi(qi(s)) = xO1
(q̂1(s)), vOi(qi(s), q̇i(s))

= vO1
(q̂1(s), ˆ̇q1(s)), qi ∈ Xi

(
q̂1(s), . . . , q̂i−1(s), qi+1(tj), . . . , qN (tj)

)
} are

nonempty, ∀i ∈ {2, . . . , N}, ∀s ∈ [tj , tj + Tp], j ∈ N.

Next, similarly to the leader agent, agent i > 1 calculates the predicted
states q̂i(s), ˆ̇qi(s), s ∈ [tj , tj + Tp], which then transmits to the agents {i+
1, . . . , N}. In that way, at each time instant tj , each agent i ∈ {2, . . . , N}
receives the other agents’ states (as stated in Assumption 2.8), incorporates
the constraint (2.68c) for the agents {i+ 1, . . . , N}, receives the predicted
states q̂`(s), ˆ̇q`(s) from the agents ` ∈ {2, . . . , i − 1} and incorporates the
collision avoidance constraint (2.68c) for the entire horizon. Loosely speaking,
we consider that each agent i ∈ N takes into account the first state of the
next agents in priority (q`(tj), ` ∈ {i+ 1, . . . , N}), as well as the transmitted
predicted variables q̂`(s), ` ∈ {1, . . . , i− 1} of the previous agents in priority,
for collision avoidance. Intuitively, the leader agent executes the planning for
the followed trajectory of the object’s center of mass (through the solution of
the FHOCP (2.66a)-(2.66e)), the follower agents contribute in executing this
trajectory through the load sharing coefficients ci (as indicated in the coupled
model (2.60)), and the agents low in priority are responsible for collision
avoidance with the agents of higher priority. Moreover, the aforementioned
equality constraints (2.68d), (2.68e) as well as the forward dynamics (2.68a)
guarantee the compliance of all the followers with the model (2.60).

Therefore, given the constrained FHOCP (2.68a)-(2.68f), the solution
of the problem lies in the capability of the leader agent to produce a state
trajectory that guarantees xO1

(q1(t))→ xdes, by solving the FHOCP (2.66a)-
(2.66e), which is discussed in Theorem 2.4.

Theorem 2.4. Suppose that Assumptions 2.7 - 2.9 hold as well as

• The FHOCP (2.66a)-(2.66e) is feasible for the initial time t = 0

• The terminal set ED1 is closed, with 0 ∈ ED1

• The terminal set and terminal cost are chosen such that, ∀eD1 ∈ ED1 ,
there exists an admissible control input uD1F

: [0, hs]→ UD1 such that
for all eD1

(xq1(s)) ∈ ED1
, ∀s ∈ [0, hs] and

∂VD1

∂eD1

fD1(eD1(xq1(s)), uD1F
(s)) + FD1(eD1(xq1(s)), uD1F

(s)) ≤ 0

Then, the system (2.65), under the control input (2.67), converges to the
origin when t→∞, i.e. limt→∞ eD1

(xq1(t)) = 0.

Proof. The proof is identical to the proof of Theorem 2.1 in [? ].
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Simulation Results

To demonstrate the efficiency of the proposed control protocol, we consider
a simulation example with N = 3 ground vehicles equipped with 2 DOF
manipulators, rigidly grasping an object with n1 = n2 = n3 = 4, n =
n1+n2+n3 = 12. The states of the agents are given as: qi = [p>Bi , α

>
i ]> ∈ R4,

pBi = [xBi , yBi ]
> ∈ R2, αi = [αi1 , αi2 ]> ∈ R2, i ∈ {1, 2, 3}. The state of the

object is xO = [p>O , φO]> ∈ R4 and it is calculated though the states of the
agents. The singularity and input constraints are set as in the centralized
case. The initial conditions of agents and the object are set to:

q1(0) = [0.5, 0,
π

4
,
π

4
]>, q2(0) = [0,−4.4142,−π

4
,−π

4
]>,

q3(0) = [−0.50,−4.4142,−π
4
,−π

4
]>, q̇1(0) = q̇2(0) = q̇3(0) = [0, 0, 0, 0]>,

xO(0) = [0,−2.2071, 0.9071,
π

2
]>, ẋO(0) = [0, 0, 0, 0]>

(in rad, rad/s (m, rad), (m/s, rad/s), respectively). The desired goal state
the object is set to

xO,des = [5,−2.2071, 0.9071,
π

2
]>

(m, rad), which, due to the structure of the considered robots, corresponds
uniquely to

q1,des = [5.5, 0,
π

4
,
π

4
]>, q2,des = [5,−4.4142,−π

4
,−π

4
]>,

q3,des = [4.5, 0,−π
4
,−π

4
]>, q̇1,des = q̇2,des = q̇3,des = [0, 0, 0, 0]>

(in rad and rad/s, respectively). We set an obstacle between the initial
and the desired pose of the object. The obstacle is spherical with center
(2.5,−2.2071, 1) m and radius

√
0.2 m. The sampling time is hs = 0.1 seconds,

the horizon is Tp = 0.5 seconds, and the total simulation time is 60 seconds;
The matrices PDi , QDi , RDi are set to: PDi = QDi = 0.5I8, RDi = 0.5I4,
∀i ∈ {1, 2, 3}, and the load sharing coefficients as c1 = 0.3, c2 = 0.5, and
c3 = 0.2. The functions JDi are chosen as simple quadratic functions of their
arguments. The control input constraints are taken as in the previous section.
The simulation results are depicted in Figs. 2.17- 2.22; Figs. 2.17, 2.18 2.19
show the error states of agent 1, 2 and 3, respectively, which converge to 0;
Figs. 2.20 - 2.22 depict the control inputs of the three agents. Note that
the different load-sharing coefficients produce slightly different inputs. The
simulation was carried out by using the NMPC toolbox given in [? ] and
it took 13450 sec in MATLAB Environment on a desktop computer with 8
cores, 3.60 GHz CPU and 16GB of RAM. Note the significant time difference
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Figure 2.17: The error states of agent 1.

Figure 2.18: The error states of agent 2.

with respect to the centralized case of the previous section. Finally, a video
illustrating an implementation of the algorithm in real hardware can be
found on https://youtu.be/f 95UCAAp6M.

https://youtu.be/f_95UCAAp6M
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Figure 2.19: The error states of agent 3.
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Figure 2.20: The control inputs of agent 1 with −10 ≤ u1,j(t) ≤ 10,
∀j ∈ {1, . . . , 4}.

2.3 Rolling Contacts

In this section we relax the assumption on the rigid grasping points. In
particular, we assume that the robotic agents are connected to the object in
terms of rolling contacts. As discussed before, this more natural approach
to cooperative manipulation allows for a wider class of objects to be manip-
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Figure 2.21: The control inputs of agent 2 with −10 ≤ u2,j(t) ≤ 10,
∀j ∈ {1, . . . , 4}.
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Figure 2.22: The control inputs of agent 3 with −10 ≤ u3,j(t) ≤ 10,
∀j ∈ {1, . . . , 4}.

ulated, and allows for modular manipulation scenarios where robots can be
swapped to adjust the grasp online.
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Figure 2.23: A robotic agent in contact with a rigid object via a rolling
contact.

2.3.1 System Model

We provide here the model of the coupled system, which is slightly different
with respect to that of Section 2.2.1 to account for the rolling contact
constraints. As before, we consider N ∈ R robotic agents grasping a rigid
object in 3D space, with generalized variables qi, q̇i ∈ Rni . We relax the
assumption of fully actuated agents by requiring ni ≥ 3, ∀i ∈ N . Each agent
has a smooth, convex “fingertip” (i.e. passive end-effector) of high stiffness
that is in contact with an object via a smooth contact surface. In addition to
the end-effector frames Ei, we add the contact frames Ci, located at pCi ∈ R3,
with respect to the inertial frame; Ci are defined as Gauss frames [? ], where
one of the axes is defined orthonormal to the contact plane. We further
define pCi/Ei := pCi − pEi , ∀i ∈ N . A visual representation of the contact
geometry for the ith agent is shown in Fig. 2.23. The dynamics of the ith
agent is given by [? ]

Biq̈i + Cqi q̇i + gqi = −J>hifCi + τi (2.69)

with the dynamics terms as in (2.1), fCi ∈ R3 is the contact force in three
dimensions, and Jhi := Jhi(qi, pCi/Ei) : Rni+3 → R3×ni is the Jacobian
matrix to the contact point, defined by

Jhi(qi, pCi/Ei):=
[
I3 −S(pCi/Ei)

]
Ji(qi),

where Ji is the manipulator Jacobian that maps q̇i 7→ vi, defined in the
previous section. Note the difference of (2.3) and (2.69) due to the presence
of the rolling contacts. Note also that disturbances are not taken into account
here for simplicity.
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The full hand Jacobian matrix is Jh := Jh(q, pEC) := diag{[Jhi ]i∈N} ∈
R3N×n, with pEC := [p>C1/E1

, . . . , p>CN/EN ]> ∈ R3N . As before, we consider
that the dynamical parameters (masses, moments of inertia) appearing in
the terms Bi, Cqi , gqi are unknown, ∀i ∈ N . The dynamics (2.69) can be
written in vector form as

Bq̈ + Cq q̇ + gq = −J>h fC + τ, (2.70)

where B := diag{[Bi]i∈N }, Cq := diag{[Cqi ]i∈N } ∈ Rn×n, gq := [g>q1 , . . . ,

g>qN ] > ∈ Rn , fC := [f>C1
, . . . , f>CN ]> ∈ R3N . With a slight abuse of notation,

we assume that the set S (Si) contains the configurations q (qi) that yield a
non-singular Jh (Jhi) (in contrast to just J (Ji) of the case of rigid contacts)

A common assumption in the majority of the related literature is that
the object center of mass is accurately known, which is typically not the
case in practice. We assume here tracking of a traceable point po on
the object surface instead of the center of mass pO, whose information is
considered unknown. Note that appropriate sensor equipment, e.g., cameras
and markers, can accurately track such points in practice. Hence, to
remove the dependency on an unknown object center of mass, we perform
a standard rigid body transformation to the conventional object dynamics
as follows. Let Ro := Ro(ηo) : T→ SO(3) be the respective rotation matrix
of a frame attached to po, and xo := [p>o , η

>
o ]> ∈ M, vo := [ṗ>o , ω

>
o ]>∈ R6

denote the pose and generalized velocity of the object frame, with (without
loss of generality) ηo = ηO, Ro = RO, and ωo = ωO. The position vector
from po to the respective contact point is pCi/o := pCi − po ∈ R3, ∀i ∈ N .
Moreover, define pCi/O := pCi − pO, ∀i ∈ N , and pOC := [p>C1/O

, . . . , p>CN/O]>,

poC := [p>C1/o
, . . . , p>CN/o]

>.
Given the rolling contacts, the conventional object dynamics with respect

to the object center of mass are given by the Newton-Euler formulation:

MOv̇O + COvO + gO = ḠRfC (2.71)

with the dynamic terms as in (2.5), and ḠR : R3N → R6×3N is the grasp map,
defined by ḠR := ḠR(pOC) := [ḠR1 , ..., ḠRN ] where ḠRi := ḠRi(pCi/O) :
R3 → R6×3, with

ḠRi(pCi/O) :=

[
I3

S(pCi/O)

]
.

Note the difference of ḠR with respect to the rigid contact-case (2.10). We
now perform a transformation of the aforementioned dynamics to account
for po. Let Ja := Ja(ηO) : T→ R6×6 be defined as:

Ja(ηO) :=

[
I3 S(ROp

O
Oo)

0 I3

]
(2.72)
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where pOOo := R>O (pO − po), such that vo = JavO. Note that pOOo is constant.
Substitution of vo = JavO and left multiplication by J>a in (2.71) yields

the adjusted object dynamics with respect to po:

Mov̇o + Covo + go = GRfC , (2.73)

where

Mo :=Mo(ηO) := J>a MOJa,

Co :=Co(ηO, ωO) := J>a (MOJ̇a + COJa),

go :=go(ηO) := J>a gO,

GR :=GR(poC) := [GR1
, . . . , GRN ] := J>a ḠR,

with GRi := GRi(pCi/o), and

GRi(pCi/o) := J>a ḠRi =

[
I3

−S(ROp
O
Oo)) + S(pCi/O)

]
=

[
I3

S(pCi/o)

]
,

Note that ḠR does not depend on pO. Note also by the relation pO =
po − ROp

O
Oo, that Mo, Co, go are functions of ηo = ηO, ωo = ωO with

dependency on the constant but unknown term pOOo. We also note the
following relation that will be needed subsequently:

Ḡ>RivO =

[
I3

S(pCi − pO)

]> [
I3 S(ROp

O
Oo)

0 I3

]
vo = G>Rivo (2.74)

Similarly to the agents, the object dynamic parameters appearing in the
terms Mo, Co, go are considered to be unknown.

The more practical consideration of rolling contacts, as opposed to a rigid
grasp, requires no slip to occur between the agents and object by ensuring
that each contact force remains inside the friction cone defined by:

FCi(µf ) := {fCiCi ∈ R3 : fC,niµf ≥
√
f2
C,xi

+ f2
C,yi
} (2.75)

where fCici := R>CifCi =: (fC,xi , fC,yi , fC,ni) is the ith contact force written
in frame Ci, whose orientation is described by RCi

:= RCi
(ηCi) : T →

SO(3), ∀i ∈ N , (ηCi ∈ T being the respective Euler-angle orientation), with
tangential force components fC,xi , fC,yi ∈ R and normal force component
fC,ni ∈ R, µf ∈ R>0 is the friction coefficient. The full friction cone is the
Cartesian product of all the friction cones: FC := FC1

× ...×FCn .
In practice, it is common to approximate the friction cone by an inscribed

pyramid with lf ∈ R>0 sides. The set associated with this pyramid is defined
as

F̃Ci(µf ) := {fCiCi ∈ R3 : Λi(µf )f
Ci
Ci
� 0}, (2.76)
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where Λi(µf ) ∈ Rlf×3. The overall friction pyramid is then F̃C(µf ) :=
{fCC ∈ R3N : Λ(µf )fCC � 0}, where fCC := [(fC1

C1
)>, . . . , (f

CN
CN

)>]>, and
Λ := diag{[Λi]i∈N }.

When the contact points do not slip, the grasp relation Jhq̇ = Ḡ>RvO
holds [? ], which, after substituting (2.74), becomes:

vC := Jhq̇ = G>Rvo, (2.77)

where vC := [v>C1
, . . . , v>CN ]> ∈ R3n is the vector of contact velocities.

As in Section 2.2.3, we use for the object orientation the unit quaternion
choice ζO := [ϕO, ε

>
O ]> ∈ S3. Let hence now a desired pose trajectory,

pd : R≥0 → R3, ζd := [ϕd, ε
>
d ]> : R≥0 → S3, to be tracked by xo. To that

end, similar to Section 2.2.3, we define the position error epo := po − pd as
well as the quaternion product eζ := ζd · ζ+

O . The aim is then to regulate epo
to zero and eζ to [±1, 0>]>. Moreover, we aim at ensuring that the agents
are always in contact with the object and slipping is avoided. Formally, the
problem is defined as follows.

Problem 2.3. Given a desired bounded, smooth object pose trajectory
defined by pd : R≥0 → R3, ζd : R≥0 → S3, with bounded first and second
derivatives, as well as uncertain agent and object dynamic parameters
involved in (2.69) and (2.73), respectively, determine a control law τ in
(2.70) such that the following conditions hold:

1. limt→∞ (epo(t), eζ(t)) =
(
0, [±1, 0>]>

)
2. f

Ci
Ci

(t) ∈ FCi ,∀t > 0, i ∈ N .

In order to solve the aforementioned problem the following assumptions
are made for the grasp:

Assumption 2.10. The grasp consists of N ≥ 3 agents with non-collinear
contact points and Null(ḠR)

⋂
Int(FC) 6= ∅.

Assumption 2.11. The matrix Jh(q) is non-singular, and the contact points
do not exceed the fingertip surface.

Remark 2.9. Note that N ≥ 3 agents with non-collinear contact points
ensures ḠR is full row rank [? ]. The condition that null(ḠR)

⋂
Int(FC) 6= ∅

ensures the existence of a contact force that lies within the friction cone and
yields a desired object wrench, which is called the force-closure condition
[? ]. Force-closure depends on the initial grasp, and can be ensured by
existing high-level grasp planning methods [? ]. Moreover, by incorporating
optimization techniques, as e.g. in [? ], we can enforce prevention of excessive
rolling of the contacts and thus relax the respective part of Assumption 2.11.
Finally, the non-singular condition of Jh intuitively implies that tracking
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the desired reference trajectory does not force the agents through such
singular configurations (such an assumption was also considered in the case
of rigid grasps). This can also be achieved by exploiting internal motions of
redundant agents (ni > 3).

We also assume that the contact vectors R>i pCi/Ei and their derivatives
are measured accurately online, ∀i ∈ N . This can be achieved either by
the use of appropriate tactile sensors or forward simulation of the contact
dynamics [? ]. By also assuming the geometry of the fingertips known, we
can also compute ηCi and hence RCi

online, ∀i ∈ N . Finally, note that

Bi(·) are positive definite, and Ḃi(·)− 2Cqi(·) are skew-symmetric, ∀i ∈ N ,

similarly to Mi(·), and Ṁi(·)− 2Ci(·).
In the following, we present two adaptive control schemes for the solution

of Problem 2.3, a centralized one, where one computer unit (or a “leader”
agent) computes the input commands for the entire team, as well as a
decentralized one, based on event-triggered inter-agent communication.

2.3.2 Centralized Scheme

This section presents the centralized proposed control scheme, which em-
ploys adaptive control techniques for the compensation of the dynamic
uncertainties of the agent and object present in the problem setup.

Without loss of generality, we assume that ni = 3, ∀i ∈ N , i.e., the
agents are not redundant. The proposed solution can be trivially extended
to redundant cases, e.g., by following the analysis of [? , Chapter 6]. By
combining the agent and object dynamics (2.70), (2.73) as well as (2.77),
we can obtain the coupled dynamics

B̃v̇o + C̃qvo + g̃q = GRJ
−T
h τ, (2.78)

where

B̃ :=B̃(x̌) := Mo +GRJ
−T
h BJ−1

h G>R,

C̃q :=C̃q(x̌, ˙̌x) := Co +GRJ
−T
h

(
CqJ

−1
h G>R +B

d

dt
(J−1
h G>R)

)
,

g̃q :=g̃q(x̌) := go +GRJ
−T
h gq,

and x̌ := [η>O , q
>, p>EC , p

>
oC]> ∈ T × S × R6N . The following lemma states

useful properties of (2.78):

Lemma 2.2. The matrix B̃ is symmetric and positive-definite, and the

matrix
˙̃
B − 2C̃q is skew-symmetric.

Proof. The proof is similar to the one of Lemma 2.1 and is omitted.
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Next, we proceed to parameterizing the dynamics with respect to constant
but unknown dynamic parameters, similarly to the case of rigid contacts. In
particular, the left-hand side of the object dynamics (with respect to po) is
parameterized as:

Mo(ηo)v̇o + Co(ηo, ωo)vo + go = YRo(ηo, ωo, vo, v̇o)ϑRo ,

where ϑRo ∈ R`Ro , `Ro ∈ N, is a vector containing the unknown object
dynamic parameters, similarly to ϑO defined in Section 2.2.3, but also
including the term pOOo, introduced in (2.72), and YRo : T× R15 → R6×`Ro

is the respective (known) regressor matrix. Similarly, the part of (2.78) that
concerns the robotic agents can be linearly parameterized as:

BiJ
−1
hi
G>Ri v̇o +

(
Bi

∂

∂t

(
J−1
hi
G>Ri

)
+ CqiJ

−1
hi
G>Ri

)
vo + gqi =

YRi(x̌i, ˙̌xi, vo, v̇o)ϑRi ,

with x̌i := [η>o , q
>
i , p

>
Ci/Ei

, p>Ci/o]
> ∈ T×Si×R6, YRi : T×Si×R30 → R3×`R

being agent i’s regressor matrix, and ϑRi ∈ R`R , `R ∈ N the respective vector
of unknown, constant parameters. The aforementioned parameterization is
written in vector form:

BJ−1
h G>Rv̇o +

(
B
∂

∂t
(J−1
h G>R) + CqJ

−1
h G>R

)
vo + gq = YR(x̌, ˙̌x, vo, v̇o)ϑR,

where YR := YR(x̌, ˙̌x, vo, v̇o) := diag{[YRi ]i∈N } ∈ R3N×`R , and ϑR :=
[ϑ>R1

, . . . , ϑ>RN ]> ∈ RN`R .
Therefore, the left-hand side of the coupled dynamics (2.78) can be

written as

B̃v̇o + C̃qvo + g̃q = YRo(ηo, ωo, vo, v̇o)ϑRo +GRJ
−T
h YR(x̌, ˙̌x, vo, v̇o)ϑR

(2.79)

Let now ϑ̂R ∈ RN`R , ϑ̂Ro ∈ R`Ro , be the estimates of ϑR and ϑRo ,

respectively, by the agents, and the respective errors eRϑ := ϑ̂R − ϑR, and

eRϑ,o := ϑ̂Ro − ϑRo .
We provide next the proposed control protocol. First, we design the

reference velocity signal vfo ∈ R6 and the associated velocity error evo as

vfo := vd −KeR :=

[
ṗd

ωd

]
−

 kpepo
−kη

eε
e3
ϕ

 (2.80a)

evo := vo − vfo , (2.80b)
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where K = diag{kpI3, kηI3} ∈ R3 is the positive definite gain matrix used in

(2.21),eR := [e>po ,−
e>ε
e3ϕ

]>, and vd := vd(t) := [ṗ>d , ω
>
d ]>. Note the difference

in the definition of eR and e from (2.21), which will account tot stabilizing
the scalar quaternion error eϕ to either 1 or −1, depending on eϕ(0), while
guaranteeing that eϕ(t) 6= 0, ∀t ≥ 0 (provided that eϕ(0) 6= 0), and rendering
thus (2.80a) well defined.

We design now the control protocol as τ : TR × R≥0 → Rn, with

τ := τ(χR, t) =Yrϑ̂R + J>h (G†Rfd + fint), (2.81)

where χR := [x̌>, ˙̌x>, e>R, e
>
vo , ϑ̂

>
R, ϑ̂

>
Ro , η

>
C ]>, TR := {χR ∈ TN+1 × S ×

R15N+15+N`R+`Ro : eϕ 6= 0}, ηC := [η>C1
, . . . , η>CN ]>, G†R is the Moore-

Penrose pseudoinverse of GR, fd := Yor ϑ̂Ro − eR −Kvevo with Kv ∈ R6×6

the positive definite gain matrix used in (2.23), Yr := YR(x̌, ˙̌x, vfo , v̇fo),
Yor := YRo(ηo, ωo, vfo , v̇fo), and fint := fint(q, ηC) : S×TN → R3N is a term
in the nullspace of GR to prevent contact slip, which will be designed later.
Moreover, we design the adaptation signals

˙̂
ϑR = Proj(ϑ̂R,−ΓY >r J

−1
h G>Revo), (2.82a)

˙̂
ϑRo = Proj(ϑ̂Ro ,−ΓoY

>
or evo), (2.82b)

where Γ ∈ RN`R×N`R ,Γo ∈ R`Ro×`Ro are constant positive definite gain
matrices (as in (2.25)), and Proj() is the projection operator, which satisfies
[? ]:

(ŷ − y)>(W−1Proj(y,Wz)− z) ≤ 0, (2.83)

for any symmetric positive definite W ∈ R`z×`z , and ∀ŷ, y, z ∈ R`z , for
some `z ∈ N. Moreover, by appropriately choosing the initial conditions
of the estimates ϑ̂R(0), ϑ̂Ro(0), we guarantee via the projection operator

that ϑ̂R(t), ϑ̂Ro(t) will stay uniformly bounded in predefined sets defined

by finite constants ϑ̄R, ϑ̄Ro , i.e., ‖ϑ̂R(t)‖ ≤ ¯̂
ϑR, ‖ϑ̂Ro(t)‖ ≤

¯̂
ϑRo , ∀t ≥ 0.

Hence, we can achieve the boundedness of the respective errors as

‖eϑR(t)‖ ≤ ēϑR := ϑ̄R + ‖ϑR‖ (2.84a)

‖eϑR,o(t)‖ ≤ ēϑR,o := ϑ̄Ro + ‖ϑRo‖. (2.84b)

More details can be found in [? , Chapter 11].
We design next the internal force component fint to guarantee slip

prevention. Slip is addressed by ensuring the contact forces remain inside
the friction cone as specified in (2.75). From (2.76), we have to guarantee
that Λi(µf )R>CifCi � 0,∀i ∈ N , or in vector form,

Λ(µf )R>C fC � 0, (2.85)
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where RC := RC(ηC) := diag{[RCi
]i∈N }.

The design of the internal force component, fint, to ensure (2.85) is
performed as follows. First, fint must be in the nullspace of GR, i.e.,
GRfint = 0. Second, the internal force must satisfy (2.85). Third, the
normal component of the internal force with respect to the contact plane
must always be positive (i.e. the manipulators cannot “pull” on the contact
point). To enforce this condition we design1 finti = f ′intRCi

`int,i, where
`int,i := [`int,ix , `int,iy , `int,iz ]

> is the internal force direction in the contact
frame Ci, i ∈ N , and f ′int ∈ R>0 is a gain parameter to be designed. Without
loss of generality let `int,iz be aligned with the normal direction of the contact
frame such that `int,iz > 0, i ∈ N , ensures that only pushing forces are
applied at each contact. Satisfaction of the aforementioned conditions is
done by solving the following convex quadratic program to define the internal
force controller

fint = f ′intRC`
∗
int (2.86a)

`∗int =argmin`int

{∑
i∈N

`2int,ix + `2int,iy + `2int,iz

}
(2.86b)

s. t. (2.86c)

GRRC`int = 0, (2.86d)

`int,iz > 0, ∀i ∈ N , (2.86e)

Λi(µf )`int,i � 0, ∀i ∈ N , (2.86f)

where `int := [`>int,1, . . . , `
>
int,N ]>. Note that, since the contact points form a

force-closure configuration, (2.86) always has a feasible solution.
Finally, to satisfy (2.85), fint must apply sufficient force inside the friction

cone to reject perturbations that will arise during the manipulation motion
that can push the contact force outside of the friction cone. Rejection
of these perturbations is performed by designing the gain f ′int as follows.

For simplicity we define the terms kint := Λ(µf )R>CG
†
Rfd, lint = Λ(µf )`∗int,

and we denote by kint,j and lint,j the jth scalar element of kint and lint

respectively for j ∈ {1, . . . , Nlf}.
Noting that Λ(µf )`∗int � 0 from (2.86), we define the decreasing function

κint : R→ R≥0 as

κint(x) :=


−x, if x ≤ −1,

qint(x), if − 1 ≤ x ≤ 0,

0, if x ≥ 0

,

1We use the notation fint = [f>int1
, . . . , f>intN

]>.
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where qint(x) ≥ 0, ∀x ∈ [−1, 0], is an appropriate polynomial that ensures
continuous differentiability of κint, for instance qint(x) = x3 + 2x2. Then one
can verify that κint(x) + 1 ≥ −x, ∀x ∈ R. We now design the magnitude
scaling for the internal forces as

f ′int =
κ(minj{kint,j}) + 1 + εf

minj{lint,j}
, (2.87)

where εf ∈ R>0 is a tuning gain. The intuition behind (2.87) is to upper
bound elements of the control and the system dynamics to prevent either
from pushing the contact force outside of the friction cone. The term
κ(minj{kj}) + 1 cancels out any effects from fd. The term εf handles
the system dynamics, which is guaranteed to be bounded in the following
theorem.

Remark 2.10. The internal force control presented here accounts for the
dynamics of the system by appropriately scaling f ′int, which rejects perturba-
tions from causing slip. However, as opposed to [? ], we relax the condition
that εf must upper bound all of the dynamics terms by exploiting knowledge
of the applied controller via the term κint(minj{kint,j}). This reduces the
amount of squeezing force applied to prevent crushing the object.

The stability and slip prevention guarantees of the proposed controller
are presented in the following theorem.

Theorem 2.5. Consider N robotic agents in contact with an object, described
by the dynamics (2.70), (2.73), and suppose Assumptions 2.10 and 2.11
hold. a the desired object pose [p>d , η

>
d ]> : R≥0 → R3 × S3 be bounded with

bounded first and second derivatives. Moreover, assume that eϕ(0) 6= 0
and f

Ci
Ci

(0) ∈ Int(FCi(µf )), ∀i ∈ N . Then, the control protocol (2.80a)-
(2.87) guarantees that limt→∞ (epo(t), eη(t)) =

(
0, [±1, 0>]>

)
, as well as

boundedness of all closed-loop signals. Moreover, by choosing a sufficiently
large εf in (2.87), it holds that f

Ci
Ci

(t) ∈ FCi ,∀t > 0, i ∈ N .

Proof. Consider the stack vector state χ := [e>po , e
>
ε , e
>
vo , e

>
ϑR
, e>ϑR,o]

> ∈ X :=

R12+N`R+`Ro . Next, note by (2.70), (2.71), and (2.77) that, when f
Ci
Ci
∈ FCi ,

each f
Ci
Ci

can be written as a function of the stack state, i.e., f
Ci
Ci

= f
Ci
Ci

(χ),
∀i ∈ N . Consider also the set

U := {χ ∈ X : ‖eε‖ < ēε, ‖epo‖ < ēpo , ‖evo‖ < ēvo , ‖eϑR‖ < ẽϑR ,

‖eϑR,o‖ < ẽϑR,o , f
Ci
Ci

(χ) ∈ Int(FCi),∀i ∈ N},

for some positive constants ēε, ēvo , ēpo satisfying ‖eε(0)‖ ≤ ēε, ‖evo(0)‖ < ēvo ,
‖epo(0)‖ < ēpo , and ẽϑR , ẽR,o larger than ēϑR , ēϑR,o , respectively, which were
introduced in (2.84). Note that χ(0) ∈ U . Next, by using (2.81) and (2.82),
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one obtains the closed-loop dynamics χ̇ = hχ(χ, t), where hχ : X ×R≥0 → X
is a function that is continuous in t and locally Lipschitz in χ. Then,
according to Theorem A.1 of Appendix A, there exists a positive time
constant tmax > 0 and a unique solution χ : [0, tmax)→ U , i.e., defined for
[0, tmax) and satisfying χ(t) ∈ U , ∀t ∈ [0, tmax). Hence, slip is prevented and
the dynamics (2.78) are well-defined, for t ∈ [0, tmax).

Let now the Lyapunov function

Vf :=
1

2
e>poepo +

2

e2
ϕ

+
1

2
e>voB̃evo +

1

2
e>ϑRΓ−1eϑR +

1

2
e>ϑR,oΓ

−1
o eϑR,o .

(2.88)

Since eϕ(0) 6= 0, it holds that Vf (0) ≤ V̄f0 for a finite positive V̄f0. Differen-
tiation of Vf results in:

V̇f =e>R(vo − vd) +
1

2
e>vo

˙̃
Bevo + e>vo(−C̃qvo − g̃q − B̃v̇fo +GRJ

−T
h τ)

+ e>ϑRΓ−1ϑ̇R + e>ϑR,oΓ
−1
o ϑ̇Ro .

Exploitation of the skew symmetry of
˙̃
B − 2C̃q, use of vo = evo + vfo , use of

(2.79), and substitution of the control law (2.81) results in:

V̇f =− eR>KeR − e>voKvevo + e>vo(YoreϑR,o+GRJ
−T
h YreϑR)

+ e>ϑRΓ−1ϑ̇R + e>ϑR,oΓ
−1
o ϑ̇Ro ,

where we used the fact that GRfint = 0 through (2.86). Finally, by substi-
tuting the adaptation laws (2.82), we obtain

V̇f =− e>RKeR − e>voKvevo + e>ϑR

(
Γ−1Proj(ϑR,−Yr>J−1

h G>Revo)

+ ΓY >r J
−1
h G>Revo

)
+ e>ϑRo

(
Γ−1
o Proj(ϑRo ,−Yor>evo)+ΓoY

>
or evo

)
which, by invoking the projection operator property (2.83) becomes V̇f ≤
−e>RKeR − e>voKvevo . Thus V̇f is negative semi-definite, and Vf is bounded
in a compact set as Vf (t) ≤ Vf (0), ∀t ∈ [0, tmax). In addition, eϕ(t) 6= 0,
∀t ∈ [0, tmax). Hence, the terms epo(t), eε(t), eϕ(t) are bounded in a
compact set defined by Vf (0) and not dependent on tmax, ∀t ∈ [0, tmax).
Therefore, since pd(t) and ηd(t) are bounded and have bounded derivatives,
one concludes that po(t), ηo(t) vo(t), and vfo(t), v̇fo(t) are also bounded
in compact sets, ∀t ∈ [0, tmax). This also implies boundedness of x̌, ˙̌x, as
introduced in (2.78), which, along with Assumption 2.11 and properties
of Euler-Lagrange systems [? ], implies that YR(), Yr, YRo(), Yor are also
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bounded in compact sets that are independent of tmax, ∀t ∈ [0, tmax). We
prove next the slip prevention using the design of the internal force component
fint. By using (2.70), (2.73) and (2.77), one obtains the following expression
for the interaction forces:

fC =W−1
h

(
JhB

−1

[
τ − gq −

(
CqJ

−1
h G>R +B

d

dt
(J−1
h G>R)

)
vo

]
+G>RM

−1
o (Covo + go)

)
, (2.89)

where Wh := JhB
−1J>h + G>RM

−1
o GR, which, by replacing τ , using vfo =

evo + vo and (2.79), adding and subtracting W−1
h G>RM

−1
o GRG

†
Rfd and

adding W−1
h G>RM

−1
o GRfint = 0, becomes

fC = G†Rfd + fint + hf (2.90)

where

hf :=W−1
h JhB

−1(gq − YR(x̌, ˙̌x, evo , ėvo)ϑR + YreϑR) +W−1
h G>RMo(eR

+Kvevo + YRo(ηo, ωo, evo , ėvo)ϑRo − YoreϑR,o − go).

By combining the aforementioned expression with (2.85), one obtains
the following condition for slip prevention:

Λ(µf )R>C fint � −Λ(µf )R>CG
†fd − Λ(µf )R>C hf . (2.91)

Note that due to the aforementioned Lyapunov analysis, as well as the
adaptation laws (2.82) through the projection operator, eR(t), evo(t), ėvo(t),
eϑR(t), eϑR,o(t) are bounded in compact set independent of tmax, ∀t ∈
[0, tmax). By combining this with the aforementioned analysis, we conclude
that hf is bounded for all ∀t ∈ [0, tmax) in a compact set, independent of tmax.
Hence, by denoting εh the maximum bound of the elements of ±Λ(µf )R>C hf
and using the designed internal force component fint = f ′intRC`int, a sufficient
condition for (2.91) to hold is for the jth element to satisfy

lint,jf
′
int ≥ −kint,j + εh,

∀j ∈ {1, . . . , Nlf}. By substituting (2.87), the left side satisfies

lint,j
κ(minj{kint,j}) + 1 + εf + δf

minj{lint,j}
≥ κ(min

j
{kint,j}) + 1 + εf + δf

≥ −kint,j + εf ,

where we use κint(x) ≥ 0, κint(x)+1 ≥ −x, ∀x ∈ R, and κint(minj(kint,j)) ≥
κint(kint,j), ∀j ∈ {1, . . . , Nlf}, since κint() is decreasing. Hence, by choosing
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a large enough εf we guarantee εf ≥ εh and hence contact slip is avoided
∀t ∈ [0, tmax). In fact, the internal forces analysis above and the fact
that Λ(µf ) defines pyramid constraints imply that f

Ci
Ci
∈ F̄Ci , where F̄Ci

is a compact subset of Int(FCi), ∀i ∈ N . Therefore, since eϑR and eϑR,o
are uniformly bounded through the projection operator by ēϑR and ēϑR,o,
respectively, by choosing large enough ēpo , ēε, and ēvo in the definition of U ,
χ(t) belongs to a compact subset Ū of U , ∀t ∈ [0, tmax). Thus by invoking
Theorem A.2 of Appendix A, it follows that tmax =∞.

Note, finally, that τ(χR(t), t), as designed in (2.81), is bounded, ∀t ≥ 0.
Therefore, one can conclude that ėvo(t) and thus q̈(t) is bounded, ∀t ≥
0. Hence, it follows that V̈f (t) is also bounded, ∀t ≥ 0. Thus by in-
voking Barbalat’s lemma (Lemma A.1 of Appendix A), it follows that
limt→∞ V̇f (t) = 0 and so limt→∞ eR(t) → 0 and limt→∞ evo(t) → 0. This
implies that limt→∞ eε(t) → 0, which, given that eη is a unit quaternion
and eϕ(t) 6= 0, ∀t ≥ 0, ensures asymptotic stability of the pose error as
limt→∞(epo(t), eζ(t)) = (0, [sgn(eϕ(0)), 0>]>).

Remark 2.11. Note that the bound εh of hf in (2.90) can be computed a
priori. In practice, the terms ϑR, ϑRo , which concern masses and moments
of inertia of the object and the agents, can be known a priori up to a certain
accuracy, leading thus to respective bounds. Hence, one can compute upper
bounds for Vf (0) and hence for eR, evo , eϑR , and eϑR,o. Since the structure
of the dynamic terms is known, this can also lead to a bound of the terms
W−1
h , B−1, Mo, YR(·), YRo(·), Yr, and Yor that appear in hf . Hence, tuning

of εf to overcome εh can be performed off-line.

Simulation Results

The proposed control algorithm ensures asymptotic stability for cooper-
ative manipulation with rolling contacts, as well as no slip, while being
robust to dynamic uncertainties of the object-robot system. In this sec-
tion, we implement the proposed control scheme on three 6 DoF mobile
manipulators consisting of a 3 DoF, 3 kg base (X-Y translation, rota-
tion about Z) and a 3-DoF manipulator with 3 identical links of length
0.3 m and mass of 0.5 kg each, as depicted in Fig. 2.24. The objec-
tive is to transport a 2 kg box along the desired reference trajectory de-
fined by pd(t) := [0.1 sin(0.125t), 0.1 sin(0.125t), 0.1 sin(0.125t)]> m, ηd(t) :=
[cos(0.1 sin(.125t)), 0, 0, sin(0.1 sin(0.125t))]>. The control gains used are:
kp = 1, kη = .5, Kv = diag[5, 5, 5, 2, 2, 2], εf = 0.1, Γo = 0.5I`Ro , Γ =
0.5IN`R . The control is implemented with 30% error in all uncertain pa-
rameter (including the object center of mass), and the projection operator

enforces the following bounds on the uncertain terms:
¯̂
θR = 2.25,

¯̂
θRo = 1.5.
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The simulation results are depicted in Figs. 2.25-2.29 for 50 seconds.
More specifically, Figs. 2.25 and 2.26 show the resulting error trajectories of
the object-agent system, which satisfy limt→∞ epo(t) = 0, limt→∞ eε(t) = 0,
and limt→∞ eϕ(t) = sgn(eϕ(0)) = 1 in the presence of rolling effects. Fig.

2.27 illustrates the boundedness of the uncertain parameters, ϑ̂R, ϑ̂Ro that
is enforced by the proposed control scheme. Fig. 2.28 shows the required

friction, µri :=

√
f2
C,xi

+f2
C,yi

fC,ni
, which denotes the minimum friction coefficient

necessary to prevent slip throughout the motion [? ]. If the required friction
surpasses the true coefficient, then the contact point will slip and the grasp
is compromised. As shown in Fig. 2.28, however, the required friction for
each contact is below the true coefficient of µf = 0.9, which indicates that
slip is prevented as guaranteed by the proposed method. Finally, Fig. 2.29
depicts the control inputs of the agents. As predicted by the theoretical
analysis, asymptotic error stability as well as contact slip prevention are
achieved.

Figure 2.24: Initial configuration of the system that consists of three mobile
manipulators and a rigid object.

2.3.3 Decentralized Scheme

This section presents a decentralized extension of the aforementioned scheme
via event-triggered communication among the agents. The event-triggered
control requires an update law (to be designed) that updates relevant vari-
ables at each time tk ∈ R>0 for k ∈ N. We use the subscript with k
to denote a variable that is held constant over the time interval [tk, tk+1)
and updated at each tk. The variables communicated among the agents
at time tk are pCi/o(tk) and pCi/Ei(tk), allowing all the agents to recon-
struct GR,k := [GR,k1

, ..., GR,kN ], as well as RC,k := diag{RC,ki
}i∈N , with

GR,ki := GRi(pCi/o(tk)), RC,ki
:= RCi

(tk), ∀i ∈ N . The event-triggered
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Figure 2.25: The evolution of the position error, epo(t), ∀t ∈ [0, 50].
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Figure 2.26: The evolution of eϕ(t), eε(t), ∀t ∈ [0, 50].

Figure 2.27: The evolution of ϑ̂Ro(t), ϑ̂R(t), ∀t ∈ [0, 50].
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Figure 2.28: The required friction to prevent slip for the three agents. The
black dashed line represents µf = 0.9.

Figure 2.29: The resulting inputs τ(t) of the agents, ∀t ∈ [0, 50].

manipulation control law is defined as:

τki(χRi , t) =Yri ϑ̂Ri + J>hi(λki + fint,ki), (2.92a)

λki :=−G>RiKvevo +G∗R,ki(Yor ϑ̂Ro − eR) (2.92b)

with χRi := [x̌>i , ˙̌x>i , e
>
R, e

>
vo , ϑ̂

>
Ri , ϑ̂

>
Ro , η

>
Ci

]> ∈ TRi := {χRi ∈ T2 × Si ×
R30+`R+`Ro × T : eϕ 6= 0} ∀i ∈ N , with the decentralized version of the
adaptive update laws defined by (2.82):

˙̂
ϑRi = Proj(ϑ̂Ri ,−ΓiY

>
ri J
−1
hi
G>Rievo), (2.93a)

˙̂
ϑRo = Proj(ϑ̂Ro ,−ΓoY

>
or evo). (2.93b)
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where Yri := YRi(x̌i, ˙̌xi, vfo , v̇fo), Γi ∈ R`R×`R is such that Γ = diag{[Γi]i∈N }
from (2.82), and fint,ki ∈ R3 is the event-triggered internal force con-
trol yet to be designed. Similarly, G∗R,k is a generalized inverse of the

grasp map at t = tk and we denote G∗R,k =: [G∗
>

R,k1
, ..., G∗

>

R,kN ]>. Let

∆GR := GR − GR,k, ∆poC := [∆p>Ci/o, . . . ,∆p
>
CN/o

]> := poC − poC(tk),

∆pEC := [∆p>Ci/Ei , . . . ,∆p
>
CN/EN

]> := pEC − pEC(tk), ∆RC := RC − RC,k

denote the triggering errors. Note that (2.92) is only dependent on the full
grasp map, GR,k, in the term G∗R,k, whereas the adaptation laws (2.93) and
remainder of the control depend on GRi .

Moreover, in order to ensure no slip, recall that the condition (2.85)
must hold. Notice that when there is no communication between agents, RC

and GR are unknown as each agent only has knowledge of R(decrolling)C,k

and GR,k. Thus if the original internal force control (2.86) is implemented
with RC,k, GR,k the errors ∆RC and ∆GR may induce slip. To account for
this, we use a conservative µ′f ∈ (0, µf ) that effectively shrinks the friction
pyramid. The design of µ′f is dependent on the allowable error that will result
from triggering. This presents a trade-off where to reduce communication
(i.e reduced triggering), a smaller more conservative µ′f is required, and vice
versa (i.e. larger µ′f requires more communication between agents). We
introduce the following Lemma to compute µ′f .

Lemma 2.3. Let µf > 0, and W ∈ R3×3 satisfying ‖W‖ ≤ δc, where δc is
a positive constant satisfying

δc <

√
µ2
f + 1− 1√
µ2
f + 1 + 1

< 1, (2.94)

and define

µ′f := tan

(
tan−1(µf )− cos−1

(
1− δc
1 + δc

))
. (2.95)

If y ∈ R3 satisfies y ∈ FCi(µ′f ), then (I3 −W )y ∈ FCi(µf ).

Proof. Denote by θW the angle defined by y and (I3 −W )y, satisfying

cos(θW ) =
y>(I3 −W )y

‖(I3 −W )y‖‖y‖ =
y>(I3 −Wsym)y

‖(I3 −W )y‖‖y‖ , (2.96)

where Wsym := W+W>

2 . Note that λmax(Wsym) ≤ ‖Wsym‖ ≤ ‖W‖ ≤ δc < 1
and hence I3 −Wsym has strictly positive eigenvalues, rendering cos(θW )
positive and |θW | < π

2 .
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Moreover, it holds ‖(I3 −W )y‖‖y‖ ≤ (1 + ‖W‖)‖y‖2 as well as y>(I3 −
Wsym)y ≥ λmin(I3 −Wsym)‖y‖2 ≥ (1− λmax(Wsym))‖y‖2 ≥ (1− ‖W‖)‖y‖2.
Hence, by taking into account ‖W‖ ≤ δc and (2.94), (2.96) becomes

cos(θW ) ≥ 1− ‖W‖
1 + ‖W‖ ≥

1− δc
1 + δc

>
1√

µ2
f + 1

= cos(tan−1(µf )),

implying

|θW | ≤ cos−1

(
1− δc
1 + δc

)
< tan−1(µf ) (2.97)

and rendering hence µ′f positive.

In order for (I3 −W )y to belong to Fci(µf ), y must lie in a new fric-
tion cone FCi(µ∗), whose angle tan−1(µ∗) must be reduced by |θW | from
tan−1(µf ), leading thus to µ∗ := tan(tan−1(µf )− |θW |). In view of (2.97),
it holds that µ′f < µ∗f and hence FCi(µ′f ) ⊂ FCi(µ∗f ) and y ∈ FCi(µ′f ) ⇒
y ∈ FCi(µ∗f )⇒ (I3 −W )y ∈ FCi(µf ).

The event-triggered internal force controller is now defined as follows:

fint,k = f ′int,kRC,k`
∗
int,k (2.98a)

`∗int,k =argmin` `
>` (2.98b)

s. t. (2.98c)

GR,kRC,k` = 0 (2.98d)

Λi(µ
′
f )`i � 0, ∀i ∈ N , (2.98e)

f ′int,k :=
κ(minj{bkj}) + 1 + εf

minj{lkj} − εdδp maxj{`∗int,kj
} , (2.99)

bk := Λ(µ′f )R>C,kλk, lk := Λ(µ′f )`∗int,k

where λk := [λ>k1
, . . . , λ>kN ]>, bkj , `i ∈ R3 is the ith agent’s part in vector `,

lkj and `int,kj are the jth scalar elements of bk, lk and `int,k, respectively,
εd, εf ∈ R>0 are design parameters, and µ′f is defined as in (2.95). Note
that `∗int,k is constant for t ∈ [tk, tk+1) such that it need only be computed
at each k update.
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Now that the full control protocol is defined, the final step is to define
the event-triggering condition to update Gk and RC,k which are:

||∆pCi/o|| = δp, (2.100a)

δp := min

{
1∑

i ||G∗R,ki ||
min{k1 − cR2

, 2k2 − cR2
}, δc

2εc
,

minj{lkj}
εd maxj{`∗int,kj

}

}
(2.100b)

||∆pCi/Ei || = δr <
δc
2εc

(2.100c)

(2.100d)

e>vo

[
0

S(∆pCi/o)

](
fint,ki +G∗R,kiYor ϑ̂Ro

)
− cR2

γq = 0, (2.100e)

where fint,ki ∈ R3 is the ith component of fint,k, k1 := λmin(K), k2 :=
λmin(GRG

>
RKv), cR2 , γq, δe, εc, are design parameters. Note that k2 > 0

due to the fact that GR is full row rank. The time for which an event is
triggered is when (2.100a), (2.100d), or (2.100e) are satisfied, and formally
defined as:

t(0) = 0, tk+1 = inf{t ∈ R : t > tk ∧ ((2.100a) ∨ (2.100d) ∨ (2.100e))}
(2.101)

Note that the condition (2.101) can be evaluated by each agent individually.
When one agent identifies a triggering condition, the agent then signals to
all agents that an update is required and all agents then only communicate
pCi/o and pCi/f for all i ∈ N .

The proposed control is decentralized with aperiodic updates of only
each agent’s contact information. The event-triggered, decentralized control
law ensures practical asymptotic stability of the origin as presented in the
following theorem:

Theorem 2.6. Consider N robotic agents in contact with an object, described
by the dynamics (2.70), (2.73), and suppose Assumptions 2.10 and 2.11 hold.
Let the desired object pose [p>d , η

>
d ]> : R≥0 → R3 × S3 be bounded with

bounded first and second derivatives. Moreover, assume that eϕ(0) 6= 0 and
f
Ci
Ci

(0) ∈ Int(FCi), ∀i ∈ N . Then, by choosing sufficiently large control gains
kp, kη, Kv, the event-triggered control protocol (2.92), (2.93), (2.98) with
event-triggered mechanism (2.101) guarantees ultimate boundedness of eR,
ev in a set around the origin, and by choosing sufficiently large εf , εc, εd, it
holds that f

Ci
Ci

(t) ∈ FCi ,∀t > 0, i ∈ N .

Proof. The proof is structured into 2 Cases. Case 1 addresses the system if
no event is triggered. Case 2 addresses the triggering conditions and ensuring
non-Zeno behavior for the time updates.
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Case 1: Here we address the case when no event is triggered such that
tk = 0 and tk+1 = ∞. We note from the proof of Theorem 2.5 that the
continuous control law, τ from (2.81) ensures asymptotic stability of the
system with the Lyapunov candidate function, Vf , defined in (2.88). We
define the following compact set:

Ωk := {χ ∈ X : Vf (χ(t)) ≤ Vk(χ)}, k ∈ Z≥0

with Vf as defined in (2.88), and Vk := Vf (χ(t = tk)).
From f

Ci
Ci

(0) ∈ Int(FCiCi ), the same analysis from Theorem 2.5 applies
here such that there exists a tmax ∈ R>0 such that for t ∈ [0, tmax), slip does
not occur and the solution is unique. In the following we will apply the
Lyapunov analysis over the time interval [0, tmax).

After substitution of (2.92), V̇f becomes

V̇f =− e>RKeR − e>voGRG>RKvevo + e>voGRG
∗
R,kYor ϑ̂Ro − e>voYorϑRo

− e>vo(GRG∗R,k − I6)eR + e>voGRfintk + e>ϑR,oΓ
−1
o

˙̂
ϑRo

From ∆GR = GR −GR,k it follows that GRG
∗
R,k − I = ∆GRG

∗
R,k which

yields, along with (2.93), (2.83), and the fact that GR,kfintk = 0:

V̇f ≤− k1‖eR‖2 − k2‖evo‖2 + e>vo∆GRG
∗
R,kYor ϑ̂Ro − e>vo∆GRG∗R,keR

+ e>vo∆GRfintk .

Note that k2 can be increased by tuning Kv. From ∆GRi := GRi −GR,ki =[
0

S(∆pCi/o)

]
and ∆GR = [∆GR1

, ...,∆GRN ], it follows that ‖∆GRG∗R,k‖ ≤
||∆GR||||G∗R,k|| ≤

∑
i ||∆pCi/o||||G∗R,ki ||. From the triggering condition

(2.101), it follows that ||∆pCi/o|| ≤ δp for all i ∈ N . We thus define cR1
:=

δp
∑
i ||G∗R,ki ||, which is constant between events, such that ||∆GRG∗R,k‖ ≤

cR1 . Note that Assumptions 2.10 and 2.11 as well as the fact that slip does
not occur for [0, tmax) imply that ||∆GRG∗R,k‖ is well defined and bounded,

∀i ∈ N . Hence V̇f becomes

V̇f ≤− k1‖eR‖2 − k2‖evo‖2 + e>vo∆GRG
∗
R,kYor ϑ̂Ro + cR1

‖evo‖‖eR‖
+ e>vo∆GRfintk

We then complete the squares such that cR1‖evo‖‖eR‖ ≤
cR1

2 ‖evo‖2 +
cR1

2 ‖eR‖2 and hence V̇f becomes

V̇f ≤−
(
k1 −

cR1

2

)
‖eR‖2 −

(
k2 −

cR1

2

)
‖evo‖2 + e>vo∆GRG

∗
R,kYor ϑ̂Ro

+ e>vo∆GRfintk
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Now we introduce cR2 ∈ R>0 such that:

V̇f ≤−
(
k1 −

cR1

2
− cR2

)
‖eR‖2 −

(
k2 −

cR1

2
− cR2

)
‖evo‖2

− cR2
‖eR‖2 − cR2

‖evo‖2 + e>vo∆GRG
∗
R,kYor ϑ̂Ro + evo∆GRfintk

=:− (ke − cR2
)‖eR‖2 − (kev − cR2

)‖evo‖2 − cR2
‖eR‖2 − cR2

‖evo‖2

+ e>vo∆GRG
∗
R,kYor ϑ̂Ro + e>vo∆GRfintk

where ke := k1 − cR1

2 and kev := k2 − cR1

2 . By choosing large enough kp, kη,
and Kv, we can achieve ke > cR2

and kev > cR2
.

Let now Q := {χ ∈ X : ‖eR‖2 + ‖evo‖2 ≤ γq}. Note that Q is compact
since eϑR , eϑR,o are bounded as per (2.84). Moreover, in X\Q it holds that

‖eR‖2 + ‖evo‖2 > γq and hence cR2
‖eR‖2 + cR2

‖evo‖2 > cR2
γq, and V̇f

becomes

V̇f ≤− (ke − cR2)‖eR‖2 − (kev − cR2)‖evo‖2

+ e>vo∆GRG
∗
R,kYor ϑ̂Ro + e>vo∆GRfintk − cR2

γq

According to (2.100e), it holds, between events, that

e>vo

[
0

S(∆pCi/o)

](
fint,ki +G∗R,kiYor ϑ̂Ro

)
− cR2

γq ≤ 0.

By summing for all i ∈ N , the latter becomes

e>vo∆GRG
∗
R,k(Yor ϑ̂Ro + fintk)− cR2

γq ≤ 0,

implying that V̇f ≤ −(ke− cR2
)‖eR‖2− (kev − cR2

)‖evo‖2 ≤ 0. By following
Barbalat’s Lemma, it can be shown that χ will enter the set Q in finite time.

By using (2.84), we now investigate V̇f inside Q for which it holds
‖evo‖ ≤

√
γq:

V̇f ≤− ke‖eR‖2 − kev‖evo‖2 + e>vo∆GRG
∗
R,kYor ϑ̂Ro + evo∆GRfintk

≤− ke‖eR‖2 − kev‖evo‖2 − βϑ‖eϑR‖2 − βϑo‖eϑR,o‖2 + βϑē
2
ϑR

+ βϑo ē
2
ϑR,o + e>vo∆GRG

∗
R,kYoreϑR,o + e>vo∆GRG

∗
R,kYorϑRo

+ e>vo∆GRfintk

≤− ke‖eR‖2 − kev‖evo‖2 − βϑ‖eϑR‖2 − βϑo‖eϑR,o‖2 + βϑē
2
ϑR

+ βϑo ē
2
ϑR,o +

√
γq‖∆GRG∗R,k‖‖Yor‖ēϑR,o

+
√
γq‖∆GRG∗R,k‖‖Yor‖‖ϑRo‖+

√
γq‖∆GR‖‖fintk‖,

where βϑ, βϑo ∈ R>0 are positive constants. Since ‖∆GRG∗R,k‖ ≤ cR1 ,

it holds that ‖∆GR‖ ≤ cR1

‖G∗R,k‖
, which is bounded, since σmin(G∗R,k) =
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1
σmax(GR,k) , and GR,k is full row rank. Furthermore fintk is constant between

events. Thus in view of (2.84) and since χ lies in the compact set Q, we can
conclude that there exists a δ̄k such that:

δ̄k ≥+ βϑē
2
ϑR + βϑo ē

2
ϑR,o +

√
γq‖∆GRG∗R,k‖‖Yor‖ēϑo

+
√
γq‖∆GRG∗R,k‖‖Yor‖‖ϑRo‖+

√
γq‖∆GR‖‖fintk‖

Hence V̇ becomes

V̇ ≤ −kχ‖χ‖2 + δ̄k,

where kχ := min{ke, kev , βϑ, βϑo}. Therefore, by invoking Lemma A.1 of
Appendix A, we guarantee that χ is ultimately bounded in a compact set
defined by kχ and δ̄k, for t ∈ [0, tmax).

Now we investigate the slip prevention properties, similar to that of
Theorem 2.5. The same derivation of fC yields:

fC =W−1
h

(
JhB

−1

[
τk − gq −

(
CqJ

−1
h G>R +B

d

dt
(J−1
h G>R)

)
vo

]
+G>RM

−1
o (Covo + go)

)
.

By following a similar procedure as with the previous section, we conclude
that

fC = λk + (I −W−1
h G>RM

−1
o ∆GR)fintk + hfk

hfk :=W−1
h JhB

−1(gq − YR(x̌, ˙̌x, evo , ėvo) + YreϑR)+

W−1
h G>RM

−1
o

(
GRG

>
RKvevo + eR + YRo(ηo, ωo, evo , ėvo)ϑRo

− YoreϑR,o + ∆GRG
∗
R,k(eR − Yor ϑ̂Ro)− go

)
Substitution of fC into (2.85), which ensures slip prevention, yields the

following condition to be satisfied:

Λ(µf )R>C (I3N −W−1
h G>RM

−1
o ∆GR)fintk � −Λ(µf )R>C,kλk − Λ(µf )R>C,khfk

From the boundedness of signals, we conclude that hfk is bounded for
all ∀t ∈ [0, tmax) in a compact set, independent of tmax. Now let εhk denote
the maximum bound of the elements of ±Λ(µ′f )R>C,khfk and substitute

fintk = f ′intk
RC,k`

∗
int,k with W := R>C (∆RC+W−1

h G>RM
−1
o ∆GRRC,k) to re-

write the sufficient condition for no slip as:

f ′int,kΛ(µf )(I3 −W )`∗int,k � −Λ(µf )R>C,kλk + εhk1
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or, for each agent separately,

f ′int,kΛi(µf )(I3 −Wii)`
∗
int,k,i � −Λi(µf )R>C,kiλki

+ f ′int,k

∑
i

∑
j 6=i

Dij`
∗
int,k,j + εh1 (2.102)

where `∗int,k,i ∈ R3 is the ith agent’s part in `∗int,k (as opposed to the scalar

`∗int,ki
), Wii is ith block matrix of W ’s diagonal and Dij ∈ R3 is the ij-block

matrix of Λ(µf )W . Here we show that the triggering conditions (2.100a)
and (2.100b) ensure that λmax(W ) ≤ δc < 1. By boundedness of the system
dynamics, for sufficiently large εc ∈ R>0 bounding the terms W−1

h G>RM
−1
o ,

it follows that λmax(W ) ≤ ||W || ≤ εc(δr + δp). Since δr <
δc
2εc

and δp <
δc
2εc

it follows that λmax(Wii) ≤ δc <
√
µ2+1−1√
µ2+1+1

< 1, ∀i ∈ N , and hence Lemma

2.3 dictates that (2.102) is satisfied when

f ′int,kΛi(µ
′
f )`∗int,k,i � −Λi(µf )R>C,kiλki +

∑
i

∑
j 6=i

Dij`
∗
int,k,j + εhk1,

where µ′f as given by (2.95).
From the boundedness of signals, there exists a εd ∈ R>0 such that

||Dij || ≤ εdδp for all i, j ∈ N . Furthermore, we know `∗int,k is constant be-
tween updates and known to all agents. Therefore at each update minj{lkj}
and maxj{`∗int,kj

} can be computed, and we note that maxj{`∗int,kj
} is

bounded by Assumption 2.10. Thus a sufficient condition for the above
expression to hold is:

f ′int,k(min
j
{lkj} − εdδp max

j
{`∗int,kj}) � −bkj + εhk

∀j ∈ {1, . . . , Nns}, which is feasible since δp <
minj{lkj}

εd maxj{`∗int,kj
} from

(2.100b).
By substituting (2.99) with the choice of εf ≥ εd, the left side satisfies

κ(min
j
{bkj}) + 1 + εf ≥ −bkj + εhk ,

where we use κ(x) ≥ 0, κ(x) + 1 ≥ −x, ∀x ∈ R, and κ(minj(bkj )) > κ(bkj ),
∀j ∈ {1, . . . , Nlf}, since κ() is decreasing. Hence, by choosing a large
enough εf we guarantee εf ≥ εhk and hence contact slip is actively prevented
∀t ∈ [0, tmax). Following the proof of 2.5, it follows that tmax =∞, and thus
slip prevention is ensured for the entirety of the manipulation task.

Furthermore, since tmax =∞, the previous Lyapunov analysis ensures

that V̇f < 0 when ‖χ‖ >
√

δ̄k
kχ

, guaranteeing thus, in view of Lemma A.1 of
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Appendix A, that χ will be ultimately bounded in a compact set around the
origin, rendering the closed-loop system practically asymptotically stable.

Case 2: In the previous analysis, practical asymptotic stability is ensured
when no triggering occurs. Here we show that indeed the event triggering
preserves the results from Case 1 and that the system does not exhibit
Zeno behavior. For any χ ∈ X \ Q, it follows that V̇f ≤ 0. Thus if any
event triggers in X \ Q at t = tk, ∆GR,k = 0 and ∆RC,k = 0, and it is
straightforward to see that Vk+1 ≤ Vk such that Ωk+1 ⊆ Ωk. Furthermore
V̇f ≤ 0 holds after the event occurs and ensures χ enters Q in finite time.

For χ ∈ Q, the condition V̇ ≤ kχ‖χ‖2 + δ̄k holds although δ̄k will change
between events. However, since χ and fintk are bounded in Q, there exists a
maximum δ̄ ≥ δ̄k for which χ is ultimately bounded, and practical stability
is preserved.

Now we show there exists a lower bound between each event time instant.
Events (2.100a) and (2.100d) are dependent on bounds δr, and δp, where δr >
0 is fixed and δp > 0 and will never tend to zero due to boundedness of pCi/o.
From the continuous differentiability of pCi/o and pCi/Ei , let Lp, Lr ∈ R>0

denote their respective Lipschitz constants. It follows that there exist lower
bounds on event times defined by ∆tp = δp/Lp, ∆tr = δr/Lr, respectively.

Similarly, the event defined by (2.100e) depends on the bound cR2
γq.

Denote by evo = [e>vo,p, e
>
vo,η]> ∈ R3 × R3. Then (2.100e) occurs when

evo,η(tk+1)>S(∆pCi/o(tk+1))h̃f,ki(tk+1) = cR2
γq,

where h̃f,ki := fint,ki + G∗R,kiYor ϑ̂Ro(t), ∀i ∈ N , ∀k ∈ N, with t1 = 0.

Therefore, since ‖∆pCi/o‖ ≤ δp from (2.100b) and evo , Yor , ϑ̂Ro , fint,k

are bounded in compact sets for t ∈ [tk, tk+1) from the previous analysis,
there exist positive constants e and hi such that ‖evo,η(tk+1)‖ ≥ e and

‖h̃f,ki(tk+1)‖ ≥ hi, ∀i ∈ N . Hence, by taking into account (2.100a) it

holds that cR2
γq ≤ δp‖evo,η(tk+1)‖‖h̃ki(tk+1)‖ ∆te, with ∆te being the

inter-sampling time between the updates defined by (2.100e). We conclude
then that ∆te ≥ cR2

γq
ehiδp

.

Finally, as tk is defined by satisfaction of any events from (2.100a),
(2.100d), or (2.100e), it follows that ∆t := tk+1 − tk = min{∆tp,∆tr,∆te}
where ∆t > 0 and lower bounded.

2.4 Conclusion

This chapter presented novel control protocols for the cooperative manip-
ulation of a single object by N robotics agents without employing force
sensing. Firstly, we focused on rigid grasps, by introducing two adaptive
decentralized control schemes that used quaternion-feedback and prescribed
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performance control, respectively. Next, we incorporated collision avoid-
ance by using nonlinear MPC, in a centralized and a communication-based
decentralized scheme. Secondly, we considered the case of rolling contacts.
We developed novel adaptive centralized and decentralized control schemes
that compensate for the object’s and the agents’ dynamic uncertainties and
guarantee avoidance of contact loss at the contact points.





Chapter 3

Formation Control and Rigid
Cooperative Manipulation

As discussed in Chapter 1, an important problem associated with multi-agent
coordination is formation control. On one hand, formation specifications
can be imposed by a higher level planner associated with temporal tasks.
Moreover, as we show here, a particular instance of multi-agent formations,
namely rigid formation, is tightly associated to rigid cooperative manip-
ulation presented in the previous chapter. More specifically, this chapter
addresses the following two topics.

Firstly, it deals with the problem of distance- and orientation-based
formation control of a class of second-order nonlinear multi-agent systems
in SE(3), under static and undirected communication topologies. More
specifically, we design a decentralized model-free control protocol in the
sense that each agent uses only local information from its neighbors to
calculate its own control signal, without incorporating any knowledge of the
model nonlinearities and exogenous disturbances. Moreover, the transient
and steady-state response is solely determined by certain designer-specified
performance functions and is fully decoupled by the agents’ dynamic model,
the control gain selection, the underlying graph topology as well as the
initial conditions. Additionally, by introducing certain inter-agent distance
constraints, we guarantee collision avoidance and connectivity maintenance
between neighboring agents.

Secondly, we introduce a new notion of distance rigidity, namely distance-
and bearing-rigidity in SE(3), and we connect it with rigid cooperative
manipulation. More specifically, the nodes of a general rigid framework are
associated to the robotic agents of rigid cooperative manipulation schemes
and the object-agent interaction forces are expressed by using the rigidity
matrix of the graph formed by the robots, which encodes the infinitesimal
rigid body motions of the system. Moreover, we show that the associated
cooperative manipulation grasp matrix is related to the rigidity matrix via
a range-nullspace relation, based on which we provide novel results on the

117
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relation between the arising interaction and internal forces and consequently
on the energy-optimal force distribution on a cooperative manipulation
system.

3.1 Introduction

During the last decades, decentralized control of networked multi-agent
systems has gained a significant amount of attention due to the great variety
of its applications, including multi-robot systems, transportation, multi-point
surveillance and biological systems. The main focus of multi-agent systems
is the design of distributed control protocols in order to achieve global tasks,
such as consensus [? ? ? ? ], and at the same time fulfill certain properties,
e.g., network connectivity [? ? ].

A particular multi-agent problem that has been considered in the liter-
ature is the formation control problem, where the agents represent robots
that aim to form a prescribed geometrical shape, specified by a certain set
of desired relative configurations between the agents. The main categories
of formation control that have been studied in the related literature are ([?
]) position-based control, displacement-based control, distance-based control
and orientation-based control.

In distance-based formation control, inter-agent distances are actively
controlled to achieve a desired formation, dictated by desired inter-agent
distances. Each agent is assumed to be able to sense the position of its
neighboring agents. When orientation alignment is considered as a control
design goal, the problem is known as orientation-based (or bearing-based)
formation control. The orientation-based control steers the agents to config-
urations that achieve desired relative orientation angles. In this work, we
aim to design a decentralized control protocol such that both distance- and
orientation-based formation is achieved.

The literature in distance-based formation control is rich, and is tra-
ditionally categorized in single or double integrator agent dynamics and
directed or undirected communication topologies (see e.g. [? ? ? ? ? ? ?
? ? ? ? ? ? ? ? ? ? ]). Orientation-based formation control has been
addressed in [? ? ? ? ], whereas the authors in [? ? ? ] have considered
the combination of distance- and orientation-based formation.

In most of the aforementioned works in formation control, the two-
dimensional case with simple dynamics and point-mass agents has been
dominantly considered. In real applications, however, the engineering systems
have nonlinear second order dynamics and are usually subject to exogenous
disturbances and modeling errors. Other important issues concern the
connectivity maintenance, the collision avoidance between the agents and
the transient and steady-state response of the closed loop system, which
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have not been taken into account in the majority of related woks. Thus,
taking all the above into consideration, the design of robust distributed
control schemes for the multi-agent formation control problem becomes a
challenging task.

Another special instance of formation control that has practical relevance
and numerous applications in robotics is that of rigid formations. Two cases
of rigid formation control have been widely studied in the literature, namely
distance rigidity and bearing rigidity. The classic distance rigidity theory
studies the problem of under what conditions can the geometric pattern of a
network be uniquely determined if the length (distance) of each edge in the
multi-agent team is fixed. It is a combinatorial theory for characterizing the
“stiffness” or “flexibility” of structures formed by rigid bodies connected by
flexible linkages or hinges, and it has been applied extensively in distance-
based formation control and network localization [? ? ? ? ? ? ? ? ? ? ? ?
]. Bearing rigidity theory studies the fundamental problem of under what
conditions can the geometric pattern of a multi-agent system be uniquely
determined if the bearing of each edge is fixed [? ], and it has been used for
bearing-based control and estimation problems [? ? ? ? ]. Recent works
have developed bearing rigidity theory on the manifolds of SE(2) [? ] and
SE(3) [? ]. In this chapter, we introduce the notion of distance and bearing
rigidity, which studies under what conditions can the geometric pattern of
a multi-agent system be uniquely determined if both the distance and the
bearing of each edge is fixed. Moreover, we combine the latter with rigid
cooperative manipulation, i.e., configurations where a number of robotic
agents are attached to a common object by means of rigid contact points.

As shown in the previous chapter, rigid cooperative manipulation by
robotic agents (i.e., when the grasps are rigid) is an important and challenging
topic, indispensable in cases of difficult maneuvers or heavy payloads. An
important property in rigid cooperative manipulation systems that has been
studied thoroughly in the related literature and overlooked in the previous
chapter, is the regulation of internal forces. Internal forces are forces exerted
by the agents at the grasping points that do not contribute to the motion
of the object. While a certain amount of such forces is required in many
cases (e.g., to avoid contact loss in multi-fingered manipulation), they need
to be minimized in order to prevent object damage and unnecessary effort of
the agents. Most works in rigid cooperative manipulation assume a certain
decomposition of the interaction forces in motion-inducing and internal ones,
without explicitly showing that the actual internal forces will be indeed
regulated to the desired ones (e.g., [? ? ? ]); [? ? ? ? ] analyze specific load
decompositions based on whether they provide internal force-free expressions,
whereas [? ] is concerned with the cooperative manipulation interaction
dynamics. The decompositions in the aforementioned works, however, are
based on the inter-agent distances and do not take into account the actual
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dynamics of the agents. The latter, as we show in this chapter, is tightly
connected to the internal forces as well as their relation to the total force
exerted by the agents at the grasping points.

This chapter deals with the following two topics:

1. Firstly, we address the distance-based formation control problem with
orientation alignment for a team of rigid bodies operating in SE(3), with
unknown second-order nonlinear dynamics and external disturbances.
We propose a purely decentralized control protocol that guarantees
distance formation, orientation alignment as well as collision avoidance
and connectivity maintenance between neighboring agents and in
parallel ensures the satisfaction of prescribed transient and steady
state performance. The prescribed performance control framework
has been incorporated in multi-agent systems in [? ] and [? ] for
minimally rigid formations, where first order dynamics have been
considered without taking into account the problem of orientation
alignment.

2. We integrate rigid cooperative manipulation with rigidity theory. Moti-
vated by rigid cooperative manipulation systems, where the inter-agent
distances and bearings are fixed, we introduce the notion of distance
and bearing rigidity in the special Euclidean group SE(3). Based on
recent results, we show next that the interaction forces in a rigid
cooperative manipulation system depend on the distance and bear-
ing rigidity matrix, a matrix that encodes the allowed coordinated
motions of the multi-agent-object system. Moreover, we prove that
the cooperative manipulation grasp matrix, which relates the object
and agent velocities, is connected via a range-nullspace relation to the
rigidity matrix. Furthermore, we rely on the aforementioned findings
to provide new results on the internal force-based rigid cooperative ma-
nipulation. We derive novel results on the relation between the arising
interaction and internal forces in a cooperative manipulation system.
This leads to novel conditions on the internal force-free object-agents
force distribution and consequently to optimal, in terms of energy
resources, cooperative manipulation.

Finally, we verify all the theoretical findings through simulation results.

3.2 Formation Control in SE(3)

3.2.1 Problem Formulation

Consider a set of N rigid bodies, with N = {1, 2, . . . , N}, N ≥ 2, operating
in a workspace W ⊆ R3. We consider that each agent occupies a ball



Formation Control in SE(3) 121

B(pi, ri), where pi ∈ R3 is the position of the agent’s center of mass with
respect to an inertial frame Fo and ri ∈ R>0 is the agent’s radius (see Fig.
3.1). We also denote by Ri ∈ SO(3) the rotation matrix associated with the
orientation of the ith rigid body. Moreover, we denote by vi,L ∈ R3 and
ωi ∈ R3 the linear and angular velocity of agent i with respect to frame
Fo. The vectors pi are expressed in Fo coordinates, whereas vi,L and ωi are
expressed in a local frame Fi centered at each agent’s center of mass. The
position, though, of Fo, is not required to be known by the agents, as will be
shown later. By defining xi := (pi, Ri) ∈ SE(3) and vi := [v>i,L, ω

>
i ]> ∈ R6,

we model each agent’s motion with the 2nd order Newton-Euler dynamics:

ẋi = (Rivi,L, RiS(ωi)) ∈ TRi , (3.1a)

ui = Miv̇i + Civi + gi + wi, (3.1b)

where the matrix Mi ∈ R6×6 is the constant positive definite inertia matrix,
Ci := Ci(vi) : R6 → R6×6 is the Coriolis matrix, gi := gi(xi) : SE(3)→ R6 is
the body-frame gravity vector, wi := wi(xi, vi, t) : SE(3)×R6×R≥0 → R6 is
a bounded vector representing model uncertainties and external disturbances,
and TRi := R3 × TRSO(3), where TRSO(3) is the tangent space to SO(3)
at R. Finally, ui ∈ R6 is the control input vector representing the 6D
generalized force acting on agent i. The following properties hold for the
aforementioned terms:

• The terms Mi, Ci(·), gi(·) are unknown, Ci(·), gi(·) are continuous and
it holds that

0 < mi < m̄i <∞ (3.2a)

‖gi(xi)‖ ≤ ḡi,∀xi ∈ SE(3), (3.2b)

∀i ∈ N , where ḡi is a finite unknown positive constant and mi :=
λmin(Mi), and m̄i := λmax(Mi), which are also uknown, ∀i ∈ N .

• The functions wi(xi, vi, t) are assumed to be continuous in vi ∈ R6

and for each fixed vi ∈ R6, the functions (xi, t) → wi(xi, vi, t) are
assumed to be bounded by unknown positive finite constants w̄i, i.e.,
‖wi(xi, vi, t)‖ ≤ w̄i <∞, ∀xi ∈ SE(3), t ∈ R≥0, i ∈ N .

The dynamics (3.1) can be written in a vector form representation as:

ẋ = hx, (3.3a)

u = Mv̇ + Cv + g + w, (3.3b)
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Figure 3.1: Illustration of two agents i, j ∈ N in the workspace; Fo is the
inertial frame, Fi, Fj are the frames attached to the agents’ center of mass,
pi, pj ∈ R3 are the positions of the center of mass with respect to Fo; ri, rj
are the radii of the agents and ςi > ςj are their sensing ranges.

where x := (x1, . . . , xN ) ∈ SE(3)N , v := [v>1 , . . . , v
>
N ]> ∈ R6N , u :=

[u>1 , . . . , u
>
N ]> ∈ R6N , and

hx := hx(x, v) :=(hx1(x1, v1), . . . , hxN (xN , vN ))

:=((R1v1,L, R1S(ω1)), . . . , (RNvN,L, RNS(ωN )))

∈ TR1 × · · · × TRN ,
M :=diag{[Mi]i∈N } ∈ R6N×6N ,

C := C(v) :=diag{[Ci(vi)]i∈N } ∈ R6N×6N ,

g := g(x) :=[g1(x1)>, . . . , gN (xN )>]> ∈ R6N ,

w := w(x, v, t) :=[w1(x1, v1, t)
>, . . . , w(xN , vN , t)

>]> ∈ R6N .

It is also further assumed that each agent has a limited sensing range of
ςi > maxi,j∈N {ri + rj}. Therefore, by defining the set Ni : R3N ⇒ N, with
Ni(p) := {j ∈ N : pj ∈ B(pi, ςi)}, and p := [p>1 , . . . , p

>
N ]> ∈ R3N , agent i can

measure the relative offset R>i (pi−pj) (i.e., expressed in i’s local frame), the
distance ‖pi−pj‖, as well as the relative orientation R>j Ri with respect to its
neighbors j ∈ Ni(p). In addition, we consider that each agent can measure
its own velocity subject to time- and state-varying bounded noise, i.e., agent
i has continuous feedback of ṽi := [ṽ>i,L, ω̃i

>]> := vi + ni, ∀i ∈ N , where

ni := ni(xi, t) : SE(3) × R≥0 → R6 are vector fields bounded by unknown
positive finite constants n̄i, i.e., ‖ni(xi, t)‖ ≤ n̄i, ∀xi ∈ SE(3), t ∈ R≥0, i ∈ N .
Moreover, the vector fields ni,d := ni,d(xi, ẋi, t) : SE(3)× TRi × R≥0 → R6

with ni,d(xi, ẋi, t) := ṅi(xi, ẋi) = ∂ni(xi,t)
∂xi

ẋi + ∂ni(xi,t)
∂t are assumed to be
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continuous in ẋi ∈ TRi and for each fixed ẋi ∈ TRi , the functions (xi, t)→
ni,d(xi, ẋi, t) are assumed to be bounded by unknown positive finite constants
n̄i,d, i.e., ‖ni,d(xi, ẋi, t)‖ ≤ n̄i,d, ∀xi ∈ SE(3), t ∈ R≥0, i ∈ N .

Remark 3.1. (Local relative feedback) Note that the agents do not
need to have information of any common global inertial frame. The feedback
they obtain is relative with respect to their neighboring agents (expressed in
their local frames) and they are not required to perform transformations in
order to obtain absolute positions/orientations. In the same vein, note also
that the velocities vi are vectors expressed in the agents’ local frames.

The topology of the multi-agent network is modeled through the undi-
rected graph G := (N , E), with E = {(i, j) ∈ N 2 : j ∈ Ni(p(0)) and i ∈
Nj(p(0))} (i.e., the initially connected agents), which is assumed to be
nonempty and connected . We further denote K := {1, . . . ,K} where K := |E|.
Given the k-th edge, we use the simplified notation (k1, k2) for the function
that assigns to edge k the respective agents, with k1, k2 ∈ N , ∀k ∈ K. Since
the agents are heterogeneous with respect to their sensing capabilities (differ-
ent sensing radii ςi), the fact that the initial graph is nonempty, connected
and undirected implies that

‖pk2(0)− pk1(0)‖ < dk,con,

with dk,con := min{ςk1
, ςk2
},∀k ∈ K. We also consider that G is static in the

sense that no edges are added to the graph. We do not exclude, however, edge
removal through connectivity losses between initially neighboring agents,
which we guarantee to avoid. That is, the proposed methodology guarantees
that ‖pk2

(t)− pk1
(t)‖ < dk,con, ∀k ∈ K, ∀t ∈ R≥0. It is also assumed that

at t = 0 the neighboring agents are at a collision-free configuration, i.e.,
dk,col < ‖pk2

(0) − pk1
(0)‖,∀k ∈ K, with dk,col := rk1

+ rk2
. Hence, we

conclude that

dk,col < ‖pk2
(0)− pk1

(0)‖ < dk,con,∀k ∈ K. (3.4)

The desired formation is specified by the constants dk,des ∈ R≥0, Rk,des ∈
SO(3),∀k ∈ K, for which, the formation configuration is called feasible if
the set {x ∈ SE(3)N : ‖pk2

− pk1
‖ = dk,des, R

>
k2
Rk1

= Rk,des,∀k ∈ K}
is nonempty. Due to the fact that the agents are not dimensionless and
their communication capabilities are limited, the control protocol, except
from achieving a desired inter-agent formation and maintaining connectivity,
should also guarantee for all t ∈ R≥0 that the initially neighboring agents
avoid collision with each other. Therefore, all pairs (k1, k2) ∈ N 2 of agents
that initially form an edge must remain within distance greater than dk,col

and less than dk,con. We also make the following assumptions that on the
graph topology:
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Assumption 3.1. The communication graph G is a tree.

Formally, the robust formation control problem under the aforementioned
constraints is formulated as follows:

Problem 3.1. Given N agents governed by the dynamics (3.1), under
Assumption 3.1 and given the desired inter-agent configuration constants
dk,des∈ R≥0, Rk,des∈ SO(3), with dk,col < dk,des < dk,con, ∀k ∈ K, design
decentralized control laws ui ∈ R6, i ∈ N such that, ∀ k ∈ K, the following
hold:

1. lim
t→∞

‖pk2(t)− pk1(t)‖ = dk,des;

2. lim
t→∞

[Rk2
(t)]>Rk1

(t) = Rk,des;

3. dk,col < ‖pk2(t)− pk1(t)‖ < dk,con,∀ t ∈ R≥0.

The term “robust” here refers to robustness of the proposed methodology
with respect to the unknown dynamics and external disturbances in (3.1) as
well as the unknown noise ni(·) in the velocity feedback.

3.2.2 Problem Solution

Let us first introduce the distance and orientation errors:

ek := ‖pk2
− pk1

‖2 − d2
k,des ∈ R, (3.5a)

ψk :=
1

2
tr
[
I3 −R>k,desR

>
k2
Rk1

]
∈ [0, 2], (3.5b)

∀k ∈ K, where we have used Proposition G.3 of Appendix G. Regarding
ek, our goal is to guarantee limt→∞ ek(t) → 0 from all initial conditions
satisfying (3.4), while avoiding inter-agent collisions and connectivity losses
among the initially connected agents specified by E . Regarding ψk, we aim
to guarantee the following:

1. limt→∞ ψk(t)→ 0, which, according to Proposition G.3 of Appendix
G implies that

lim
t→∞

Rk2(t)>Rk1(t) = Rk,des

2. ψk(t) < 2, ∀t ∈ R≥0, since the configuration ψk = 2 is an undesired
equilibrium, as will be clarified later1.

1It has been proved that topological obstructions do not allow global stabilization on
SO(3) with a continuous feedback control law (see [? ? ? ])
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By using the properties of skew-symmetric matrices presented Appendix
G, we derive the following dynamics of the errors (3.5):

ėk = 2(pk2 − pk1)>(Rk2vk2,L −Rk1vk1,L)

= 2(R>k1
p̃k2,k1

)>(R>k1
Rk2

vk2,L − vk1,L), (3.6a)

ψ̇k =
1

2
e>Rk(R>k1

Rk2ωk2 − ωk1), (3.6b)

where p̃k2,k1
:= pk2

− pk1
and eRk := S−1(R>k1

Rk2
Rk,des − R>k,desR

>
k2
Rk1

),
∀k ∈ K.

By employing Proposition G.2 of Appendix G, we obtain ‖eRk‖2 =
‖R>k2

Rk1
−Rk,des‖2F(1− 1

8‖R>k2
Rk1
−Rk,des‖2F) as well as

‖R>k2
Rk1 −Rk,des‖2F = tr

[
(R>k2

Rk1 −Rk,des)
>(R>k2

Rk1 −Rk,des)
]

= tr
[
2I3 − 2R>k,desR

>
k2
Rk1

]
= 4ψk.

Hence, it holds that:
‖eRk‖2 = 2ψk(2− ψk), (3.7)

which implies that: ‖eRk‖ = 0 ⇒ ψk = 0 or ψk = 2, ∀k ∈ M. The two
configurations ψk = 0 and ψk = 2 correspond to the desired and undesired
equilibrium, respectively.

The concepts and techniques of prescribed performance control (see
Appendix B) are adapted in this work in order to: a) achieve predefined
transient and steady-state response for the distance and orientation errors ek,
ψk, ∀k ∈ K, as well as ii) avoid the violation of the collision and connectivity
constraints between initially neighboring agents, as presented in Section
3.2.1. The mathematical expressions of prescribed performance are given by
the inequality objectives:

−Ck,colρek(t) < ek(t) < Ck,conρek(t), (3.8a)

0 ≤ ψk(t) < ρψk(t) < 2, (3.8b)

∀k ∈ K, where ρek := ρek(t) : R≥0 →
[

ρek,∞
max{Ck,con,Ck,col} , 1

]
, ρψk := ρψk(t) :

R≥0 → [ρψk,∞, ρψk,0], with

ρek(t) :=

[
1− ρek,∞

max{Ck,con, Ck,col}

]
e−lek t +

ρek,∞

max{Ck,con, Ck,col}
,

ρψk(t) := (ρψk,0 − ρψk,∞)e−lψk t + ρψk,∞,

are designer-specified, smooth, bounded, and decreasing functions of time;
the constants lek , lψk ∈ R≥0, and ρek,∞ ∈ (0,max{Ck,con, Ck,col}), ρψk,∞ ∈
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(0, ρψk,0), ∀k ∈ K, incorporate the desired transient and steady-state per-
formance specifications respectively, as presented in Section B, and Ck,col,
Ck,con ∈ R>0,∀k ∈ K, are associated with the collision and connectivity
constraints. In particular, we select

Ck,col := d2
k,des − d2

k,col, (3.9a)

Ck,con := d2
k,con − d2

k,des, (3.9b)

∀k ∈ K, which, since the desired formation is compatible with the collision
and connectivity constraints (i.e., dk,col < dk,des < dk,con,∀k ∈ K), ensures
that Ck,col, Ck,con ∈ R>0,∀k ∈ K, and consequently, in view of (3.4), that:

−Ck,colρek(0) < ek(0) < ρek(0)Ck,con, (3.10a)

∀k ∈ K. Moreover, assuming that ψk(0) < 2, ∀k ∈ K, by choosing

ρψk,0 = ρψk(0) ∈
(
ψk(0), 2

)
, (3.10b)

it is also guaranteed that:

0 ≤ ψk(0) < ρψk(0) < 2, (3.10c)

∀k ∈ K. Hence, if we guarantee prescribed performance via (3.8), by
setting the steady-state constants ρek,∞, ρψk,∞ arbitrarily close to zero and
by employing the decreasing property of ρek(t), ρψk(t),∀k ∈ K, we guarantee
practical convergence of the errors ek(t), ψk(t) to zero and we further obtain:

−Ck,col < ek(t) < Ck,con, (3.11a)

0≤ ψk(t) < ρψk(t), (3.11b)

∀t ∈ R≥0, which, owing to (3.9), implies:

dk,col < ‖pk2(t)− pk1(t)‖ < dk,con,

∀k ∈ K, t ∈ R≥0, providing, therefore, a solution to problem 3.1. Moreover,
note that the choice of ρψk,0 along with (3.11) guarantee that ψk(t) < 2,
∀t ∈ R≥0 and the avoidance of the singular equilibrium.

In the sequel, we propose a decentralized control protocol that does not
incorporate any information on the agents’ dynamic model and guarantees
(3.8) for all t ∈ R≥0.

Given the errors ek, ψk defined in the previous section, we perform the
following steps:

Step I-a: Select the corresponding functions ρek(·), ρψk(·) and posi-
tive parameters Ck,con, Ck,col, k ∈ K, following (3.8), (3.10b), and (3.9),
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respectively, in order to incorporate the desired transient and steady-state
performance specifications as well as the collision and connectivity con-
straints, and define the normalized errors, ∀k ∈ K,

ξek :=
ek
ρek

, ξψk :=
ψk
ρψk

. (3.12)

Step I-b: Define the transformations Tek : (−Ck,col, Ck,con) → R, k ∈ K,
and Tψ : [0, 1)→ [0,∞) by

Tek(x) := ln

(
1 + x

Ck,col

1− x
Ck,con

)
, Tψ(x) := ln

( 1

1− x
)
,

∀k ∈ K, and the transformed error states εek := εek(ξek) : (−1, 1) → R,
εψk := εψk(ξψk) : [0, 1)→ R≥0, ∀k ∈ K,

εek := Tek(ξek), (3.13a)

εψk := Tψ(ξψk). (3.13b)

Next, we design the decentralized reference velocity vector for each agent as

vi,des :=

[
vi,Ldes

ωi,des

]
:= −δi

2
∑
k∈M

αf
rek (ξek )

ρek
εekR

>
k1
p̃k2,k1∑

k∈K
αf

rψ(ξψk )

ρψk
eRk

 , (3.14)

where δi ∈ R>0 are positive gains, ∀i ∈ N , rek : (−Ck,col, Ck,con) →
[1,∞), rψ : [0, 1)→ [1,∞), with rek(x) :=

∂Tek (x)

∂x , rψ(x) :=
∂Tψ(x)
∂x , and the

function αf := αf (i, k, Rk1
, Rk2

) is defined as αf (i, k, Rk1
, Rk2

) = −I3, if i
is the tail of the kth edge (i = k1), αf (i, k, Rk1 , Rk2) = R>k2

Rk1 if i is the
head of the kth edge (i = k2), and 0 otherwise (see Appendix E for more
details on graph edges). The assignment of the head and tail in each edge
can be done off-line according to the specified orientation of the graph.

Step II-a: Define for each agent the velocity errors evi := [e>vi,1, . . . , e
>
vi,6]>

:= ṽi − vi,des, ∀i ∈ N , and design the decreasing performance functions as
ρvi,` := ρvi,`(t) : R≥0 → [ρv0

i,`
, ρv∞i,` ], with ρvi,`(t) := (ρv0

i,`
−ρv∞i,`) exp(−lvi,`t)+

ρv∞i,` , where the constants ρv0
i,`
, ρv∞i,` , lvi,` incorporate the desired transient

and steady-state specifications, with the design constraints ρv0
i,`
> |evi,`(0)|,

ρv∞i,` ∈ (0, ρv0
i,`

), ∀` ∈ {1, . . . , 6}, i ∈ N . The term evi,`(0) can be measured

be each agent at t = 0 directly after the calculation of vi,des(0).
Moreover, define the normalized velocity errors

ξvi :=
[
ξvi,1, . . . , ξvi,6

]>
:= ρ−1

vi evi , (3.15)
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where ρvi := ρvi(t) := diag{[ρvi,` ]`∈{1,...,6}}, ∀i ∈ N .
Step II-b: Define the transformation Tv : (−1, 1)→ R as

Tv(x) := ln
(1 + x

1− x
)
,

and the transformed error states εvi : (−1, 1)6 → R6 as

εvi(ξvi) := εvi :=

εvi,1...
εvi,6

 :=

Tv(ξvi,1)
...

Tv(ξvi,6)

 . (3.16)

Finally, design the decentralized control protocol for each agent i ∈ N as
ui : (−1, 1)6 × R≥0, with

ui := ui(ξvi , t) := −γiρvi(t)−1r̄v(ξvi)εvi(ξv), (3.17)

where r̄v(ξvi) := diag{[rv(ξvi,`)]`∈{1,...,6}} with rv : (−1, 1)→ [1,∞), rv(x) :=
∂Tv(x)
∂x , and γi ∈ R>0 are positive gains, ∀i ∈ N .

Remark 3.2. (Control protocol intuition) Note that the selection of
Ck,col, Ck,con according to (3.9) and of ρψk(t), ρvi,`(t) such that ρψk,0 =
ρψk(0) ∈ (ψk(0), 2), ρv0

i,`
= ρvi,`(0) > |evi,`(0)| along with (3.4), guarantee

that ξek(0) ∈ (Ck,col, Ck,con), ψk(0) ∈ [0, 2), ξvi,`(0) ∈ (−1, 1), ∀k ∈ K,
` ∈ {1, . . . , 6}, i ∈ N . The prescribed performance control technique
enforces these normalized errors ξek(t), ξψk(t) and ξvi,`(t) to remain strictly
within the sets (−Ck,col, Ck,con), [0, 2), and (−1, 1), respectively, ∀k ∈ K, ` ∈
{1, . . . , 6}, i ∈ N , t ≥ 0, guaranteeing thus a solution to Problem 3.1. It can
be verified that this can be achieved by maintaining the boundedness of the
modulated errors εek(t), εψk(t) and εvi(t) in a compact set, ∀t ≥ 0.

Remark 3.3. (Arbitrarily fast convergence to ψk = 0) The configura-
tions where ‖eRk‖ = 0⇔ ψk = 0 or ψk = 2 are equilibrium configurations
that result in ωk1,des = ωk2,des = 0, ∀k ∈ K. If ψk(0) = 2, which is a local
minima, the orientation formation specification for edge k cannot be met,
since the system becomes uncontrollable. This is an inherent property of
stabilization in SO(3), and cannot be resolved with a purely continuous
controller [? ]. Moreover, initial configurations ψk(0) starting arbitrarily
close to 2 might take infinitely long to be stabilized at ψk = 0 with common
continuous methodologies [? ]. Note however, that the proposed control law
guarantees convergence to ψk = 0 arbitrarily fast, given that ψk(0) < 2. More
specifically, given the initial configuration ψk(0) < 2, we can always choose
ρψk,0 such that ψk(0) < ρψk,0 < 2, regardless of how close ψk(0) is to 2. Then,
as proved in the next section, the proposed control algorithm guarantees
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(3.8b) and the transient and steady-state performance of the evolution ψk(t)
is determined solely by ρψk(t) and more specifically, the rate of convergence
is determined by the term lψk . It can be observed from the desired angular
velocities designed ωi,des in (3.14) that close to the configuration ψk(0) = 2,
the term eRk(0), which is close to zero (since ψk(0) = 2⇒ ‖eRk(0)‖ = 0), is
compensated by the term rψ(ξψk(0)) = 1

1−ξψk (0) , which attains large values

(since ξψk(0) = ψk(0)
ρψk,0

is close to 1). Moreover, potentially large values (but

always bounded, as proved in the next section) for ωi,des and hence ui due
to the term rψ(ξψk(0)) can be compensated by tuning the control gains δi
and γi.

Remark 3.4. (Decentralized manner, relative feedback, and robust-
ness) Notice by (3.14) and (3.17) that the proposed control protocols are
distributed in the sense that each agent uses only local relative information to
calculate its own signal. In that respect, regarding every edge k, the parame-
ters ρek,∞, ρψk,∞, lek , lψk , as well as the sensing radii ςj ,∀j ∈ Ni(p(0)), which
are needed for the calculation of the performance functions ρek(t), ρψk(t), can
be transmitted off-line to the agents k1, k2 ∈ N . In the same vein, regarding
ρvi,`(t), i.e., the constants ρv∞i,` , lvi,` can be transmitted off-line to each agent

i, which can also compute ρv0
i,`

, given the initial velocity errors evi(0). Notice

also from (3.14) that each agent i uses only relative feedback with respect to
its neighbors. In particular, for the calculation of vi,Ldes, the tail of edge k,
i.e., agent k1, uses feedback of R>k1

(pk2 − pk1), and the head of edge k, i.e.,

agent k2, uses feedback of R>k2
Rk1

R>k1
(pk2

− pk1
) = R>k2

(pk2
− pk1

). Both
of these terms are the relative inter-agent position difference expressed in
the agents’ local frames. For the calculation of ωi,des, agents k1 and k2

require feedback of the relative orientation R>k2
Rk1 , as well as the signal

S−1(R>k1
Rk2

Rk,des − R>k,desR
>
k2
Rk1

), which is a function of R>k2
Rk1

. The
aforementioned signals encode information related to the relative pose of
each agent with respect to its neighbors, without the need for knowledge of
a common global inertial frame. It should also be noted that the proposed
control protocol (3.17) depends exclusively on the velocity of each agent and
not on the velocity (expressed in a local frame) of its neighbors. Moreover,
the proposed control law does not incorporate any prior knowledge of the
model nonlinearities/disturbances, enhancing thus its robustness. Finally,
the proposed methodology results in a low complexity. Notice that no hard
calculations (neither analytic nor numerical) are required to output the
proposed control signal.

We provide now the main result of this section0, which is summarized in
the following theorem.
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Theorem 3.1. Consider the multi-agent system described by the dynamics
(3.3), under a static tree communication graph G, aiming at establishing a
formation described by the desired offsets dk,des ∈ (dk,col, dk,con) and Rk,des,
∀k ∈ K. Then, the control protocol (3.12)-(3.17) guarantees the prescribed
transient and steady-state performance

−Ck,colρek(t) < ek(t) < Ck,conρek(t),

0≤ ψk(t) < ρψk(t),

∀k ∈ K, t ∈ R≥0, under all initial conditions satisfying ψk(0) < 2, ∀k ∈ K
and (3.4), providing thus a solution to Problem 3.1.

Proof. We start by defining some vector and matrix forms of the introduced
signals and functions:

e := [e1, . . . , eK ]> ψ := [ψ1, . . . , ψK ]>

eR := [e>R1
, . . . , e>RK ]> ēv := [e>v1

, . . . , e>vN ]>

ξa := [ξa1
, . . . , ξaK ]> ξv := [ξ>v1

, . . . , ξ>vN ]>

εe := εe(ξe) := [εe1 , . . . , εeK ]> εψ := εψ(ξψ) := [εψ1
, . . . , εψK ]>

εv := εv(ξv) := [ε>v1
, . . . , ε>vN ]> p̃ := [p̃>12,11

, . . . , p̃>K2,K1
]>

vL := [v>1,L, . . . , v
>
N,L]> vLdes := [v>1,Ldes, . . . , v

>
N,Ldes]

>

ω := [ω>1 , . . . , ω
>
N ]> ωdes := [ω>1,des, . . . , ω

>
N,des]

>

vdes := [v>1,des, . . . , v
>
N,des]

> ρa := ρa(t) := diag{[ρak(t)]k∈K}
ρv := ρv(t) := diag{[ρvi(t)]i∈N } re(ξe) := diag{[rek(ξek)]k∈K}
Σe := Σe(ξe, t) := re(ξe)ρe(t)

−1 r̃ψ(ξψ) := diag{[rψ(ξψk)]k∈K}
Σψ := Σψ(ξψ, t) := r̃ψ(ξψ)ρψ(t)−1 r̃v(ξv) := diag{[r̄v(ξvi)]i∈N
Σv := Σv(ξv, t) := r̃v(ξv)ρv(t)

−1

where a ∈ {e, ψ}.
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With the introduced notation, (3.6) can be written in vector form as:

ė =

 ė1

...
ėK

 =

 2(R>11
p̃12,11

)>(R>11
R12

v12,L − v11,L)
...

2(R>K1
p̃K2,K1

)>(R>K1
RK2

vK2,L − vK1,L)


=2

p̃
>
12,11

. . . 0
...

. . .
...

0 . . . p̃>K2,K1

 R̂D>RvL =: F>p R̂D>RvL, (3.18a)

ψ̇ =

 ψ̇1

...

ψ̇K

 =
1

2

 e>R1
(R>11

R12
ω12
− ω11

)
...

e>RK (R>K1
RK2ω12 − ωK1)



=
1

2

e
>
R1

. . . 0
...

. . .
...

0 . . . e>RK

D>Rω =: F>RD>Rω, (3.18b)

where R̂ := diag{[Rk1
]k∈K} ∈ R3K×3K ,

Fp := Fp(p̃) := 2

p̃12,11
. . . 0

...
. . .

...
0 . . . p̃K2,K1

 ∈ R3K×K ,

FR := FR(eR) :=
1

2

eR1 . . . 0
...

. . .
...

0 . . . eRK

 ∈ R3K×K ,

DR := DR(R,G) ∈ R3N × R3K is the orientation incidence matrix of the
graph:

DR(R,G) := R̄> [D ⊗ I3] R̂, (3.19)

with R̄ := diag{[Ri]i∈N } ∈ R3N×3N , and D := D(G) is the incidence
matrix of the graph (see Section E.1 of Appendix E). The terms R̄ and R̂
in DR correspond to the block diagonal matrix with the agents’ rotation
matrices along the main block diagonal, and the block diagonal matrix
with the rotation matrix of each edge’s tail along the main block diagonal,
respectively. These two terms have motivated the incorporation of the terms
αf (·) in the desired velocities vi,des designed in (3.14), since, as shown next,
the vector form vdes yields the orientation incidence matrix DR(R,G).
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The desired velocities (3.14) and control inputs (3.17) can be written in
vector form as

vLdes = −∆DRR̂
>FpΣeεe, (3.20a)

ωdes = −∆DR [Σψ ⊗ I3] eR, (3.20b)

u = −Γ Σvεv, (3.20c)

where ∆ := diag{[δiI3]i∈N } ∈ R3N×3N and Γ := diag{[γiI6]i∈N } ∈ R6N×6N .
Note from (3.20c) and (3.12), (3.15), (3.13), (3.16) that u can be expressed
as a function of the states x, v, t. Hence, the closed loop system can be
written as

ẋ = hx(x, v)

v̇ = −M−1
{
C(v)v + g(x) + w(x, v, t)− u(·)

}
=: hv(x, v, t).

By defining z := (x, v) ∈ SE(3)N ×R6N , we can write the closed loop system
in vector form as

ż = hz(z, t) := (hx(z), hv(z, t)). (3.21)

Next, define the set

Ω :=

{
(x, v, t) ∈ SE(3)N × R6N × R≥0 : ξek(pk1 , pk2 , t) ∈ (−Ck,col, Ck,con),

ξψk(Rk1
, Rk2

, t) < 1, ξvi(x, vi, t) ∈ (−1, 1)6,∀k ∈ K
}
,

where we abuse the notation and express ξek , ξψk , ξvi from (3.12), (3.15) as
a function of the states. It can be verified that the set Ω is open due to the
continuity of the operators ξek(·), ξψk(·), ξvi(·) and nonempty, due to (3.9).
Our goal here is to prove first that (3.21) has a unique and maximal solution
(z(t), t) in Ω and then that this solution stays in a compact subset of Ω.

It can be verified that the function h : Ω→ TR1
× · · ·×TRN ×R6N is (a)

continuous in t for each fixed (x, v) ∈ {(x, v) ∈ SE(3)N ×R6N : (x, v, t) ∈ Ω},
and (b) continuous and locally lipschitz in (x, v) for each fixed t ∈ R≥0.
Therefore, the conditions of Theorem A.1 of Appendix A are satisfied and
hence, we conclude the existence of a unique and maximal solution of
(3.21) for a timed interval [0, tmax), with tmax > 0, such that (z(t), t) ∈ Ω,
∀t ∈ [0, tmax). This implies that

ξek(t) =
ek(t)

ρek(t)
∈ (−1, 1), (3.22a)

ξψk(t) =
ψk(t)

ρψk(t)
< 1, (3.22b)

ξvi(t) = ρvi(t)
−1evi(t) ∈ (−1, 1)6, (3.22c)
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∀k ∈ K, i ∈ N , t ∈ [0, tmax). Therefore, the signals ek(t), ψk(t), evi(t)
are bounded for all t ∈ [0, tmax). In the following, we aim to show that
the solution (z(t), t) is bounded in a compact subset of Ω and hence, by
employing Theorem A.2 of Appendix A, that tmax =∞.

Consider the positive definite Lyapunov candidate Ve := Ve(εe) : (−1, 1)K

→ R≥0, with Ve(εe) := 1
2‖εe‖2, which is well defined for t ∈ [0, tmax), due

to (3.22a). By differentiating Ve and taking into account the dynamics
ξ̇e = ρe(t)

−1 [ė− ρ̇e(t)ξe], we obtain

V̇e =

[
∂Ve
∂ε

]
ε̇e = ε>e Σe

(
F>p R̂D>RvL − ρ̇eξe

)
,

which, by substituting vL = ṽL − np = evp + vLdes − np and (3.18), becomes

V̇e =− ε>e ΣeF>p D̃FpΣeεe + ε>e Σe

[
F>p R̂D>R(evp − np)− ρ̇eξe

]
, (3.23)

where D̃ := D̃(G) := R̂D>RDRR̂
> = D> ⊗ I3 ∆ D ⊗I3 ∈ R3K×3K (by em-

ploying (3.19)), and evp , np are the linear parts of ēv and n := [n>1 , . . . , n
>
N ]>

(i.e., the stack vector of the first three components of every evi , ni), respec-
tively. Note first that, due to (3.22c), the function evp(t) is bounded for all
t ∈ [0, tmax). Moreover, note that (3.22a) implies that 0 <dk,col < ‖pk1(t)−
pk2(t)‖ < dk,con, ∀t ∈ [0, tmax). Therefore, it holds that rank(Fp(p̃(t))) = K,
∀t ∈ [0, tmax). In addition, since G is a connected tree graph and δi ∈ R>0,

∀i ∈ N , D̃ is positive definite (see Lemma E.1 of Appendix E) and hence

rank(D̃) = 3K. Hence, we conclude that rank
(
Fp(p̃(t))>D̃Fp(p̃(t))

)
= K

and the positive definiteness of Fp(p̃(t))>D̃Fp(p(t)), ∀t ∈ [0, tmax). In ad-
dition, since ‖pk2

(t) − pk1
(t)‖ < dk,con, we also conclude that the term

F>p R̂D>R is upper bounded, ∀t ∈ [0, tmax). Finally, ρ̇e and np are bounded by

definition and assumption, respectively, ∀x ∈ SE(3)N , t ∈ R≥0. Note that
all the aforementioned bounds are independent of tmax. We obtain now from
(3.23):

V̇e ≤ −λD̃‖Σeεe‖2 + ‖Σeεe‖B̄e = −λD̃‖Σeεe‖
(
‖Σeεe‖ −

B̄e
λD̃

)
,

∀t ∈ [0, tmax) where

λD̃ := inf
p(t),t∈[t0,tmax)

{
λmin

(
Fp(p̃(t))>D̃Fp(p̃(t))

)}
≥ d2

k,colλmin(D̃) > 0,

and B̄e is a positive constant, independent of tmax, satisfying the following
inequality: B̄e ≥ ‖Fp(p̃(t))>R̂D>R(evp(t) − np(x(t), t)) − ρ̇e(t)ξe(t)‖,∀t ∈
[0, tmax). Note that, in view of the aforementioned discussion, B̄e is finite.
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Hence, we conclude that V̇e < 0⇔ ‖Σeεe‖ > B̄e
λ
D̃

. By noting that

rek(x) =
∂Tek(x)

∂x
=

1
Ck,col

+ 1
Ck,con(

1 + x
Ck,col

)(
1− x

Ck,con

) > 1

Ck,col
+

1

Ck,con
,

∀x ∈ (−Ck,col, Ck,con), as well as ρek(t) ≤ 1,∀t ∈ R≥0, k ∈ K, we conclude

that ‖Σe(ξe(t), t)εe(ξe(t))‖ =

√∑
k∈K

rek (ξek (t))2

ρek (t)2 εek(ξe(t))2 ≥ C̄e‖εe(ξe(t))‖,

∀t ∈ [0, tmax), where C̄e := maxk∈K

{
1

Ck,col
+ 1

Ck,con

}
. Hence, we conclude

that V̇e < 0, ∀‖εe‖ ≥ B̄e
λ
D̃
C̄e

, ∀t ∈ [0, tmax) and therefore

‖εe(ξe(t))‖ ≤ ε̄e := max
{
εe(ξe(0)), B̄e

λ
D̃
C̄e

}
, (3.24)

t ∈ [0, tmax), and by taking the inverse logarithm function:

− Ck,col < −ξe ≤ ξek(t) ≤ ξ̄e < Ck,con, (3.25)

∀t ∈ [0, tmax), where ξ̄e := exp(ε̄e)−1
exp(ε̄e)+1Ck,con, and ξ

e
:= exp(−ε̄e)−1

exp(−ε̄e)+1Ck,col.

Hence, (3.24) and (3.25) imply the boundedness of εek(ξek(t)), rek(ξek(t)),
p̃(t), and p(t) in compact sets, ∀k ∈ K, and therefore, through (3.14), the
boundedness of vi,Ldes(t), ∀i ∈ N , t ∈ [0, tmax).

Similarly, consider the positive definite Lyapunov candidate Vψ :=
Vψ(ξψ) : [0, 1)K → R≥0, with Vψ = 2

∑
k∈K εψk . By differentiating Vψ

and taking into account the dynamics ξ̇ψk = ρ−1
ψk

[
ψ̇k − ρ̇ψkξψk

]
, we obtain

V̇ψ :=

[
∂Vψ
∂εe

]
ε̇ψ = 2

∑
k∈K

rψ(ξψk)

ρψk
(ψ̇k − ρ̇ψkξψk),

which, after substituting (3.6b), (3.18), becomes

V̇ψ = e>R (Σψ ⊗ I3)D>Rω − 2
∑
k∈K

rψ(ξψk)

ρψk
ρ̇ψkξψk

= e>R (Σψ ⊗ I3)D>R (ωdes + evR − nR)− 2
∑
k∈K

rψ(ξψk)

ρψk
ρ̇ψkξψk ,

where evR and nR are the angular parts of ēv and n (i.e., the stack vector
of the last three components of every evi , ni), respectively. By substituting
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(3.20b) and defining Σ̃ψ := Σψ ⊗ I3 ∈ R3K×3K , D̃R := D>R∆DR ∈ R3K×3K ,
we obtain:

V̇ψ = − e>RΣ̃ψD̃RΣ̃ψeR + e>RΣ̃ψD
>
R (evR − nR)− 2

∑
k∈K

rψ(ξψk)

ρψk
ρ̇ψkξψk .

(3.26)

According to (3.19), DR = R̄> (D ⊗ I3) R̂. Since R̄ and R̂ are rotation
(and thus unitary) matrices, the singular values ofDR are identical to the ones

of D, and hence λmin(D̃R) = λmin(D̃) > 0. Indeed, let D⊗ I3 = UΣDV
> be

a singular value decomposition of D ⊗ I3, where U , V are unitary matrices,
and ΣD is a diagonal matrix containing the singular values of D ⊗ I3. Then
DR = R̄>UΣDV

>R̂ = ŨΣDṼ
> where Ũ := R̄>U , and Ṽ = R̂>V are

unitary matrices (being products of unitary matrices). Thus, ŨΣDṼ
>

is the singular value decomposition of DR, and hence its singular values
are the diagonal values of ΣD. By further defining β := [β>1 , . . . , β

>
K ]> :=

D>R(evR − nR) ∈ R3M , with βk ∈ R3, ∀k ∈ K, (3.26) becomes

V̇ψ ≤− λmin(D̃)‖Σ̃ψeR‖2 +
∑
k∈K

rψ(ξψk)

ρψk
e>Rkβk − 2

∑
k∈K

rψ(ξψk)

ρψk
ρ̇ψkξψk .

Note that, by construction, ξψk ≥ 0, ∀k ∈ K, and rψ(x) =
∂Tψ(x)
∂x = 1

1−x >
1,∀x < 1. Hence, in view of (3.22b), we conclude that rψ(ξψk(t)) > 1,

∀t ∈ [0, tmax). By noting also that ρ̇ψk(t) < 0,∀t ∈ R≥0, V̇ψ becomes

V̇ψ ≤− λmin(D̃)
∑
k∈K

[
rψ(ξψk)

ρψk

]2

‖eRk‖2 + B̄ψ1

∑
k∈K

rψ(ξψk)

ρψk
‖eRk‖

+ 2 max
k∈K
{lψk(ρψk,0 − ρψk,∞)}

∑
k∈K

rψ(ξψk)

ρψk
ξψk ,

where B̄ψ1 is a positive constant, independent of tmax, satisfying B̄ψ1 ≥
maxk∈K{‖βk(t)‖}, ∀t ∈ [0, tmax). Note that B̄ψ1

is finite, ∀t ∈ [0, tmax), due
to (3.22b) and the boundedness of the noise signals. After substituting (3.7),
we obtain

V̇ψ ≤ −2λmin(D̃)
∑
k∈K

[
rψ(ξψk )

ρψk

]2

ψk(2− ψk)

+ B̄ψ1

∑
k∈K

rψ(ξψk )

ρψk

√
2ψk(2− ψk) + 2 max

k∈K
{lψk (ρψk,0 − ρψk,∞)}

∑
k∈K

rψ(ξψk )

ρψk
ξψk .

(3.27)
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From (3.22b) we conclude that 0 ≤ ψk(t) < ρψk(t) ≤ ρψk,0 < 2, and hence
2− ψk(t) ≥ 2− ρψk,0 =: ρ

k
> 0 ∀t ∈ [0, tmax), k ∈ K. Moreover, by noticing

that 2−ψk ≤ 2, ρψk(t) ≤ ρψk,0, and ψk = ξψkρψk(t), ∀k ∈ K, (3.27) becomes

V̇ψ ≤ −µ̃
∑
k∈K

rψ(ξψk)2ξψk +
2B̄ψ1

max
k∈K
{√ρψk,0}

∑
k∈K

rψ(ξψk)
√
ξψk

+ 2 max
k∈K

{
lψk(ρψk,0 − ρψk,∞)

ρψk,0

}∑
k∈K

rψ(ξψk)ξψk ,

where

µ̃ :=
2λmin(D̃) mink∈K{ρk}

maxk∈K{ρψk,0}
.

From (3.22b), (3.12), and the fact that ψk ∈ [0, 2], it holds that ξψk(t) <√
ξψk(t),∀k ∈ K. By also employing the property∑

k∈K

rψk(ξψk)
√
ξψk ≤

√
K

√∑
k∈K

rψk(ξψk)2ξψk ,

we obtain

V̇ψ ≤ −
√∑
k∈K

rψ(ξψk)2ξψk

µ̃√∑
k∈K

rψk(ξψk)2ξψk − B̄ψ

 ,

where:

B̄ψ := 2
√
K

(
B̄ψ1

max
k∈K
{√ρψk,0}

+ max
k∈K

{
lψk(ρψk,0 − ρψk,∞)

ρψk,0

})
.

We conclude therefore that V̇ψ < 0 ⇔
√∑

k∈K rψ(ξψk)2ξψk >
B̄ψ
µ̃ . From

(3.13b), given y = Tψ(x), we obtain:

rψ(x)2x =

[
∂Tψ(x)

∂x

]2

T−1
ψ (y) =

1

(1− x)2
T−1
ψ (y)

=
1[

1− T−1
ψ (y)

]2T−1
ψ (y) = exp(y) (exp(y)− 1) ,

∀x ∈ [0, 1). Therefore, rψ(ξψk)2ξψk = exp(εψk) (exp(εψk)− 1), and accord-
ing to Proposition G.1 of Appendix G,√∑

k∈K

[rψ(ξψk)]
2
ξψk =

√∑
k∈K

exp(εψk) (exp(εψk)− 1) ≥
√∑
k∈K

ε2
ψk

= ‖εψ‖.
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Hence, we conclude that V̇ψ < 0,∀‖εψ‖ > B̄ψ
µ̃ . Therefore,

‖εψ(ξψ(t))‖ ≤ ε̄ψ := max
{
εψ(ξψ(0)),

B̄ψ
µ̃

}
, (3.28)

and, by taking the inverse logarithm:

0 ≤ −ξ
ψ
≤ ξψk(t) ≤ ξ̄ψ < 1, (3.29)

where ξ̄ψ :=
exp(ε̄ψ)−1

exp(ε̄ψ) and ξ
ψ

:=
exp(−ε̄ψ)−1

exp(−ε̄ψ) , ∀k ∈ K. Therefore, we conclude

the boundedness of εψk(ψk(t)), rψk(ξψk(t)), ēv(t) in compact sets, ∀k ∈ K,
and therefore, through (3.14), the boundedness of ωi,des(t), ∀i ∈ N , t ∈
[0, tmax). From the proven boundedness of p(t) and pi,des(t), we also conclude
the boundedness of n(x(t), t) and invoking ṽ = v + n(x, t) = ēv(t)− vdes(t)
and (3.22c), the boundedness of v(t) and ẋ(t), ∀t ∈ [0, tmax). Moreover, in
view of (3.24), (3.25), (3.21), (3.14), we also conclude the boundedness of
v̇des(t).

Proceeding along similar lines, we consider the positive definite Lya-
punov candidate Vv := Vv(εv) : (−1, 1)6N → R≥0 with Vv = 1

2ε
>
v Γεv. By

computing V̇v =
[
∂Vv
∂εv

]
ε̇v and using the dynamics ξ̇v = ρ−1

v (ėv −ρ̇vξv), we

obtain

V̇v =ε>v ΓΣv [v̇ + ṅ]− ε>v ΓΣv v̇des − ε>v ΓΣvρ̇vξv = −ε>v ΣvΓM
−1ΓΣvεv

− ε>v Σv

{
ΓM−1

[
Cv + g + w

]
− ṅ + v̇des + ρ̇vξv

}
. (3.30)

Since we have proved the boundedness of v(t) and ẋ(t), ∀t ∈ [0, tmax) the
terms Cv, ṅ, and w are also bounded, t ∈ [0, tmax), due to the continuities
of C, w, and ṅ in v, ẋ and the boundedness of w and ṅ in x, t. Moreover,
g, ξv, and ρ̇v are also bounded due to (3.2b), (3.22c), and by construction,
respectively. By also using (3.2a), we obtain from (3.30):

V̇v ≤ −λK‖Σvεv‖2 + ‖Σvεv‖B̄v,

where B̄v is a positive finite term, independent of tmax, satisfying B̄v ≥∥∥∥maxi∈N {γi}
mini∈N {mi}

[
C(v(t))v + g(x(t)) + w(x(t), v(t), t)

]
− ṅ(x(t), t) + v̇des(t) +

ρ̇v(t)ξv(t)
∥∥∥, and λK := mini∈N {γi}2

maxi∈N {m̄} > 0. Hence, V̇v < 0 ⇔ ‖Σvεv‖ > B̄v
λK

.

By noting that

rv(x) =
∂Tv(x)

∂x
=

2

(1 + x)(1− x)
> 2 > 1,

∀x ∈ (−1, 1), as well as ρvi,`(t) ≤ ρv0
i ,`

, ∀` ∈ {1, . . . , 6}, t ∈ R≥0, we

conclude that ‖Σvεv(ξv(t))‖ =

√∑
i∈N

∑
`∈{1,...,6}

rv(ξvi,`(t))
2

ρvi,` (t)
2 εvi,`(ξvi,`(t))

2
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≥ 1
ρ̃‖εv(ξv(t))‖, ∀t ∈ [0, tmax), where ρ̃ := max

i∈N
m∈{1,...,6}

{ρv0
i,m
}. Hence, we

conclude that V̇v < 0,∀‖εv‖ ≥ ρ̃B̄v
λK

,∀t ∈ [0, tmax), and consequently that

‖εv(ξv(t))‖ ≤ ε̄v := max

εv(ξv(0)),
ρ̃B̄v
λK

max
i∈N
{γi}

min
i∈N
{γi}

 ,

∀t ∈ [0, tmax) and by taking the inverse logarithm function:

− 1 < −ξ̄v ≤ ξvi,`(t) ≤ ξ̄v < 1, (3.31)

∀` ∈ {1, . . . , 6}, t ∈ [0, tmax) where ξ̄v := exp(εv)−1
exp(εv)+1 = − exp(−εv)−1

exp(−εv)+1 . Note

that the term B̄v is finite, ∀t ∈ [0, tmax). Moreover, the term εv(ξv(0)) is
finite due to the choice ρv0

i,`
> |evi,`(0)|,∀` ∈ {1, . . . , 6}, i ∈ N . Hence, since

λK is strictly positive, the term ε̄v is also finite. Thus, the term r̃v(ξv(t))
and hence the control laws (3.17) are also bounded in compact sets for all
t ∈ [0, tmax).

What remains to be shown is that tmax =∞. Towards that end, suppose
that tmax is finite, i.e., tmax < ∞. Then, according to Theorem A.2 of

Appendix A, it holds that lim
t→t−max

(
‖z(t)‖+ 1

dS((z(t),t),∂Ω)

)
=∞, where dS(·) is

the distance of (z(t), t) to ∂Ω. We first rewrite the condition in a more explicit
form, in order to account for the matrix tuple R ∈ SO(3)N . We define zp,v :=
[p>, v>]> ∈ R3N ×R6N , the projection sets ΩR := {(R, t) ∈ SO(3)N ×R≥0 :
(x, v, t) ∈ Ω} and Ωp,v := {(p, v, t) ∈ R3N ×R6N ×R≥0 : (x, v, t) ∈ Ω} as well
as the distance from a set A ⊂ SO(3)N ×R≥0 as dS,SO(3) : SO(3)N ×R≥0 ×
2SO(3)N×R≥0 → R≥0 with dS,SO(3)((R, t), A) := inf

(RA,tA)∈A
{‖R−RA‖T+t−tA},

where ‖·‖T is the induced norm in SO(3)N defined as ‖R‖T :=
∑
i∈N ‖Ri‖F ,

for R = (R1, . . . , RN ) ∈ SO(3)N . Therefore, the condition of Theorem A.2
of Appendix A can now be stated as follows: Since tmax <∞, it holds that

L := lim
t→t−max

(
‖p(t)‖+ ‖v(t)‖+ ‖R(t)‖T+

1

dS((zp,v(t), t), ∂Ωp,v) + dS,SO(3)((R(t), t), ∂ΩR)

)
=∞ (3.32)

which we aim to prove that is a contradiction. Firstly, it holds that

‖R(t)‖T =
∑
i∈N
‖Ri(t)‖F ≤ N sup

t∈[0,tmax)

{
max
i∈N
{Ri(t)}

}
.

However, according to Proposition G.3, it holds that −1 ≤ tr(R) ≤ 3 for any
R ∈ SO(3). Hence, ‖R(t)‖T ≤ 3N, ∀t ∈ [0, tmax]. Moreover, from (3.31) and
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(3.15) we obtain ‖ēv(t)‖ ≤
√

6ξ̄vρ̃, ∀t ∈ [0, tmax). By invoking (3.24), (3.28),
we can also conclude that there exists a finite v̄des such that ‖vdes(t)‖ ≤ v̄des,
∀t ∈ [0, tmax). Hence, since ‖ni(xi(t), t)‖ ≤ n̄i, ∀t ∈ R≥0, i ∈ N , v =
ṽ− n = ēv + vdes− n implies that there exists a finite v̄ such that ‖v(t)‖ ≤ v̄,

∀t ∈ [0, tmax). Hence, ‖p(t)‖ = ‖
∫ tmax

0
R̄(s)v(s)ds‖ ≤

∫ tmax

0
‖R̄(s)v(s)‖ds =∫ tmax

0
‖v(s)‖ds ≤

∫ tmax

0
v̄ds ⇒ ‖p(t)‖ ≤ tmaxv̄, ∀t ∈ [0, tmax), which proves

the boundedness of ‖p(t)‖, since tmax <∞.

Next, note that ∂Ωp,v = {(p, v, t) ∈ R3N × R6N × R≥0 : (∃k ∈ K :
ξek(pk1

, pk2
, t) = −Ck,col or ξek(pk1

, pk2
, t) = Ck,con) or (∃i ∈ N , ` ∈ {1,

. . . , 6} : ξvi,`(x, vi, t) = −1 or ξvi,`(x, vi, t) = 1)} and ∂ΩR = {(R, t) ∈
SO(3)N × R≥0 : ∃k ∈ K : ξψk(Rk1 ,Rk2 ,t) = 1}. We have proved, how-
ever, from (3.25), (3.29), and (3.31) that the maximal solution satisfies
the strict inequalities −Ck,col < −ξe ≤ ξek(pk1

(t), pk2
(t), t) ≤ ξ̄e < Ck,con,

ξψk(Rk1(t), Rk2(t), t) ≤ ξ̄ψ < 1, and |ξvi,`(x(t), vi(t), t)| ≤ ξ̄v < 1, ∀k ∈ K,
` ∈ {1, . . . , 6}, i ∈ N , t ∈ [0, tmax). Therefore, we conclude that there exist
strictly positive constants εp,v, εR ∈ R>0 such that dS((zp,v(t), t), ∂Ωp,v) ≥
εp,v and dS,SO(3)((R(t), t), ∂ΩR) ≥ εR, ∀t ∈ [0, tmax). Therefore, we have
proved that

L ≤ (tmax + 1)v̄ + 3N +
1

εp,v + εR
<∞,

since tmax is finite. This contradicts (3.32) and hence, we conclude that
tmax =∞.

We have proved the containment of the errors ek(t), ψk(t) in the domain
defined by the prescribed performance funnels:

−Ck,colρek(t) < ek(t) < Ck,conρek(t),

0≤ ψk(t) < ρψk(t),

∀k ∈ K, t ∈ R≥0, which also implies that

dk,col <‖pk1
(t)− pk2

(t)‖ < dk,con,

0 ≤ψk(t) < 2,

∀k ∈ K, t ∈ R≥0, i.e., avoidance of the singularity ψk = 2 and satisfaction of
the collision and connectivity constraints for the initially connected edge set
E .

Remark 3.5. It is worth noting that the control scheme applies also to
the case that the graph is minimally rigid, which implies similar properties
regarding D̃ [? ].
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3.2.3 Simulation Results

We considered N = 4 spherical agents with N = {1, 2, 3, 4} and dynamics of
the form (3.1), with ri = 1m and ςi = 4m, i ∈ {1, . . . , 4}. We selected the
exogenous disturbances and measurement noise as wi = Awi sin(ωw,it)ẋi,
and ni = Ani sin(ωn,it)ẋi, where the parameters Awi , Ani , ωw,i, ωn,i as well
as the dynamic parameters (mass and moment of inertia) of the agents
were randomly chosen in [0, 1], ∀i ∈ N . The initial conditions were taken
as: p1(0) = [0, 0, 0]> m, p2(0) = [2, 2, 2]> m, p3(0) = [2, 4, 4]> m, p4(0) =
[2, 3, 3]> m, R1(0) = R3(0) = R4(0) = I3 and

R2(0) =

−0.3624 0.0000 0.9320
0.6591 0.7071 0.2562
−0.6591 0.7071 −0.2562

 ,
v1(0) = v2(0 = v3(0) = v(4) = 0, which give the edge set E = {{1, 2}, {2, 3}, {2, 4}}
and the incidence matrix:

D(G) =


−1 0 0
1 −1 −1
0 1 0
0 0 1

 .
The desired graph formation was defined by the constants dk,des = 2.5m,

Rk,des =

0.5000 −0.8660 0.0000
0.6124 0.3536 −0.7071
0.6124 0.3536 0.7071

 ,∀k ∈ {1, 2, 3}.
The definitions of dk,col, dk,con yield: dk,col = 2 and dk,con = 4. Invoking
(3.9), we have Ck,col = 2.25 and Ck,con = 9.75. Moreover, the parameters
of the performance functions were chosen as ρek,∞ = ρψk,∞ = 0.1, ρψk,0 =
1.99 > max{ρψ1

(0), ρψ2
(0), ρψ3

(0)} and lek = lψk = 0.7. In addition, we chose
ρv0
i,`

= 2|evi,`(0)|+ 0.5, lvi` = 1.55 and ρv∞i,` = 0.15, for every i ∈ {1, . . . , 4},
` ∈ {1, . . . , 6}. Finally, the control gains were set to Γ = 10I24 and ∆ = I24.

The simulation results are shown in Fig.3.2-3.12. In particular, Fig. 3.2-
3.4 and Fig. 3.5-3.7 show the distance error signals and the orientation error
signals, respectively. All the errors remain within the predefined bounds and
converge to 0. Fig. 3.8 shows the distance between the agents. The connec-
tivity is maintained for all times as well as the agents do not collide with each
other. Finally, Fig. 3.9-Fig. 3.12 depict the control input signals of the agents
which remain bounded for all times. A video illustrating the simulation
results can be found on https://www.youtube.com/watch?v=Z4xLyO1twvk.

https://www.youtube.com/watch?v=Z4xLyO1twvk
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Figure 3.2: The distance error signal of the edge (1, 2).
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Figure 3.3: The distance error signal of the edge (2, 3).

3.3 Cooperative Manipulation via Internal Force
Regulation: A Rigidity Theory Approach

Except from the more classical formation control framework, connected to
the previous section, formation control can be connected to cooperative
manipulation, where the nodes of the formation graph are the robotic agents
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Figure 3.4: The distance error signal of the edge (2, 4).
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Figure 3.5: The orientation error signal of the edge (1, 2).

grasping the object. In this section we associate classical rigidity theory
with rigid cooperative manipulation. In particular, motivated by the rigid
grasps in a cooperative manipulation scheme, we first introduce the notion
of distance and bearing rigidity of a graph in SE(3). Next, we associate
the nodes of the graph to the robotic agents in a cooperative manipulation
scheme, and we provide new results on the interaction and internal forces as
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Figure 3.6: The orientation error signal of the edge (2, 3).
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Figure 3.7: The orientation error signal of the edge (2, 4).

well as optimal cooperative manipulation.

3.3.1 Cooperative Manipulation Modeling

Regarding rigid cooperative manipulation, we follow the notation and dy-
namics of the previous chapter. We provide here a brief recap.
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Figure 3.9: The control input signals of agent 1.

Let N robotic agents, with N := {1, . . . , N}, rigidly grasping an object,
with qi ∈ Rni their joint configurations, q := [q>1 , . . . , q

>
N ]> ∈ Rn, n :=∑

i∈N ni, pEi ∈ R3, ηEi ∈ T, Ri(ηi) ∈ SO(3) and vi := [ṗ>Ei , ω
>
Ei

]> ∈ R6

the end-effector poses and velocities, and xi := (pEi , Ri) ∈ SE(3), x :=
(x1, . . . , xN ) ∈ SE(3)N , v := [v>1 , . . . , v

>
N ]> ∈ R6N . The stacked agent
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Figure 3.10: The control input signals of agent 2.
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Figure 3.11: The control input signals of agent 3.

dynamics in joint- and task-space are (see (2.1) and (2.4)

B(q)q̈ + Cq(q, q̇)q̇ + gq(q) = τ − J(q)>h, (3.33a)

M(q)v̇ + C(q, q̇)v + g(q) = u− h, (3.33b)

where J := diag{[Ji]i∈N }, and we have removed the disturbance vector for
simplicity. We remind the reader that the task-space terms are defined in
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Figure 3.12: The control input signals of agent 4.

Si = {qi ∈ Rn : det(Ji(qi)Ji(qi)
>) > 0}. The object pose and velocity are

denoted by xO := [p>O , η
>
O ]> ∈ M, RO(ηO) ∈ SO(3), vO := [ṗ>O , ω

>
O ]> ∈ R6,

and dynamics

ṘO = S(ωO)RO, (3.34a)

MO(ηO)v̇O + CO(ηO, ωO)vO + gO = hO. (3.34b)

In view of Fig. 2.1, one obtains the coupled kinematics

vi = JOivO, (3.35)

where JOi := JOi(xi) : SE(3) → R6×6 is the object-to-agent Jacobian
introduced in (2.9), redefined here as a function of xi instead of qi, i.e.,

JOi(xi) :=

[
I3 −S

(
R>i p

Ei
Ei/O

)
0 I3

]
,

which forms the respective grasp matrix

G := G(x) := [JO1
(x1)>, . . . , JON (xN )>] ∈ R6×6N , (3.36)

and has full column-rank due to the rigidity of the grasping contacts; Note
that (3.35) can now be written in stack vector form as

v = G>vO. (3.37)
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(a) (b)

Figure 3.13: Illustration of bearing rigidity. The networks in (a) are not
bearing rigid because the same inter-neighbor bearings may lead to different
geometric patterns of the networks, for example, a square on the left and a
rectangle on the right. The networks in (b) are bearing rigid because the
same inter-neighbor bearings imply the same geometric pattern though the
networks may differ in terms of translation and scale.

Next, we associate h and hO via G (as in (2.13)) to obtain

hO = Gh, (3.38)

which leads to the coupled dynamics (see (2.14))

M̃(x̄)v̇O + C̃(x̄)vO + g̃(x̄) = Gu, (3.39)

where we slightly change the notation with respect to the previous chapter
as x̄ := [q>, q̇>, η>O , ω

>
O ]> ∈ X = S× Rn+6 × T (instead of x).

The vector of interaction forces h among the agents and the object can
be decoupled into motion-induced and internal forces

h = hm + hint. (3.40)

The internal forces hint are squeezing forces that the agents exert to the
object and belong to the nullspace of G(x) (i.e., Ghint = 0). Hence, they
do not contribute to the acceleration of the coupled system and result in
internal stresses that might damage the object. A closed form analytic
expression for hm and hint will be given in the next section.

Note from (3.37) that the agent velocities v belong to the range space
of G>. Therefore, since G is a matrix that encodes rigidity constraints,
this motivates the association of G to the rigidity matrix used in formation
rigidity theory, and of the rigid cooperative manipulation scheme to a multi-
agent rigid formation scheme. To this end, we introduce now the notion of
Distance and Bearing Rigidity in SE(3).

3.3.2 Distance and Bearing Rigidity in SE(3)

We begin be recalling that the range space of the grasp matrixGT corresponds
to the rigid body translations and rotations of the system. While this matrix
appears naturally in the context of dynamic modeling of rigid bodies, it is
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also indirectly related to the notion of structural rigidity in discrete geometry,
which is a combinatorial theory for determining the flexibility of ensembles
formed by rigid bodies connected by flexible linkages or hinges.

In the classical structural rigidity theory, one considers a collection of
rigid bars connected by joints allowing free rotations around the joint axis
- this is known as a bar-and-joint framework. One is then interested in
understanding what are the allowable motions of the framework, i.e., those
motions that preserve the lengths of the bars and their connections to the
joints. The so-called trivial motions for these frameworks are precisely the
rigid body translations and rotations of the system. For some frameworks,
there may be additional motions, known as flexes, that also preserve the
constraints. This is captured by the notion of infinitesimal motions of the
framework and is characterized by the rigidity matrix of the framework [? ].

Here we can consider frameworks that also encode the pose of the joints
in addition to the lengths of the rigid bars connecting them, leading to a
distance and bearing-type framework. Bearing rigidity has been recently
explored in the context of formation control and studies the problem of
under what conditions the geometric pattern of a network can be uniquely
determined if the bearing of each edge in the network is fixed [? ] (see Fig.
3.13). The bearing rigidity has also been extended to frameworks embedded
in SE(2) and SE(3)[? ? ]. Both the bearing and distance rigidity theories
have found many applications for multi-agent systems, in particular for
formation control and localization [? ? ? ? ].

In this chapter we introduce and formalize the concept of distance and
bearing rigidity (abbreviated as D&B Rigidity in the following). This
is motivated by the fusion of both distance and pose constraints in the
cooperative grasping problem. D&B Rigidity in SE(3) aims at studying the
problem of under what conditions the geometric pattern of a network can be
uniquely determined if both the bearing and the distance of each edge in the
network is fixed. In this direction, we focus on the notion of infinitesimal
rigidity for D&B frameworks. We first formally define a D&B framework in
SE(3), similarly to Section E.2 of Appendix E:

Definition 3.1. A framework in SE(3) is a triple (G, pG , RG), where G :=
(N , E) is a graph, pG : N → R3 is a function mapping each node to a position
in R3, and RG : N → SO(3) is a function associating each node with an
orientation element of SO(3) (both with respect to an inertial frame).

As in the previous section concerning formation control, we employ
the Special Orthogonal Group (rotation matrices) SO(3) to express the
orientation of the agents. Moreover, we use the shorthand notation pi :=
pG(i), Ri := RG(i), p := [p>1 , . . . , p

>
N ]> ∈ R3N , R := (R1, . . . , RN ) ∈ SO(3)N ,
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xi := (pi, Ri) ∈ SE(3), and x := (x1, . . . , xN ) ∈ SE(3)N . The distances
and bearings in a framework can be summarized through the following
SE(3) D&B rigidity function, γG , that encodes the rigidity constraints in the
framework. Consider a directed graph G, where E ⊆ {(i, j) ∈ N 2 : i 6= j},
as well as its undirected part E ⊇ Eu := {(i, j) ∈ E : i < j}. Then γG can be
formed by considering the distance and bearing functions γe,d : R3 × R3 →
R≥0, γe,b : SE(3)2 → S2, with

γe,d(pi, pj) :=
1

2
‖pi − pj‖2,∀e = (i, j) ∈ Eu, (3.41a)

γe,b(xi, xj) := R>i
pj − pi
‖pi − pj‖

,∀e = (i, j) ∈ E , (3.41b)

which encodes the distance ‖pi− pj‖ between two agents as well as the local

bearing vector R>i
pj−pi
‖pi−pj‖ , expressed in the frame of agent i. Note that the

distance functions are considered only for the undirected part of G, since
γ(i,j),d = γ(j,i),d. Now γG is formed by stacking the aforementioned distance

and bearing functions, i.e., γG := γG(x) : SE(3)N → R|Eu| × S2|E|, with

γG :=

[
γd(p)
γb(x)

]
:=



γ1,d

...
γ|Eu|,d
γ1,b

...
γ|E|,b


. (3.42)

Note that the aforementioned expressions for γe,d, γe,b are not unique and
other choices that capture the rigidity constraints can also be made. We
also mention our slight abuse of notation, where the index k in γk,d and γk,b
refers to a labeled edge in Eu and Eb.

In this section, we are interested in the set of D&B infinitesimal motions
of a framework in SE(3). These can be thought as perturbations to a
framework in SE(3) that leave γG unchanged. More information about the
separate distance and bearing infinitesimal motions can be found in Section
E.2 of Appendix E. The set of D&B infinitesimal motions is characterized
by the nullspace of the Jacobian of the SE(3)-D&B rigidity function arising
from the Taylor series expansion of γG . That is, the nullspace of the matrix
∇(p,R)γG , that we term the SE(3)-D&B rigidity matrix. This matrix is
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denoted as RG : SE(3)N → R(|Eu|+3|E|)×6N := ∇(p,R)γG , i.e.,

RG(x) =



∂γ1,d

∂p1

∂γ1,d

∂R1
. . .

∂γ1,d

∂pN

∂γ1,d

∂RN
...

. . .
...

∂γ|Eu|,d
∂p1

∂γ|Eu|,d
∂R1

. . .
∂γ|Eu|,d
∂pN

∂γ|Eu|,d
∂RN

∂γ1,b

∂p1

∂γ1,b

∂R1
. . .

∂γ1,b

∂pN

∂γ1,b

∂RN
...

. . .
...

∂γ|E|,b
∂p1

∂γ|E|,b
∂R1

. . .
∂γ|E|,b
∂pN

∂γ|E|,b
∂RN


, (3.43)

with

∂γe,d
∂xi

=
[
∂γe,d
∂pi

∂γe,d
∂Ri

]
=
[
(pi − pj)> 01×3

]
,

∂γe,d
∂xj

=
[
∂γe,d
∂pj

∂γe,d
∂Rj

]
=
[
(pj − pi)> 01×3

]
,

∂γe,b
∂xi

=
[
∂γe,b
∂pi

∂γe,b
∂Ri

]
=
[
− Pr(γe,b)
‖pj−pi‖R

>
i S(γe,b)R

>
i

]
,

∂γe,b
∂xj

=
[
∂γe,b
∂pj

∂γe,b
∂Rj

]
=
[
Pr(γe,b)
‖pj−pi‖R

>
i 03×3

]
.

Here, Pr(γe,b) is defined as

Pr(γe,b) := I3 −
(pj − pi)(pj − pi)T
‖pj − pi‖2

,

and projects vectors onto the orthogonal complement of (pj − pi). See [?
] for more discussion on this projection matrix and its use in the bearing
rigidity theory. Infinitesimal motions, therefore, are motions x(t) produced
by velocities v(t) that lie in the nullspace of RG , for which it holds that
γ̇G = RG(x(t))v(t) = 0, where v := [ṗ>1 , ω

>
1 , . . . , ṗ

>
N , ω

>
N ]>, as defined before.

The infinitesimal motions therefore depend on the number of motion degrees
of freedom the entire framework possesses. This directly relates to the
structure of the underlying graph. Motions that preserve the distances and
bearings of the framework for any underlying graph are called D&B trivial
motions. This leads to the definition of infinitesimal rigidity, stated below.

Definition 3.2. A framework (G, pG , RG) is D&B infinitesimally rigid in
SE(3) if every D&B infinitesimal motion is a D&B trivial motion.

We now aim to identify precisely what the trivial motions of a D&B
framework are, and to determine conditions for a framework to be infinites-
imally rigid based on properties of the D&B rigidity matrix. Before we
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proceed, we first note that the D&B rigidity function in SE(3) can be seen as
a superposition of the rigidity functions associated with the classic distance
rigidity theory [? ] and the SE(3) bearing rigidity theory [? ]. In particular,
we note that RG,d : R3N → R|Eu|×3N := ∇pγd is the well-studied (distance)

rigidity matrix, while RG,b : SE3N → R3E×6N := ∇(p,R)γG,b is the SE(3)
bearing rigidity matrix. Note that the distance rigidity matrix is associated
with the framework (G, pG), which is the projection of (G, pG , RG) to R3.
With an appropriate permutation, PR, of the columns of RG , we have that

R̃G :=RGPR

=



∂γ1,d

∂p1
. . .

∂γ1,d

∂pN

∂γ1,d

∂R1
. . .

∂γ1,d

∂RN
...

. . .
...

∂γMG ,d
∂p1

. . .
∂γMG ,d
∂pN

∂γMG ,d
∂R1

. . .
∂γMG ,d
∂RN

∂γ1,b

∂p1
. . .

∂γ1,b

∂pN

∂γ1,b

∂R1
. . .

∂γ1,b

∂RN
...

. . .
...

∂γMG ,b
∂p1

. . .
∂γMG ,b
∂pN

∂γMG ,b
∂R1

. . .
∂γMG ,b
∂RN


, (3.44)

which is equal to

R̃G =

[[
RG,d 0|Eu|×3N

]
RG,b

]
=:

[
R̄G,d
RG,b

]
.

The nullspace of R̃G , therefore, is the intersection of the nullspaces of R̄G,d
and RG,b.

With the above interpretation, we can now understand the trivial motions
to be the intersection of trivial motions associated to distance rigidity with
those associated to SE(3) bearing rigidity. In particular, let

Sd := span
{
1N ⊗ I3,L�

R3(G)
}
,

denote the trivial motions associated to a distance framework [? ]. That is,
1N ⊗ I3 represents translations of the entire framework, and L�

R3(G) is the
rotational subspace induced by the graph G in R3, i.e.,

L�
R3(G) = span {(I3 ⊗ S(eh)) pG , h = 1, 2, 3} .

These motions can be produced by the linear velocities of the agents. It is
known that Sd ⊆ null(RG,d) for any underlying graph G [? ]. For the matrix
R̄G,d, we can define the corresponding set

S̄d := span

{[
1N ⊗ I3

?

]
,

[
L�
R3(G)
?

]}
⊆ null(R̄G,d).
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Note that the distance rigidity does not explicitly depend on the orientation
of the nodes when expressed as a point in SE(3). This accounts for the free
? entry in the subspace S̄d corresponding to the rotations. Thus, the set of
trivial motions in R3 can be seen as the projection of S̄d in R3.

Similarly, for an SE(3) bearing framework one can define the subspace [?
]

Sb := span

{[
1N ⊗ I3
03N×3,

]
,

[
pG

03N ,

]
,L�

SE(3)(G)

}
,

where the vector [pTG , 0
T
3N ]T represents a scaling of the framework. The space

L�
SE(3)(G) is the rotational subspace induced by G, in SE(3),

L�
SE(3)(G) = span

{[
(I3 ⊗ S(eh)) pG

1n ⊗ eh

]
, h = 1, 2, 3

}
. (3.45)

It is also known that Sb ⊆ null(RG,b). Thus Sb describes the trivial motions
of an SE(3) bearing framework [? ].

The above discussion immediately leads to the following proposition.

Proposition 3.1. The trivial motions of a D&B framework are characterized
by the set

Sdb := S̄d ∩ Sb = span

{[
1N ⊗ I3
03N×3

]
,L�

SE(3)(G)

}
.

Furthermore, it follows that Sdb ⊆ null(R̃G).

Having characterized the trivial motions, it now follows from Definition
3.2 that for infinitesimal rigidity, we require that null(R̃G) = Sdb. This is
summarized in the following proposition.

Proposition 3.2. The framework (G, pG , RG) is D&B infinitesimally rigid
in SE(3) if and only if

null(R̃G) = null(R̄G,d) ∩ null(RG,b)

= span

{[
1N ⊗ I3
03N×3,

]
,L�

SE(3)(G)

}
= Sdb.

Equivalently, the D&B framework is infinitesimally rigid in SE(3) if and
only if

rank(R̃G) = dim(R̃G)− dim(null(R̃G)) = 6N − 6.

Hence, all the motions produced by the nullspace of R̃G for an infinitesi-
mally rigid framework must correspond to trivial motions, i.e., coordinated
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translations and rotations. Moreover, given (3.44), it follows that (G, pG , RG)
is D&B infinitesimally rigid in SE(3) if and only if

null(RG) = {x = PRy ∈ SE(3)N : y ∈ null(R̃G)}, (3.46)

i.e., the nullspace of RG consists of the vectors of null(R̃G) whose elements
are permutated by PR.

It is worth noting that the aforementioned results are not valid if the
rigidity matrix loses rank, i.e., rank(RG) < max{rank(RG(x)), x ∈ SE(3)}.
These are degenerate cases that correspond, for example, to when all agents
are aligned along a direction v ∈ S2. For more discussion on these degenerate
cases, the reader is referred to [? ].

As a last remark, we observe that frameworks over the complete graph,
(KN , pKN , RKN ), are (except for the degenerate configurations), infinitesi-

mally rigid. That is, rank(R̃KN ) = 6N − 6. This leads to the following
corollary.

Corollary 3.1. Consider the D&B frameworks (G, pG , RG) and (KN , pG , RG)
for nondegenrate configurations (pG , RG). Then (G, pG , RG) is D&B infinites-
imally rigid if and only if

rank(R̃G) = rank(R̃KN ) = 6N − 6.

In the next section, we use the aforementioned results to link the D&B
rigidity matrix of a complete graph to the forces hm and hint of (3.40).

3.3.3 Interaction Forces based on the D&B Rigidity Matrix
and Internal-Force based Optimal Cooperative
Manipulation

We provide here the main results of this section. Firstly, we give a closed
form expression for the interaction and internal forces of the coupled system
object-robots. Next, we connect these forces with the D&B rigidity matrix
introduced before. After that, we use these results to provide a novel relation
between the arising interaction and internal forces and we give conditions on
the agent force distribution for cooperative manipulation free from internal
forces. For the rest of the chapter, we use the following notation for the
cooperative object-manipulation system:

x̃ := [q̇>, v>O ]> B̄ := B̄(x̄) := diag{B(q),MO(ηO)}
τ̄ := [τ>, 01×6]> C̄q := C̄q(x̄) := diag{Cq(q, q̇), CO(ηO, ωO)}
ḡq := ḡq(x̄) := [gq(q)

>, g>O ]> M̄ := M̄(x̄) := diag{M(q),MO(ηO)}
v̄ := [v>, v>O ]> C̄ := C̄(x̄) := diag{C(q, q̇), CO(ηO, ωO)}
ḡ := ḡ(x̄) := [g(q)>, g>O ]> ū := [u>, 01×6]>

J̄ := J̄(q) := diag{J(q), I6}
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Interaction Forces Based on the D&B Rigidity Matrix

We provide here closed form expressions for the interaction forces of the
coupled object-agents system and link them to the D&B rigidity matrix
notion introduced in the previous section. In particular, we consider that the
robotic agents and the object form a graph that will be defined in the sequel.
Note that, due to the rigidity of the grasping points, the forces exerted by an
agent influence, not only the object, but all the other agents as well. Hence,
since there exists interaction among all the pairs of agents as well as the
agents and the object, we model their connection as a complete graph, as
described rigorously below. Moreover, as will be clarified later, the rigidity
matrix of this graph encodes the constraints of the agents-object system,
imposed by the rigidity of the grasping points, and plays an important role
in the expression of the agents-object interaction forces.

Let the robotic agents form a framework (G, pG , RG) in SE(3), where
G := (N , E) is the complete graph, i.e., E = {(i, j) ∈ N 2 : i 6= j}, and
pG := [p>1 , . . . , p

>
N ]>, RG := (R1, . . . , RN ). Consider also the undirected

part Eu = {(i, j) ∈ E : i < j} of E , as also described in the previous
section. Since the graph is complete, we conclude that |E| = N(N − 1) and

|Eu| = N(N−1)
2 . Moreover, consider the extended framework (Ḡ, pḠ , RḠ) of

the robotic agents and the object, i.e., where the object is considered as the
(N+1)th agent; Ḡ is the complete graph Ḡ := (N̄ , Ē), where N̄ := {1, . . . , N̄},
N̄ := N + 1, and Ē := {(i, j) ∈ N̄ 2 : i 6= j}, with |Ē | = N̄(N̄ − 1). Let also

Ēu := {(i, j) ∈ N̄ : i < j} be the undirected edge part, with |Ēu| = N̄(N̄−1)
2 .

Consider now the rigidity functions γe,d : R3 × R3 → R≥0, ∀e ∈ Ēu
and γe,b : SE(3)2 → S2, ∀e ∈ Ē , as given in (3.41), as well as the stack

vector γḠ : SE(3)N̄ → R
N̄(N̄−1)

2 × S2N̄(N̄−1) as given in (3.42). The rigidity
constraints of the framework are encoded in the constraint γḠ = const.. Since
the rigidity of the framework stems from the rigidity of the grasping points,
these constraints encode also the rigidity constraints of the object-agent
cooperative manipulation. By differentiating γḠ = const., one obtains

RḠ v̄ = 0⇔ RḠ J̄ x̃ = 0⇒ RḠ J̄ ˙̃x = −
(
ṘḠ J̄ +RḠ ˙̄J

)
x̃,

where RḠ := RḠ(x, xO) : SE(3)N̄ → R
7N̄(N̄−1)

2 ×(6N̄) is the rigidity matrix
associated to Ḡ and has the form (3.43). We now write the aforementioned
equations as

A ˙̃x = b,

where

A := A(x̄, t) := RḠ(x, xO)J̄(q) (3.47a)

b := b(x̄, t) := −
(
ṘḠ(x, xO)J̄(q) +RḠ(x, xO) ˙̄J(q)

)
x̃. (3.47b)
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One can verify that the motion of the cooperative object-agents manipulation
system that is enforced by the aforementioned constraints corresponds to
rigid body motions (coordinated translations and rotations of the system).
Hence, since Ḡ is complete, the analysis of the previous section dictates that
these motions are the infinitesimal motions of the framework and are the
ones produced by the nullspace of RḠ(x, xO).

Next, we turn to the main focus of our results, which is the case of internal
forces and we consider the framework comprising only of the robotic agents
(G, pG , RG). The inter-agent rigidity constraints are expressed by the D&B
rigidity functions γe,d : R3 × R3 → R≥0, ∀e ∈ Eu and γe,b : SE(3)2 → S2,
∀e ∈ E , as given in (3.41), as well as the stack vector γG : SE(3)N →
R
N(N−1)

2 × S2N(N−1) as given in (3.42). Differentiation of γG(x(q)) = const.,
which encodes the rigidity constraints of the system comprised by the robotic
agents, yields

RGv = 0⇔ RGJq̇ = 0⇒ RGJq̈ = −
(
RG J̇ + ṘGJ

)
q̇,

written more compactly as

Aintq̈ = bint,

where

Aint := Aint(q, q̇, t) := RG(x(q))J(q), (3.48a)

bint := bint(q, q̇, t) := −
(
RG(x(q))J̇(q) + ṘG(x(q))J(q)

)
q̇. (3.48b)

Similarly to the case of Ḡ, we conclude that the agent motions produced by
the aforementioned constraints correspond to rigid body motions, which are
the infinitesimal motions produced by the nullspace of RG .

After giving the rigidity constraints in the cooperative manipulation
system, we are now ready to derive the expressions for the interaction forces,
h, in terms of the aforementioned rigidity matrices. We follow the same
methodology as in [? ]. Consider first (3.33a) and (3.34b) written in vector
form as

B̄ ˙̃x+ C̄qx̃+ ḡ = τ̄ +

[
−J>h
hO

]
,

with the barred terms as introduced in the beginning of this section. We
use Gauss’ principle [? ] to derive closed form expressions for J>h and hO.
Let the unconstrained coupled object-robots system be

B̄α := τ̄ − C̄qx̃− ḡ,

where α := α(x̄) : R2n+6 × T→ Rn+6 is the unconstrained acceleration, i.e.,
the acceleration the system would have if the agents did not grasp the object.
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According to Gauss’s principle [? ], the actual accelerations ˙̃x of the system
are the closest ones to α(x̄), while satisfying the rigidity constraints. More

rigorously, ˙̃x is the solution of the constrained minimization problem

min
z

(
z − α(x̄)

)>
B̄(x̄)

(
z − α(x̄)

)
s.t. A(x̄, t)z = b(x̄, t).

The solution to this problem is obtained by using the Karush-Kuhn-Tucker
conditions [? ] and has a closed-form expression. It can be shown that it
satisfies

B̄z = α+A>
(
AB̄−1A>

)†(
b−Aα

)
,

where † denotes the Moore-Penrose inverse. The aforementioned expression
is compliant with the one in [? ],

B̄z = α+ B̄
1
2

(
AB̄−

1
2

)†(
b−Aα

)
,

since it holds that A>(AB̄−1A>)† = B̄
1
2 (AB̄−

1
2 )†. Indeed, according to

Theorem 3.8 of [? ], it holds that H† = H>(HH>)†, for any H ∈ Rx×y.
Then the aforementioned equality is obtained by setting H = AB̄−

1
2 .

Therefore, the forces, projected onto the joint-space of the agents, have
the form [

−J>h
hO

]
= A>(AB̄−1A>)†(b−Aα) (3.49a)

= B̄
1
2

(
AB̄−

1
2

)†(
b−Aα

)
. (3.49b)

Consider now that hO = hm = 06 ⇔ h = hint, i.e., the agents produce
only internal forces, without inducing object acceleration. Then, the agent
dynamics are

Bq̈ + Cq q̇ + gq = τ − J>hint,

and the respective unconstrained acceleration αint := αint(q, q̇) : R2n → Rn
is given by

Bαint := τ − Cq q̇ − gq.
Hence, by proceeding in a similar fashion as for ˙̃x, we derive an expression
for the internal forces as

−J>hint = A>int

(
AintB

−1A>int

)†(
bint −Aintαint

)
(3.50a)

= B
1
2

(
AintB

− 1
2

)†(
bint −Aintαint

)
. (3.50b)
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Figure 3.14: Two agents rigidly grasping an object in a 1D scenario.

with Aint, bint as defined in (3.48).
Therefore, one concludes that when the unconstrained motion of the

system does not satisfy the constraints (i.e., when bint 6= Aintαint), then
the actual accelerations of the system are modified in a manner directly
proportional to the extent to which these constraints are violated. Moreover,
it is evident from the aforementioned expression that the internal forces
depend, not only on the relative distances pi−pj , but also on the closed loop
dynamics and the inertia of the unconstrained system (see the dependence on
αint and B). Therefore, given a desired force hO,d to be applied to the object,
an internal force-free distribution to agent forces hi,d at the grasping points
cannot be independent of the system dynamics. This is clearly illustrated in
the following example.

Example 3.1. Consider a simplified 1D scenario, with two agents rigidly
grasping an object (see Fig. 3.14) subject to the dynamics

mip̈i = ui − hi, i ∈ {1, 2}
mOp̈O = hO = h1 + h2,

with the Jacobian matrices being J1 = J2 = 1. The inter-agent constraints

here are simply ṗ1 = ṗ2 ⇒
[
1 −1

] [
p̈>1 p̈>2

]>
= 0, which gives A =[

1 −1
]
, and b = 0. In view of (3.50), one can conclude that in this

simplified scenario internal forces appear when

u1

m1
6= u2

m2
,

which depends on the masses of the agents.

Note that, as dictated in the previous section, the rigidity matrix RG is
not unique, since different choices of γG that encode the rigidity constraints
can be made. Hence, one might think that different expressions of RG
will result in different rigidity constraints of the form (3.48) and hence
different interaction and internal forces - which is unreasonable. Nevertheless,
note that all different expressions of the rigidity matrix RG have the same
nullspace (the coordinated translations and rotations of the framework), and
that suffices to prove that this is not the case, as illustrated in Corollary 3.2.

Corollary 3.2. Let RG,1 and RG,2 such that null(RG,1) = null(RG,2) and
let

J>hint,i :=B
1
2

(
RG,iJB−

1
2

)†((
RG,iJ̇ + ṘG,iJ

)
q̇ +RG,iJB−1αint

)
,
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∀i ∈ {1, 2}, where we have used (3.50) and (3.48). Then hint,1 = hint,2.

Proof. The poses and velocities in the terms (RG,iJ̇+ṘG,iJ)q̇ are the actual
ones resulting from the coupled system dynamics and hence they respect
the rigidity constraints imposed by RG,iJq̈ = (RG,iJ̇ + ṘG,iJ)q̇, ∀i ∈ {1, 2}.
Therefore, exploiting the positive definiteness of B, we need to prove that
(RG,1JB−

1
2 )†RG,1J = (RG,2JB−

1
2 )†RG,2J . In view of Definition G.1 and

Proposition G.4 in Appendix G, sinceRG,1 andRG,2 have the same nullspace,
they are left equivalent matrices and there exists an invertible matrix P
such that RG,1 = PRG,2. Hence, it holds that(
RG,2JB−

1
2

)†
RG,2J −

(
RG,1JB−

1
2

)†
RG,1J =((

RG,2JB−
1
2

)†
RG,2JB−

1
2 −

(
PRG,2JB−

1
2

)†
PRG,2JB−

1
2

)
B

1
2 ,

which is equal to 0, according to Proposition G.5 of Appendix G and the
positive definiteness of B.

One can verify that a similar argument holds for the interaction forces[
−J>h
hO

]
and RḠ as well.

The aforementioned expressions concern the forces in the joint-space of
the robotic agents. The next Corollary gives the expression of the forces in
task-space:

Corollary 3.3. The internal forces hint are given by

hint = R>G
(
RGM−1R>G

)† (ṘGv +RGαts
int

)
, (3.51)

where αts
int := αts

int(q, q̇) : S × Rn → R6N is the acceleration vector of the
task-space unconstrained system

Mαts
int := u− Cv − g,

and the forces h, hO are given by[
−h
hO

]
= −R>Ḡ

(
RḠM̄−1R>Ḡ

)† (ṘḠ v̄ +RḠαts
)
, (3.52)

where αts := αts(x̄) : X→ R6N+6 is the acceleration vector of the task-space
unconstrained system

M̄αts := ū− C̄v̄ − ḡ.
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Proof. By using the expressions of M(q), C(q, q̇)v, g(q) from (3.33) to expand
(3.51), one can conclude that J>hint, with hint given by (3.51) and in view
of (3.48), is equal to (3.50a). Similarly, by expanding the dynamic terms
of (3.52) and using (3.47), one can verify that the vector [−(J>h)>, h>O ]>,
with [−h>, h>O ]> given by (3.52), is equal to (3.49).

We also show later that the derived forces (3.52) are consistent with the
relation hO = G(x)h (see (3.38)).

We now give a more explicit expression for h. One can verify that, by
appropriately arranging the rows of γG , it holds that

RḠ :=

[RG 0 7N(N−1)
2 ×6

RO1
RO2

]
∈ R

7N̄(N̄−1)
2 ×(6N+6), (3.53)

where RO1
∈ R7N×6N and RO2

∈ R7N×6 are the matrices

RO1
:=



(p1 − pO)> 01×3 . . . 01×3 01×3

...
... . . .

. . .
...

01×3 01×3 . . . (pN − pO)> 01×3
∂γe1O,b
∂p1

∂γe1O,b
∂R1

. . . 03×3 03×3
∂γeO1,b

∂p1

∂γeO1,b

∂R1
. . . 03×3 03×3

... . . .
. . .

...
...

03×3 03×3 . . .
∂γeNO,b
∂pN

∂γeNO,b
∂RN

03×3 03×3 . . .
∂γeON,b
∂pN

∂γeON,b
∂RN



RO2
:=



−(p1 − pO)> 01×3

...
...

−(pN − pO)> 01×3
∂γe1O,b
∂pO

∂γe1O,b
∂RO

∂γeO1,b

∂pO

∂γeO1,b

∂RO
...

...
∂γeNO,b
∂pO

∂γeNO,b
∂RO

∂γeON,b
∂pO

∂γeON,b
∂RO


,
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where eiO := (i, N̄), eOi := (N̄ , i) ∈ Ē corresponding to the edge among the
ith agent and the object, ∀i ∈ N . Therefore, (3.52) can be written as

h =
[
R>G R>O1

] (
RḠM̄−1R>Ḡ

)†
(ṘḠ v̄ +RḠαts) (3.54a)

hO = −
[
0 R>O2

] (
RḠM̄−1R>Ḡ

)†
(ṘḠ v̄ +RḠαts). (3.54b)

Note also that
GR>O1

= −R>O2
, (3.55)

which will be used in the analysis to follow.
Another expression for the interaction forces h can be obtained by differen-

tiating (3.37), which, after using (3.33) and (3.34) yields after straightforward
manipulations (similarly to (2.89))

h =
(
M−1 +G>M−1

O G
)−1

(
M−1(u− g − Cv)− Ġ>vO+

G>M−1
O (COvO + gO)

)
. (3.56)

In order to show the consistency of our results, we prove next that (3.54a)
and (3.56) are identical.

Corollary 3.4. Let ha be given by (3.54a) and hb be given by (3.56). Then
ha = hb.

Proof. By using (3.53), (3.54a) is expanded as

ha =R>O1

(
RO1

M−1R>O1
+RO2

M−1
O R>O2

)†
(ṘO1

v + ṘO2
vO

+RO1
M−1(u− g − Cv)−RO2

M−1
O (gO + COvO))

which, after using (3.55) and v = G>vO, becomes

ha =R>O1

(
RO1

(M−1 +G>M−1
O G)R>O1

)†
(ṘO1

v − ṘO1
G>vO −RO1

Ġ>vO

+RO2
M−1(u− g − Cv) +RO1

G>M−1
O (gO + COvO))

=R>O1

(
RO1

(M−1 +G>M−1
O G)R>O1

)†RO1

(
− Ġ>vO +M−1(u− g − Cv)

+M−1
O (gO + COvO)

)
.

Denote now for convenience MG := M−1+G>M−1
O G. According to Theorem

3.8 of [? ], it holds that R>O1

(
RO1

MGR>O1

)†RO1
= M

− 1
2

G

(
RO1

M
1
2

G

)†
RO1

.

Next, note that RO1
has linearly independent columns and hence(

RO1
M

1
2

G

)†
=
(
M

1
2

GR>O1
RO1

M
1
2

G

)−1

M
1
2

GR>O1
= M

− 1
2

G

(
R>O1
RO1

)−1R>O1
,
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since MG is symmetric and positive definite. Therefore, we conclude that

M
− 1

2

G

(
RO1

M
1
2

G

)†
RO1

= M−1
G , and hence ha = hb.

Remark 3.6. According to Theorem 3.8 of [? ], the task-space internal
forces can also be written as

hint = M
1
2

(
RGM−

1
2

)† (
ṘGv +RGαts

int

)
, (3.57)

which is compliant with the result in [? ].

One concludes, therefore, that in order to obtain internal force-free
trajectories, the term ṘGv +RGαts

int = ṘGv +RGM−1(u − Cv̇ − g) must

belong to the nullspace of M
1
2

(
RGM−

1
2

)†
. The latter, however, is identical

to the nullspace of RG , since it holds that null(RGM−1/2)† = null(M−
1
2R>G )

and M is positive definite. This result is summarized in the following
corollary.

Corollary 3.5. The cooperative manipulation system is free of internal
forces, i.e., hint = 0, if and only if

ṘGv +RGM−1(u− Cv̇ − g) ∈ null(R>G )

In cooperative manipulation schemes, the most energy-efficient way of
transporting an object is to exploit the full potential of the cooperating
robotic agents, i.e., each agent does not exert less effort at the expense of
other agents, which might then potentially exert more effort than necessary.
For instance, consider a rigid cooperative manipulation scheme, with only
one agent (a leader) working towards bringing the object to a desired location,
whereas the other agents have zero inputs. Since the grasps are rigid, if the
leader has sufficient power, it will achieve the task by “dragging” the rest
of the agents, compensating for their dynamics, and creating non-negligible
internal forces. In such cases, when the cooperative manipulation system
is rigid (i.e., the grasps are considered to be rigid), the optimal strategy
of transporting an object is achieved by regulating the internal forces to
zero. Therefore, from a control perspective, the goal of a rigid cooperative
manipulation system is to design a control protocol that achieves a desired
cooperative manipulation task, while guaranteeing that the internal forces
remain zero.

Cooperative Manipulation via Internal Force Regulation

We derive here a new relation between the interaction and internal forces
h and hint, respectively. Moreover, we derive novel sufficient and necessary
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conditions on the agent force distribution for the provable regulation of the
internal forces to zero, according to (3.51), and we show its application in a
standard inverse-dynamics control law that guarantees trajectory tracking
of the object’s center of mass. This is based on the following main theorem,
which links the complete agent graph rigidity matrix RG to the grasp matrix
G:

Theorem 3.2. Let N robotic agents, with configuration x = (p,R) ∈ SE(3)N ,
rigidly grasping an object and associated with a grasp matrix G(x), as
in (3.36). Let also the agents be modeled by a framework on the com-
plete graph (KN , pKN , RKN ) = (KN , p, R) in SE(3), which is associated
with a rigidity matrix RKN . Let also x be such that rank(RKN (x)) =
maxy∈SE(3)N {rank(RKN (y))}. Then it holds that

null(G(x)) = range(RKN (x)>).

Proof. Since RKN is associated to the complete graph and rank(RKN (x))
= maxy∈SE(3)N {rank(RKN (y))}, the framework (KN , p, R) is infinitesimally
rigid. Hence, the nullspace of RKN consists only of the infinitesimal motions
of the framework, i.e., coordinated translations and rotations, as defined
in Proposition 3.1. In particular, in view of (3.46), Proposition 3.2, and

(3.45), one concludes that null(RKN ) is the linear span of 1N ⊗
[
I3

03×3

]
and

the vector space [χ>1 , . . . , χ
>
N ]> ∈ SE(3)N , with χi := [χ>i,p, χ

>
i,R]> ∈ SE(3),

satisfying

χi,p − χj,p = −S(pi − pj)χi,R (3.58a)

χi,R = χj,R, (3.58b)

where pi := pKN (i), pj := pKN (j), ∀i, j ∈ N , with i 6= j. In view of (3.37),
one obtains v = G>vO, where

G> =


I3 −S(p1O)
0 I3
...

...
I3 −S(pNO)
0 I3

 .

The first 3 columns of G> form the space 1N ⊗
[
I3

03×3

]
whereas the last 3

columns G> span the aforementioned rotation vector space. Indeed, for any
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ṗO, ωO ∈ R6 the range of these columns is
−S(p1O)ṗO

ωO
...

−S(pNO)ṗO
ωO

 ,

for which it is straightforward to verify that (3.58) holds. Hence, null(RKN ) =
range(G>) and by using the rank-nullity theorem the result follows.

Hence, since the internal forces belong to null(G), one concludes that
they are comprised of all the vectors z for which there exists a y such
that z = R>G y. This can also be verified by inspecting (3.57); one can

prove that range(M
1
2 (RGM−

1
2 )†) = range(R>G ). The aforementioned result

provides significant insight regarding the control of the motion of the coupled
cooperative manipulation system. In particular, by using (3.57) and Theorem
3.2, we provide next new conditions on the agent force distribution for
provable avoidance of internal forces. We first derive a novel relation between
the agent forces h and the internal forces hint.

In many works in the related literature, the force h is decomposed as

h = hm + hint = G∗Gh+ (I −G∗G)h, (3.59)

where G∗ is a right inverse of G. The term G∗Gh is a projection of h on
the range space of G>, whereas the term (I − G∗G)h is a projection of
h on the null space of G. A common choice is the Moore-Penrose inverse
G∗ = G†, which equals to G>(GG>)−1. This specific choice yields the vector
G∗Gh = G†Gh ∈ range(G>) that is closest to h, i.e., ‖h−G†Gh‖ ≤ ‖h−y‖,
∀y ∈ range(G>). However, as the next theorem states, if the second term of
(3.59) must equal hint, as this is defined in (3.57), G∗ must actually be the
weighted pseudo inverse MG>(GMG>)−1.

Theorem 3.3. Consider N robotic agents rigidly grasping an object with
coupled dynamics (3.39). Let h ∈ R6N be the stacked vector of agent forces
exerted at the grasping points. Then the agent forces h and the internal
forces hint are related as:

hint = (I6N −MG>(GMG>)−1G)h.

In order to prove Theorem 3.3, we first need the following preliminary
result.
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Proposition 3.3. Consider the grasp and rigidity matrices G, RG , respec-
tively, of the cooperative manipulation system. Then it holds that

MG>
(
GMG>

)−1
G+M

1
2

(
RGM−

1
2

)†
RGM−1 = I.

Proof. Let Af := RGM−
1
2 and Bf := GM

1
2 . Then range(A>f ) = null(Bf ).

Indeed, according to Theorem 3.2, it holds that if z = R>G y, for some y ∈ R6,

then Gz = 0. By multiplying by M−
1
2 , we obtain M−

1
2 z = M−

1
2R>G y,

which implies that ẑ := M−
1
2 z ∈ range((RGM

1
2 )>). It also holds that

Bf ẑ = GM
1
2 ẑ = Gz = 0, and hence ẑ ∈ null(Bf ). Therefore, in view of

Proposition G.6 of Appendix G, Theorem 3.8 of [? ], according to which

G>(GMG>)† = M−
1
2 (GM

1
2 )†, and the fact that GMG> is invertible, we

conclude that(
GM

1
2

)†
GM

1
2 +

(
RGM−

1
2

)†
RGM−

1
2 = I ⇔

M
1
2G>(GMG>)†GM

1
2 +

(
RGM−

1
2

)†
RGM−

1
2 = I,

and by left and right multiplication by M
1
2 and M−

1
2 , respectively, the

result follows.

We are now ready to prove Theorem 3.3.

Proof. We first show that

(I −MG>(GMG>)−1G)
(
M−1 +G>M−1

O G
)−1

= M
1
2

(
RGM−

1
2

)†
RG .

Indeed, since
(
M−1 +G>M−1

O G
)−1

has full rank, it suffices to show that

(I −MG>(GMG>)−1G) = M
1
2

(
RGM−

1
2

)†
RG

(
M−1 +G>M−1

O G
)
,

which can be concluded from the fact that RGG> = 0 (due to Theorem 3.2)
and Proposition 3.3. Therefore, in view of (3.56), it holds that

(I −MG>(GMG>)−1G)h = (I −MG>(GMG>)−1G)(M−1+

G>M−1
O G)−1

(
− Ġ>vO +M−1(u− g − Cv) +G>M−1

O (COvO + gO)

)
=

M
1
2

(
RGM−

1
2

)†
RG
(
M−1(u− g − Cv) +G>M−1

O (COvO + gO
)
− Ġ>vO,
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which, in view of the facts that RGG> = 0, and hence by differentiation
−RGĠ> = ṘGG>, as well as G>vO = v, becomes

M
1
2

(
RGM−

1
2

)† (
ṘGv +RGM−1(u− g − Cv)

)
= hint.

Based on Theorem 3.3, we provide in the next theorem new results on
the optimal distribution of a force to the robotic agents, i.e., a distribution
that provably yields zero internal forces.

Theorem 3.4. Consider N robotic agents rigidly grasping an object, with
coupled dynamics (3.39). Let a desired force to be applied to the object
hO,d ∈ R6, which is distributed to the agents’ desired forces as hd = G∗hO,d,
and where G∗ is a right inverse of G, i.e., GG∗ = I6. Then there are no
internal forces, i.e., hint = 0, if and only if

G∗ = MG>(GMG>)−1.

Proof. According to Theorem 3.3, the derivation of hd that yields zero
internal forces can be formulated as a quadratic minimization problem:

QP : min
hd

‖hint‖2 = h>d Hhd

s.t. Ghd = hO,d,

whereH := (I6N−MG>(GMG>)−1G)>(I6N−MG>(GMG>)−1G). Firstly,
note that the choice G∗ = MG>(GMG>)−1hO,d is a minimizer of QP, since
GG∗ = I6, and HG∗hO,d = 0, and therefore sufficiency is proved.

In order to prove necessity, we prove next that G∗ is a strict minimizer,
i.e., there is no other right inverse of G that is a solution of QP. Note
first that G ∈ R6×6N has full row rank, which implies that the dimension
of its nullspace is 6N − 6. Let Z := [z1, . . . , z6N−6] ∈ R6×(6N−6) be the
matrix formed by the vectors z1, . . . , z6N−6 ∈ R6N that span the nullspace
of G. It follows that rank(Z) = 6N − 6 and GZ = 0. Let now the matrix
H ′ := Z>HZ ∈ R(6N−6)×(6N−6). Since GZ = 0 ⇒ Z>G> = 0, it follows
that H ′ = Z>Z. Hence, rank(H ′) = rank(Z) = 6N − 6, which implies that
H ′ is positive definite. Therefore, according to [? , Theorem 1.1], QP has a
strong minimizer.

The aforementioned theorem provides novel necessary and sufficient
conditions for provable minimization of internal forces in a cooperative
manipulation scheme. As discussed before, this is crucial for achieving
energy-optimal cooperative manipulation, where the agents do not have to
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“waste” control input and hence energy resources that do not contribute
to object motion. Related works that focus on deriving internal force-free
distributions G∗, e.g., [? ? ? ? ], are solely based on the inter-agent
distances, neglecting the actual dynamics of the agents and the object. The
expression (3.51), however, gives new insight on the topic and suggests
that the dynamic terms of the system play a significant role in the arising
internal forces, as also indicated by Corollary 3.5. This is further exploited
by Theorem 3.4 to derive a right-inverse that depends on the inertia of the
system. Note also that, as explained in [? ] and illustrated in Example
3.1, the internal forces depend on the acceleration of the robotic agents and
hence the incorporation of M in G∗ is something to be expected.

The forces h, however, are not the actual control input of the robotic
agents, and hence we cannot simply set h = hd = MG>(GMG>)−1GhO,d
for a given hO,d. Therefore, we design next a standard inverse-dynamics
control algorithm controller that guarantees tracking of a desired trajectory
by the object center of mass while provably achieving regulation of the
internal forces to zero.

Let a desired position trajectory for the object center of mass be pd :
R≥0 → R3, and ep := pO − pd. Let also a desired object orientation be
expressed in terms of a desired rotation matrix Rd : R≥0 → SO(3), with

Ṙd = S(ωd)Rd, where ωd : R≥0 → R3 is the desired angular velocity. Then
an orientation error metric that was also used in the previous formation-
control section is

eO :=
1

2
tr
(
I3 −R>d RO

)
∈ [0, 2], (3.60)

which, after differentiation and by using (3.34a) becomes (see also (3.6b))

ėO =
1

2
e>RR

>
O (ωO − ωd) , (3.61)

where eR := S−1
(
R>d RO −R>ORd

)
∈ R3. It holds that

eR = 0⇔
{
eO = 0⇔ tr(R>d RO) = 3⇔ RO = Rd

eO = 2⇔ tr(R>d RO) = −1⇔ RO 6= Rd

.

The second case represents an undesired equilibrium, where the desired
and the actual orientation differ by 180 degrees. This issue is caused by
topological obstructions on SO(3) and it has been proven that no continuous
controller can achieve global stabilization [? ]. The following control design
guarantees that eO(t) < 2, ∀t ∈ R≥0, from all initial conditions satisfying
eO(0) < 2.

The next corollary shows that a standard inverse-dynamics control pro-
tocol guarantees convergence of p(t) − pd(t), eO(t) to zero while avoiding
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internal forces, provided that the right inverse G∗ = MG>(GMG>)−1 is
used.

Corollary 3.6. Consider N robotic agents rigidly grasping an object with
coupled dynamics (3.39). Let a desired trajectory be defined by pd : R≥0 →
R3, Rd : R≥0 → SO(3), ṗd, ωd ∈ R3, and assume that eO(0) < 2, with eO as
defined in (3.60). Consider the inverse-dynamics control law

u = g +
(
CG> +MĠ>

)
vO +G∗ (gO + COvO)

+
(
MG> +G∗MO

)
(v̇d −Kdev −Kpex) , (3.62)

where ev := vO − vd, vd := [ṗ>d , ω
>
d ]> ∈ R6, ex := [e>p ,

1
2(2−eO)2 e

>
RR
>
O ]>,

Kp := diag{Kp1
, kp2

I3}, where Kp1
∈ R3×3,Kd ∈ R6×6 are positive definite

matrices, and kp2 ∈ R>0 is a positive constant. Then the solution of the
closed-loop coupled system satisfies the following:

1. eO(t) < 2, ∀t ∈ R≥0

2. limt→∞(pO(t)− pd(t)) = 0, limt→∞Rd(t)>RO(t) = I3

3. There are no internal forces, i.e., hint(t) = 0, ∀t ∈ R≥0, if and only if

G∗ = MG>(GMG>)−1.

Proof. 1. By substituting (3.62) in (3.39) and using GG∗ = I6, we obtain,

in view of (2.15a)-(2.15c) and the positive definiteness of M̃ :

M̃ (ėv +Kdev +Kpex) = 06 ⇒ ėv = −Kdev −Kpex. (3.63)

Consider now the function

V :=
1

2
e>p Kp1

ep +
kp2

2− eO
+

1

2
e>v ev,

for which it holds V (0) < ∞, since eO(0) < 2. By differentiating V ,
and using (3.61) and (3.63), one obtains

V̇ =
[
e>p Kp1

kp2

2(2−eO)2 e
>
RR
>
O

]
ev − e>v (Kdev +Kpex) = −e>v Kdev ≤ 0

Hence, it holds that V (t) ≤ V (0) <∞, which implies that
kp2

2−eO(t) is

bounded and consequently eO(t) < 2.

2. Since V (t) ≤ V (0) <∞, the errors ep, ev are bounded, which, given
the boundedness of the desired trajectories pd, Rd and their derivatives,
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implies the boundedness of the control law u. Hence, it can be proved
that V̈ is bounded which implies the uniform continuity of V̇ . Therefore,
according to Barbalat’s lemma (Lemma A.1 of Appendix A), we deduce
that limt→∞ V̇ (t) = 0⇒ limt→∞ ev(t) = 0. Since ex(t) is also bounded,
it can be proved by using the same arguments that limt→∞ ėv(t) = 0
and hence (3.63) implies that limt→∞ ex(t) = 0.

3. Let the desired object force be

hO,d = COvO + gO +MOαd, (3.64)

where αd := v̇d −Kdev −Kpex, which implies that (3.62) becomes

u = g + (CG> +MĠ>)vO +MG>αd +G∗hO,d

In view of Theorem 3.4, it suffices to prove h = hd = G∗hO,d. By
substituting (3.62) in the expression (3.56) and canceling terms, we
obtain

h =(M−1 +G>M−1
O G)−1(M−1G∗hO,d +G>αd +G>M−1

O (COvO + gO)
)
.

Next, we add and subtract the term G>MOGG
∗hO,d to obtain

h =(M−1 +G>M−1
O G)−1(M−1 +G>M−1

O G)G∗hO,d+

(M−1 +G>M−1
O G)−1(G>M−1

O (MOαd + COvO + gO −G>MOhO,d)
)
,

which, in view of (3.64), becomes h = G∗hO,d.

Remark 3.7 (Uncertain dynamics and force sensing). Note that
the employed inverse dynamics controller requires knowledge of the agent
and object dynamics. In case of dynamic parameter uncertainty, standard
adaptive control schemes that attempt to estimate potential uncertainties in
the model (see, e.g., [? ] or the previous chapter) would intrinsically create
internal forces, since the dynamics of the system would not be accurately
compensated. The same holds for schemes that employ force/torque sensors
that provide the respective measurements at the grasp points (e.g., [? ?
]) in periodic time instants. Since the interaction forces depend explicitly
on the control input, such measurements will unavoidably correspond to
the interaction forces of the previous time instants due to causality reasons,
creating thus small disturbances in the dynamic model.

Remark 3.8 (Load-sharing). Finally, note that G∗ = MG>(GMG>)−1

induces an implicit and natural load-sharing scheme via the incorporation of
M . More specifically, note that the force distribution to the robotic agents
via G∗hO,d yields for each agent MiJOi(

∑
i∈N J

>
Oi
MiJOi)

−1, ∀i ∈ N . Hence,
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larger values of Mi will produce larger inputs for agent i, implying that
agents with larger inertia characteristics will take on a larger share of the
object load. Note that this is also a desired load-sharing scheme, since larger
dynamic values usually imply more powerful robotic agents.

In case it is required to achieve a desired internal force hint,d, one can
add in (3.62) a term of the form described in the next corollary.

Corollary 3.7. Let hint,d ∈ null(G) be a desired internal force to be achieved.
Then adding the extra term uint,d := (I6N−MG>(GMG>)−1)hint,d in (3.62)
achieves hint = hint,d.

Proof. Since hint,d ∈ null(G) = range(R>G ), it holds that M−
1
2hint,d ∈

range(M−
1
2R>G ) = range(RGM−

1
2 )†. Therefore, it holds that

(RGM−
1
2 )†RGM−1hint,d = (RGM−

1
2 )†RGM−

1
2 (M−

1
2hint,d) =M−

1
2hint,d.

(3.65)

Hence, (3.57) yields the resulting internal forces

hint =M
1
2 (RGM−

1
2 )†RGM−1(I −MG>(GMG>)−1)hint,d

=M
1
2 (RGM−

1
2 )†RGM−1hint,d

=M
1
2M−

1
2hint,d = hint,d,

where we have used (3.65) and the fact that RGG> = 0 from Theorem
3.2.

Finally, in view of Theorem 3.2, one can also verify the consistency of
the expressions of h, hO in (3.52) with the grasp-matrix rigidity constraint
hO = G(x)h (see (3.38)). Indeed, Theorem 3.2 dictates that GR>G = 0.
Therefore, by combining (3.55) and (3.54) we conclude that hO = G(x)h.
Note also that, in view of Corollary 3.2, the result is still valid if different
γḠ and RḠ are chosen.

3.3.4 Simulation Results

This section provides simulation results using 4 identical UR5 robotic ma-
nipulators in the realistic dynamic environment V-REP [? ]. The 4 agents
are rigidly grasping an object of 40 kg in an initial configuration as shown in
Fig. 3.15. In order to verify the theoretical findings of the previous sections,
we apply the controller (3.62) to achieve tracking of a desired trajectory by
the object’s center of mass. We simulate the closed loop system for two
cases of G∗, namely the proposed one G∗1 = MG>(GMG>)−1 as well as the
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Figure 3.15: Four UR5 robotic arms rigidly grasping an object. The red
counterpart represents a desired object pose at t = 0.

more standard choice G∗2 = G>(GG>)−1. Moreover, we show for G∗1 the
validity of Theorems 3.3 and 3.4 by plotting the arising internal forces, and
we also illustrate the achievement of a desired nonzero internal force.

The initial pose of the object is set as pO(0) = [−0.225,−0.612, 0.161]>,
ηO(0) = [0, 0, 0]> and the desired trajectory as pd(t) = pO(0)+[0.2 sin(wpdt+
ϕd), 0.2 cos(wpt + ϕd), 0.09 + 0.1 sin(wpt + ϕd)]>, ηd(t) = [0.15 sin(wφt +
ϕd), 0.15 sin(wθt + ϕd), 0.15 sin(wψt + ϕd)]> (in m and rad, respectively),
where ϕd = π

6 , wp = wφ = wψ = 1, wθ = 0.5, and ηd(t) is transformed to
the respective Rd(t). The control gains are set as Kp1

= 15, kp2
= 75, and

Kd = 40I6.

The results are given in Figs. 3.16-3.19 for 15 seconds. Fig. 3.16 depicts
the pose and velocity errors ep(t), eO(t), ev(t), which are shown to converge
to zero for both choices of G∗, as expected. The control inputs τi(t) of the
agents are shown in Fig. 3.17. Moreover, the norm of the internal forces,
‖hint(t)‖, is computed via (3.51) and shown in Fig. 3.18. It is clear that G∗2
yields significantly large internal forces, whereas G∗1 keeps them very close
to zero, as proven in the theoretical analysis. The larger internal forces in
the case of G∗2 are associated with the larger control inputs τi. This can be
concluded from Fig. 3.17 and is also more clearly visualized in Fig. 3.19,
which depicts the norms ‖τi(t)‖ for the two choices of G∗, ∀i ∈ {1, . . . , 4}. It
is clear that inputs of larger magnitude occur in the case of G∗2, which create
internal forces (in the nullspace ofG). A video illustrating the aforementioned
simulations can be found on https://youtu.be/a31LTBBkE-Q.

Finally, we set a random force vector hint,d in the nullspace of G and we
simulate the control law (3.62) with the extra component uint,d (see Corollary
3.7). Fig. 3.20 illustrates the error norm ‖eint(t)‖ := ‖hint,d(t) − hint(t)‖,
which evolves close to zero. The minor observed deviations can be attributed
to model uncertainties and hence the imperfect cancellation of the respective
dynamics via (3.62).

https://youtu.be/a31LTBBkE-Q
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Figure 3.16: The error metrics ep(t), eO(t), ev(t), respectively, top to bottom,
for the two choices G∗1 and G∗2 and t ∈ [0, 15] seconds.

Figure 3.17: The resulting control inputs τi(t) for G∗1 (left) and G∗2 (right),
∀i ∈ {1, . . . , 4} and t ∈ [0, 15] seconds.
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Figure 3.18: The norm of the internal forces ‖hint(t)‖ (as computed via
(3.51)) for the two cases of G∗ and t ∈ [0, 15] seconds.
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Figure 3.19: The norms of the resulting control inputs, ‖τi(t)‖ for G∗1 (with
blue) and G∗2 (with red), ∀i ∈ {1, . . . , 4}, and t ∈ [0, 15] seconds.
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Figure 3.20: The norm of the internal force error ‖eint(t)‖, when using G∗1
and for t ∈ [0, 15] seconds.
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3.4 Conclusion

This chapter focused on multi-agent formation control design as well as
its connection to rigid cooperative manipulation. Firstly, we developed a
model-free decentralized control protocol for distance- and orientation-based
formation control for a class of multi-agent systems modeled by Newton-
Euler dynamics. Collision avoidance as well as connectivity maintenance
was guaranteed to be satisfied by the proposed feedback control scheme.
Secondly, we linked rigidity theory to rigid cooperative manipulation, by
relating the former’s rigidity matrix to the latter’s grasp matrix. Moreover,
we provided novel conditions for the internal force-free rigid cooperative
manipulation.





Chapter 4

Continuous Coordination of
Multi-Agent Systems

As discussed in Chapter 1, in order to be able to express complex tasks as
temporal logic formulas, we need to have well-defined discrete representations
of the continuous multi-agent system. Intuitively, this implies an appropriate
discretization of the multi-agent state space, as well as the design of control
schemes to navigate the agents among the points of this discretization. At
the same time and since we are mainly interested in physical robotic agents,
we need to guarantee safe multi-agent behavior, i.e., guarantee collision
avoidance among the robotic agents and with potential workspace obstacles.
On the same vein, we are interested in developing decentralized schemes,
where the agents have local feedback only with respect to the neighbors.
Therefore, multi-agent connectivity maintenance is another critical property
we impose. Finally, as mentioned before, real robotic agents’ equations
of motion cannot be accurately known (model uncertainties) and are also
subject to external disturbances. Hence, the control design needs to be
robust and compensate appropriately for this partial model information (see
the previous chapters, where adaptive control and PPC were used).

Motivated by the above, this chapter presents continuous control schemes
for the coordination of multi-agent robotic systems. More specifically, we
address the following three problems. Firstly, we develop an algorithm for
the single- as well as multi-agent go-to-goal and collision-avoidance problem
for robotic agents with uncertain dynamics. Secondly, we develop a novel
leader-follower scheme for the navigation of a leader to a predefined point
subject to model uncertainties and collision avoidance and connectivity
maintenance constraints. Since the aforementioned algorithms consider
mainly spherical robotic agents, we finally introduce a control scheme that
guarantees collision avoidance between robotic agents of ellipsoidal shape.

175
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4.1 Introduction

As mentioned in the previous chapters, multi-agent systems have received
a large amount of attention lately, due to the advantages they bring with
respect to single-agent setups. Apart from cooperative robotic manipula-
tion and formation control, important multi-agent tasks, applicable to real
robotic systems and studied in this chapter, consist of multi-robot navigation
and leader-follower coordination. Moreover, we impose certain transient
properties on the multi-agent system, such as collision avoidance [? ? ? ?
? ], and/or connectivity maintenance [? ? ? ? ? ? ? ? ], both crucial
properties for real robotic systems. At the same time, we aim at developing
control schemes that compensate for potentially uncertain dynamics of the
robotic agents.

Multi-robot navigation with collision avoidance, possibly also with works-
pace obstacles, is a special instance of the motion planning problem [?
? ]. Several techniques have been developed in the related literature for
robot motion planning with obstacle avoidance, such as discretization of the
continuous space and employment of discrete algorithms (e.g., Dijkstra, A?),
probabilistic roadmaps, sampling-based motion planning, and feedback-based
motion planning [? ]. The latter offers closed-form analytic solutions by
usually evaluating appropriately designed artificial potential fields, avoiding
thus the potential complexity of employing discrete algorithms or discretizing
the robot workspace. At the same time, feedback-based methods provide
a solution to the control aspect of the motion planning problem, i.e., the
correctness based on the solution of the closed-loop differential equation that
describes the robot model.

Feedback-based motion planning has been receiving attention for more
than two decades. Early works established the Koditschek-Rimon navigation
function (KRNF) [? ? ], where the robot successfully converges to its goal
while avoiding all obstacles from almost all initial conditions (in the sense of
a measure-zero set), if the control gain of the goal term is chosen greater than
a predefined constant. At the same time, an artificial potential fields based
on harmonic functions and the panel method was proposed in [? ]. KRNFs
were extended to more general workspaces and adaptive gain controllers [?
? ], to multi-robot systems [? ? ? ], and more recently, to convex potentials
and obstacles [? ]. The idea of gain tuning has been also employed to an
alternative KRNF in [? ].

Tuning-free constructions of artificial potential fields have also been
developed in the related literature; [? ] considers dynamic obstacles and
non-smooth controllers, [? ] tackles nonholonomic multi-robot systems, and
in [? ? ? ] harmonic functions are combined with adaptive controllers for
the goal gain to achieve almost global safe navigation. Harmonic functions
are also used in [? ? ]. A transformation of arbitrarily shaped worlds
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to points worlds, which facilitates the motion planning problem, is also
considered in [? ? ] and in [? ] for multi-robot systems. The recent works
of [? ] and [? ] guarantee also safe navigation in a predefined time.

Barrier functions for multi-robot collision avoidance are employed in [? ]
and optimization-based techniques via model predictive control (MPC) can
be found in [? ? ]; [? ] and [? ] propose reciprocal collision obstacle by local
decision making for the desired velocity of the robot(s). Sensing uncertainties
are taken into account in [? ]. A recent prescribed performance methodology
for ellipsoidal obstacles is proposed in [? ] and [? ] extends a given
potential field to 2nd-order systems. A similar idea is used in [? ], where the
effects of an unknown drift term in the dynamics are examined. Workspace
decomposition methodologies with hybrid controllers are employed in [? ]
for single- and [? ] for multi-robot systems, respectively; A hybrid controller
is also designed in the recent work [? ]; [? ] employs reactive collision
avoidance using admissible gaps, and [? ] employs a contraction-based
methodology that can also tackle the case of moving obstacles.

A common assumption that most of the aforementioned works consider
is the simplified robot dynamics, i.e., single integrators/unicycle kinematics,
without taking into account any robot dynamic parameters and where the
control input is the robot velocity. Hence, indirectly, the schemes depend
on an embedded internal system that converts the desired signal to the
actual robot actuation command. The above imply that the actual robot
trajectory might deviate from the desired one, jeopardizing its safety and
possibly resulting in collisions.

Second-order realistic robot models are considered in MPC-schemes, like
[? ? ]. Such optimization techniques, however, might result in computa-
tionally expensive solutions for large horizons. Moreover, regarding model
uncertainties, a global upper bound is required, which is used to enlarge the
obstacle boundaries and might yield infeasible solutions. A 2nd-order model
is considered in [? ], without, however, considering any unknown dynamic
terms. The same holds for [? ], where an already given potential function is
extended to 2nd-order systems. The works [? ? ? ? ] consider simplified
2nd-order systems with known dynamic terms (and in particular, inertia
and gravitational terms that are assumed to be successfully compensated);
[? ] guarantees the asymptotic stability of 2nd-order systems with a class
of unknown drift terms to the critical points of a given potential function.
However, there is no characterization of the region of attraction of the goal
by analyzing the equilibrium points of the whole closed-loop system.

Another important feature of multi-agent systems is their coordination
under leader-follower architectures, where an assigned leader aims at exe-
cuting a task, and the rest of the team is concerned with secondary tasks,
such as staying connected with the leader, forming a desired formation, or
performing consensus protocols [? ? ? ? ? ? ? ]. When robotic teams



178 Continuous Coordination of Multi-Agent Systems

are concerned, such schemes resemble cases where a leader agent contains
information regarding a task, and the followers need to comply with certain
specifications to aid the leader.

Most leader-follower schemes in the related literature consider the follower
consensus problem with fixed or time varying communication graphs, where
the followers’ states converge to the leader’s one, which is assumed to have
bounded velocity/acceleration [? ? ? ? ? ? ]. Moreover, connectivity
maintenance in the transient state is also taken into account in a variety of
leader-follower works (e.g., [? ? ? ]). Such schemes cannot be extended
to multi-robot systems though, since collision avoidance is of uttermost
importance and it is unreasonable to consider the convergence of the agents’
states (e.g., positions) to the same value. Vehicular platoons are special
cases of leader-follower structures where collision avoidance is taken into
account [? ? ? ], restricted, however, to the longitudinal platoon-type
sensing/communication graph.

Moreover, as discussed before, many of the multi-agent works in the
related literature consider simplified/known dynamics ([? ? ? ? ? ? ?
? ? ? ? ? ? ? ? ? ? ? ? ]), which can have crucial effects on
the actual behavior of real robotic systems, whose dynamics are described
accurately by Lagrangian models, jeopardizing their performance/safety.
More complex/uncertain dynamics are taken into account in [? ? ? ],
without considering collision specifications; [? ] integrates collision avoidance
with finite boundedness of the inter-agent distances, and [? ? ? ] deal with
the multi-robot collision avoidance problem, without, however, providing
theoretical guarantees with respect to the robot dynamics. Gain tuning is
also performed in several works to cancel unknown nonlinearities, which are
assumed to be uniformly bounded. An MPC methodology is developed in
[? ], which can be computationally infeasible in real-time when complex
dynamics are considered.

As discussed before, collision avoidance is considered to be a crucial
property in real robotic systems, and is tackled in a large variety of multi-
robot works. The majority of the related works, however, considers spherical
agents, which provide a straightforward metric for the inter-agent or the
agent-to-obstacle distances. However, since the shapes of real robotic vehicles
can be far from spherical (e.g., robotic manipulators), that approach can be
too conservative and may prevent the agents from fulfilling their primary
objectives. Ellipsoids, on the other hand, can approximate more accurately
the volume of autonomous agents.

The authors in [? ? ? ] employ diffeomorphisms to transform arbitrarily-
shaped obstacles, including ellipsoids, to points. This methodology, however,
is not straightforwardly extendable to the case of moving obstacles (i.e.,
multiple autonomous agents). A point-world transformation of multi-agent
systems was taken into account in [? ]. As described in [? ] though, each



Introduction 179

agent’s transformation deforms the other agents into shapes whose implicit
closed-form equation (and hence a suitable distance metric) is not trivial to
obtain. The methodology of [? ] provides useful insight, where the volume
of each agent is “absorbed” to the other agents via Minkowski sums. The
closed-form implicit equation of the resulting shapes, however, although
possible to obtain [? ], cannot be used to derive an appropriate distance
metric in a straightforward way; [? ] derives a conservative inter-ellipsoid
distance by employing ellipsoid-to-sphere transformations and eigenvalue
computations. An arithmetic algorithm that produces velocities for inter-
agent elliptical agents is derived in [? ], without, however, theoretical
guarantees. Optimization-based techniques (e.g., Model Predictive Control),
which can be employed for collision avoidance of convex-shaped agents (like
e.g., in Chapter 2), can be too complex to solve, especially in cases where the
control must be decentralized and/or complex dynamics are considered. The
latter property constitutes another important issue regarding the related
literature. In particular, most related works consider simplified single- or
double-integrator models, which deviate from the actual dynamics and can
lead to performance decline and safety jeopardy.

Barrier functions constitute a suitable tool for expressing objectives like
collision avoidance. Originated in optimization, they are continuous functions
that diverge to infinity as their argument approaches the boundary of a
desired/feasibly region. Barrier Lyapunov-like functions for general control
systems can be found in [? ? ], and in [? ? ? ] for multi-agent systems,
for obstacle avoidance with spherical obstacles/agents and time-dependent
tasks.

This chapter deals with the following three problems. Firstly, we consider
the robot navigation in an obstacle-cluttered environment under 2nd-order
uncertain robot dynamics. The considered uncertainties consist of (i) un-
known friction/drag terms, which are hard to model accurately, and (ii)
unknown mass and unmodeled dynamics, motivated by transportation of
objects of unknown mass or fuel consumption along a robot task, or cases
where the robot is enhanced with other parts (e.g., robotic manipulators),
whose dynamics are not known. We design a novel 2nd-order smooth naviga-
tion function which is integrated with adaptive control laws that compensate
for the uncertain terms. Extensive analysis of the equilibrium points of
the closed-loop system shows convergence to the desired goal from almost
all initial conditions while avoiding obstacle collisions with the workspace
boundary and spherical obstacles. The proposed scheme is then extended to
star-worlds, i.e., workspaces with star-shaped obstacles [? ]. Finally, using
the single-robot methodology, we propose a decentralized hybrid coordina-
tion algorithm for the navigation of a multi-robot system in an environment
cluttered with spherical obstacles.

Secondly, we propose a decentralized control protocol for the coordination



180 Continuous Coordination of Multi-Agent Systems

of a multi-agent system with 2nd order uncertain Lagrangian dynamics,
subject to collision avoidance and connectivity maintenance. In particular,
we consider that a leader agent has to navigate to a desired pose, inter-agent
collisions must be avoided, and some of the initially connected agents have
to remain connected. We are mainly motivated by cases where a cooperative
task (e.g., cooperative pick-and-place tasks) is assigned to a multi-agent
system, but the details are given only to a leader agent, which has to
lead the entire team along the desired task. By using certain properties
of the incidence matrix, we avoid issues of local minima and we relax the
assumptions on the connectivity of the graph (as opposed to, e.g., [? ? ])
as well as the access of the leader’s velocity by the followers. Moreover, we
consider uncertain terms and unknown external disturbances in the dynamic
model, which we cope with by using adaptive and discontinuous control
laws.

Finally, we design smooth closed-form barrier functions for the collision
avoidance of ellipsoidal agents. By employing results from the computer
graphics field, we derive a novel closed-form expression that represents a
distance metric of two ellipsoids in 3D space. Moreover, we use the latter
to design a control protocol that guarantees the collision avoidance of a
multi-agent system that aims to achieve a primary objective, subject to
uncertain 2nd-order Lagrangian dynamics. The derived control law is (i)
decentralized, in the sense that each agent calculates its control signal based
on local information, (ii) discontinuous and adaptive, in order to compensate
for the uncertainties and external disturbances.

4.2 Adaptive Robot Navigation with Collision
Avoidance Subject to 2nd-order Uncertain
Dynamics

We first consider the problem of single-robot navigation in a workspace
cluttered with obstacles, subject to 2nd-order dynamics, whose analysis is
necessary for the extension to the more general multi-robot problem.

4.2.1 Problem Statement

Consider a spherical robot operating in a bounded workspace W , character-
ized by its position vector x ∈ Rn, n ∈ {2, 3} and radius r > 0, and subject
to the dynamics:

ẋ = v (4.1a)

mv̇ + f(x, v) +mg = u, (4.1b)
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where m > 0 is the unknown mass, g ∈ Rn is the constant gravity vector,
u ∈ Rn is the input vector, and f : R2n → Rn is a friction-like function,
satisfying the following assumption:

Assumption 4.1. The function f : R2n → Rn is analytic and satisfies

‖f(x, v)‖ ≤ α‖v‖,

∀x, v ∈ R2n, where α ∈ R≥0 is an unknown positive constant.

The aforementioned assumption is a standard condition concerning
friction-like terms, which are bounded by the robot velocity [? ? ]. Con-
stant unknown friction terms could be also included in the dynamics (e.g.,
incorporated in the gravity vector). Note also that ‖f(x, v)‖ ≤ α‖v‖ implies

f(x, 0) = 0, and ∂f(x,v)
∂x

∣∣∣
v=0

= 0. The workspace is assumed to be an open

ball centered at the origin

W := B(0, rW) = {z ∈ Rn : ‖z‖ < rW}, (4.2)

where rW > 0 is the workspace radius. The workspace contains M ∈ N
closed sets Oj , j ∈ J := {1, . . . ,M}, corresponding to obstacles. Each
obstacle is a closed ball centered at cj ∈ R3, with radius roj > 0:

Oj := B̄(cj , roj ) = {z ∈ W : ‖z − cj‖ ≤ roj}, ∀j ∈ J .

The analysis that follows will be based on the transformed workspace:

W̄ := {z ∈ Rn : ‖z‖ < r̄W := rW − r}, (4.3)

and the set of obstacles

Ōj := {z ∈ W : ‖z − cj‖ ≤ r̄oj := roj + r}, ∀j ∈ J .

and the robot is reduced to the point x. The free space is defined as

F := W̄\
⋃
j∈J
Ōj , (4.4)

also known as a sphere world [? ]. We consider the following common
feasibility assumption [? ] for F :

Assumption 4.2. The workspace W and the obstacles Oj satisfy:

‖ci − cj‖ > roi + roj + 2r

rW − ‖cj‖ > roj + 2r.
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The aforementioned assumption implies essentially that there is enough
space among the obstacles and the workspace boundary and the obstacles for
the robot to navigate, or equivalently, Ōj ⊂ W̄ and Ōi ∩ Ōj = ∅, ∀i, j ∈ J ,
with i 6= j.

Moreover, Assumption 4.2 implies that we can find some r̄ > 0 such that

‖ci − cj‖ > roi + roj + 2r + 2r̄, ∀i, j ∈ J , i 6= j, (4.5a)

rW − ‖cj‖ > roj + 2r + 2r̄, ∀j ∈ J (4.5b)

-8 -6 -4 -2 0 2 4 6 8

-8

-6

-4

-2

0

2

4

6

8

Figure 4.1: A 2D example of the workspace W̄ with 50 obstacles Ōj ,
j ∈ {1, . . . , 50}. The blue asterisks indicate potential initial configurations of
the robot and the obstacles have been enlarged with the robot radius r. The
red asterisk indicates a potential goal robot position.

This section treats the problem of navigating the robot to a destination
xd while avoiding the obstacles and the workspace boundary, formally stated
as follows:

Problem 4.1. Consider a robot subject to the uncertain dynamics (4.1),
operating in the aforementioned sphere world, with (x(t0), v(t0)) ∈ F × Rn.
Given a destination xd ∈ F , design a control protocol u such that

x(t) ∈ F , t ≥ t0
lim
t→∞

(x(t), v(t)) = (xd, 0)

An illustration of the considered workspace is provided in Fig. 4.1.

4.2.2 Single-Agent Solution

We provide in this section our methodology for solving Problem 4.1. Define
first the set J̄ := {0} ∪ J as well as the distances dj := dj(x) : F → R≥0,
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j ∈ J̄ , with dj(x) := ‖x− cj‖2− r̄2
oj , ∀j ∈ J , and d0 := d0(x) := r̄2

W −‖x‖2.

Note that, by keeping dj(x) > 0, d0(x) > 0, we guarantee that x ∈ F1.
We introduce first the notion of the 2nd-order navigation function:

Definition 4.1. A 2nd-order navigation function is a function φ := φ(x) :
F → R≥0 of the form

φ(x) := k1‖x− xd‖2 + k2

∑
j∈J̄

β(dj(x)), (4.6)

where β : R>0 → R≥0 is a (at least) twice contin. differentiable function
and k1, k2 are positive constants, with the followings properties:

1. β((0, τ ]) is strictly decreasing, limz→0 β(z) = ∞, and β(z) = β(τ),
∀z ≥ τ , j ∈ J̄ , for some τ > 0,

2. φ(x) has a global minimum at x = xd ∈ int(F) where φ(xd) = 0,

3. if β′(dk(x)) 6= 0 and β′′(dk(x)) 6= 0 for some k ∈ J̄ , then β′(dj(x)) =
β′′(dj(x)) = 0, for all j ∈ J̄ \{k}, where ′ and ′′ denote function
derivatives.

4. The function β̃ : (0, τ)→ R≥0, with

β̃(z) := β′′(z)z
√
z

is strictly decreasing.

By using the first property we will guarantee that, by keeping β(dj(x))
bounded, there are no collisions with the obstacles or the free space boundary.
Property 2 will be used for the asymptotic stability of the desired point
x = xd. Property 3 places the rest of the critical points of φ (which are
proven to be saddle points) close to the obstacles, and the last property is
used to guarantee that these are non-degenerate.

Examples for the function β that satisfy properties 1) and 4) are

β(z) :=

β̄
exp

(
− 1
z

)
+ exp

(
− 1
τ−z

)
exp

(
− 1
z

) , z ≤ τ

β̄, z ≥ τ,

1A safety margin can also be included, which needs, however, to be incorporated in
the constant r̄ of (4.5).
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for any positive β̄ and sufficiently small τ , or the functions

β(z) :=


1

6z5 − 15z4 + 10z3
, z ≤ 1

1, z ≥ 1,
(4.7)

β(z) :=

{
ln4
( z
τ

)
, z ≤ τ

0, z ≥ τ.

Note that β′(z) = β′′(z) = 0, for z ≥ τ . We define also the constant

r̄d := min

{
r̄2
W − ‖xd‖2,min

j∈J

{
‖xd − cj‖2 − r̄2

oj

}}
(4.8)

as the minimum distance of the goal to the obstacles/workspace boundary.
We prove next that, by appropriately choosing τ , only one β(dj(x)),

j ∈ J̄ affects the robotic agent for each x ∈ F , and furthermore that
β′(dj(xd)) = β′′(dj(xd)) = 0. Hence, properties 2) and 3) of Def. 4.1 are
satisfied.

Proposition 4.1. By choosing τ as

τ ∈ (0,min{r̄2, r̄d}), (4.9)

where r̄, r̄d were introduced in (4.5) and (4.8), respectively, we guarantee
that at each x ∈ F there is not more than one j ∈ J̄ such that dj ≤ τ ,
implying that β′(dj(x)) and β′′(dj(x)) are non-zero.

Proof. Assume that dj(x) ≤ τ for some j ∈ J , x ∈ F . Then, in view of
(4.5), it holds that

‖x− cj‖2 < r̄2 + r̄2
oj ⇒

‖x− cj‖ < r̄ + r̄oj = r̄ + r + roj < ‖cj − ck‖
∀k ∈ J \{j}, and hence,

‖x− ck‖ = ‖x− cj + cj − ck‖
≥ ‖cj − ck‖ − ‖x− cj‖ > rok + r + r̄ ⇒

‖x− ck‖2 > (rok + r + r̄)2 > (rok + r)2 + r̄2,

and hence dk(x) > r̄2 > τ , ∀k ∈ J \{j}. Moreover, in view of (4.5), it holds
that

‖x‖ ≤ ‖x− cj‖+ ‖cj‖ ± rW ⇒
‖x‖ < rW − r − r̄ ⇒ (rW − r)2 ≥ (‖x‖+ r̄)2 ⇒
r̄2
W ≥ ‖x‖2 + r̄2 ⇒ r̄2

W − ‖x‖2 > r̄2,
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and hence do(x) > τ . Similarly, we conclude by contradiction that do(x) ≤
τ ⇒ dj > τ , ∀j ∈ J .

Moreover, it holds for the desired equilibrium that

x = xd ⇔ dj(x) = ‖xd − cj‖2 − r̄2
j ≥ r̄d > τ,

and

x = xd ⇔ d0(x) = r̄2
W − ‖xd‖2 ≥ r̄d > τ,

and hence β′(dj(xd)) = β′′(dj(xd)) = 0, ∀j ∈ J̄ .
Intuitively, the obstacles and the workspace boundary have a local

region of influence defined by the constant τ , which will play a significant
role in determining the stability of the overall scheme later. Moreover, it
encompasses also the potential local sensing capabilities of the robot, since it
takes into account the presence of the obstacles and the workspace boundary
only when it is “τ -close” to them. Similar techniques have been used in the
literature, e.g., [? ? ]. The expressions for the gradient and the Hessian of
φ, which will be needed later, are the following:

∇xφ(x) =2k1(x− xd) + 2k2

∑
j∈J

β′(dj)(x− cj)− 2k2β
′(d0)x (4.10a)

∇2
xφ(x) =2

k1 − k2β
′(d0) + k2

∑
j∈J

β′(dj)

 In − 2k2β
′′(d0)xx>

+ 2k2

∑
j∈J

β′′(dj)(x− cj)(x− cj)>. (4.10b)

Given the aforementioned definitions, we design a reference signal vd :=
vd(x) : F → Rn for the robot velocity v as

vd(x) = −∇xφ(x). (4.11)

Next, we will design the control input u to guarantee tracking of the afore-
mentioned reference velocity as well as compensation of the unknown terms
m and f(x, v). More specifically, we define the signals m̂ ∈ R and α̂ ∈ R as
the estimation terms of m and α (see Assumption 4.1), respectively, and the
respective errors m̃ := m̂−m, α̃ := α̂− α. We design now the control law
u : F × Rn+2 → Rn as

u := u(x, v, m̂, α̂) := −kφ∇xφ(x) + m̂(v̇d + g)−
(
kv +

3

2
α̂

)
ev, (4.12)
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where ev := v − vd, and kv, kφ are positive gain constants. Moreover, we
design the adaptation laws for the estimation signals as

˙̂m :=− kme>v (v̇d + g) (4.13a)

˙̂α :=kα‖ev‖2, (4.13b)

with km, kα positive gain constants, α̂(t0) ≥ 0, and arbitrary finite ini-
tial condition m̂(t0). The correctness of the proposed control protocol is
established in the following theorem:

Theorem 4.1. Consider a robot operating in W, subject to the uncertain
2nd-order dynamics (4.1). Given xd ∈ F , the control protocol (4.11)-(4.13)
guarantees the collision-free navigation to xd from almost all initial conditions
(x(t0), v(t0), m̂(t0), α̂(t0)) ∈ F × Rn+1 × R≥0, given a sufficiently small τ
and that kφ >

α
2 . Moreover, all closed loop signals remain bounded, ∀t ≥ t0.

Remark 4.1. Note that the proposed potential function (4.6) is, in a sense,
equivalent to the one designed in [? ], since the critical points are “pushed”
arbitrarily close to the obstacles and, as shown in the proof of Theorem 4.1,
they are also non-degenerate by choosing τ small enough. In contrast to [?
], however, as well as other related works (e.g., [? ? ? ]), we do not require
large goal gains (the gain k1 here) in order to establish the correctness of
the propose scheme.

Remark 4.2. The proposed scheme can be also extended to unknown
environments, where the amount and location of the spherical obstacles is
unknown a priori, and these are sensed locally on-line. In particular, by
having a large enough sensing neighborhood, the location (and possibly the
radius) of each obstacle j ∈ J can be sensed when dj > τ , and hence the
respective term (which will be zero, since β′(dj) = 0, for dj > τ) can be
smoothly incorporated in ∇xφ(x).

Proof of Theorem 4.1. Consider the Lyapunov candidate function

V := kφφ+
m

2
‖ev‖2 +

3

4kα
α̃2 +

1

2km
m̃2. (4.14)

Since x(t0) ∈ F , there exists a constant d̄j such that dj(x(t0)) ≥ d̄j > 0,
j ∈ J̄ , which implies the existence of a finite positive constant V̄0 such that
V (t0) ≤ V̄0. By considering the time derivative of V and using v = ev + vd
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and Assumption 4.1, we obtain after substituting (4.13):

V̇ =kφ∇xφ(x)>(ev + vd) + e>v (u−mg − f(x, v)−mv̇d) +
3

2
α̃‖ev‖2

− m̃e>v (v̇d + g)

≤− kφ‖∇xφ(x)‖2 + e>v (kφ∇xφ(x) + u−m(g + v̇d)) + α‖ev‖‖v‖

+
3α̃

2
‖ev‖2 − m̃e>v (v̇d + g),

which, by substituting (4.12) and using α‖ev‖‖v‖ ≤ α‖ev‖2 + α
2 ‖∇xφ(x)‖2 +

α
2 ‖ev‖2, becomes

V̇ ≤−
(
kφ −

α

2

)
‖∇xφ(x)‖2 − kv‖ev‖2 −

3

2
α̂‖ev‖2 +

3

2
α‖ev‖2 + m̃e>v (g+

v̇d) +
3α̃

2
‖ev‖2 − m̃e>v (v̇d + g)

=−
(
kφ −

α

2

)
‖∇xφ(x)‖2 − kv‖ev‖2 ≤ 0.

Hence, we conclude that V (t) is non-increasing, and hence β(dj(x(t))) ≤
V (t) ≤ V (t0) ≤ V̄0, ∀t ≥ t0, which implies that collisions with the obstacles
and the workspace boundary are avoided, i.e., x(t) ∈ F̄ := {x ∈ F : β(dj(x))
≤ V̄0,∀j ∈ J̄

}
, ∀t ≥ t0. Moreover, (4.10) implies also the boundedness of

∇xφ(x)|x(t), ∀t ≥ t0. In addition, the boundedness of V (t) implies also the
boundedness of x(t), ev(t), m̃(t), α̃(t), g̃(t) and hence of v(t), m̂(t), α̂(t),
∀t ≥ t0. More specifically, by letting s := [x>, v>, α̃, m̃]>, we conclude that
s(t) ∈ S̄, ∀t ≥ t0, with

S̄ :=

{
s ∈ F̄ × Rn+2 : |α̃| ≤

√
4

3
kαV̄0, |m̃| ≤

√
2kmV̄0,

‖v‖ ≤
√

2mV̄0 + sup
x∈F̄
‖∇xφ(x)‖

}

Therefore, by invoking LaSalle’s invariance principle (Theorem A.4 of Ap-
pendix A), we conclude that the solution s(t) will converge to the largest
invariant set in S := {s ∈ S̄ : V̇ = 0}, which, in view of (4.11), becomes
S := {s ∈ S̄ : ∇xφ(x) = 0, v = 0}. Consider now the closed-loop dynamics
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for s:

ẋ =v (4.15a)

v̇ =
1

m
(m̃g + m̂v̇d − kφ∇xφ(x)−

(
kv +

3

2
α̂

)
(v +∇xφ(x))− f(x, v))

(4.15b)

˙̃m =− km(v +∇xφ(x))>(v̇d + g) (4.15c)

˙̃α =kα‖v +∇xφ(x)‖2. (4.15d)

Note that, in view of the aforementioned discussion and the continuous
differentiability of f(x, v), the right-hand side of (4.15b) is bounded in S̄.
Note also that (4.10) implies the boundedness of ∇2

xφ(x) in F̄ . Moreover,
by differentiating v̇, using the closed loop dynamics (4.15) and (4.10), we
conclude the boundedness of v̈ and the uniform continuity of v̇(t) in S̄.
Hence, since limt→∞ v(t) = 0, we invoke Barbalat’s Lemma (Lemma A.1 in
Appendix A) to conclude that limt→∞ v̇(t) = 0.

Therefore, the set S consists of the points where v̇ = v = ∇xφ(x) = 0,
v̇d = ∇2

xφ(x)v = 0, and by also using the property f(x, 0) = 0 we obtain
limt→∞ m̃(t) = 0 and limt→∞ ṡ(t) = 0. Note also that α̂ : [t0,∞)→ R≥0 is
a monotonically increasing function and it converges thus to some constant
positive value α̂? > 0, since α̂(t0) ≥ 0, and limt→∞ ˙̂α(t) = limt→∞ ˙̃α(t) = 0.
Therefore, we conclude that the system will converge to an equilibrium
s? := [(x?)>, 0>, 0, α̂?] satisfying ∇xφ(x)|x? = 0.

Since limt→∞∇xφ(x)|x(t) = limt→∞ v(t) = 0, the system converges to
the critical points of φ(x), i.e., we obtain from (4.10) that at steady-state:

2k1(x? − xd) = −k2

∑
j∈J̄

β′(d?j )(x
? − cj), (4.16)

where d?j := dj(x
?), ∀j ∈ J̄ . According to the choice of τ in (4.9), x? = xd

implies that β′(d?j ) = 0, ∀j ∈ J̄ , and hence the desired equilibrium x? = xd

satisfies (4.16). Other undesired critical points of φ(x) consist of cases where
the two sides of (4.16) cancel each other out. However, as already proved,
only one β′j can be nonzero for each x ∈ F . Hence, the undesired critical
points satisfy one of the following expressions:

k1(x? − xd) =− k2β
′(d?k)(x? − ck), (4.17a)

k1(x? − xd) =k2β
′(d?0)x?, (4.17b)

for some k ∈ J̄ . In the case of (4.17b), x? is collinear with the origin and
xd. However, the choice of τ < r̄2

W − ‖xd‖2 in (4.9) implies that

d?0 = r̄2
W − ‖x?‖2 ≤ τ < r̄2

W − ‖xd‖2 ⇔ ‖x?‖ ≥ ‖xd‖,
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and hence x?−xd and x? have the same direction. Therefore, since β′(dj) < 0,
for dj < τ , ∀j ∈ J̄ , (4.17b) is not feasible.

Moreover, in the case of (4.17a), since β′(d?k) ≤ 0, x? − xd and x? − ck
point to the same direction. Hence, the respective critical points x? are on
the 1D line connecting xd and ck. Moreover, since τ < r̄d ≤ ‖xd−ck‖2− r̄2

ok
,

as chosen in (4.9), it holds that

d?k = ‖x? − ck‖2 − r̄2
ok
< ‖xd − ck‖2 − r̄2

ok
⇔ ‖x? − xd‖ > ‖x? − ck‖.

We proceed now by showing that the critical points satisfying (4.17a) are
saddle points, which have a lower dimension stable manifold. Consider,
therefore, the error ex = x − x?, where x? 6= xd represents the potential
undesired equilibrium point that satisfies (4.17a). Let also se := [s>x , α̃

>]>,
where sx := [e>x , v

>, m̃]>, whose linearization around zero yields, after using

(4.15) and ∂f(x,v)
∂x

∣∣∣
v=0

= 0,

ṡe = Āsse, (4.18)

where

Ās :=

[
As 0
0> 0

]

As :=

 0n×n In 0
As,21 As,22 g

−kmg>(∇2
xφ(x))>|x? −kmg> 0

 ,
and

As,21 :=− 1

m

(
kφ + kv +

3

2
α̂?
)
∇2
xφ(x)

∣∣
x?

As,22 :=−∇2
xφ(x)

∣∣
x?
−
(
kv +

3

2
α̂?
)
In −

3

2

∂f(x, v)

∂v

∣∣∣∣
s?
.

We aim to prove that the equilibrium s?x := [0>, 0>, 0]> has at least one
positive eigenvalue. To this end, consider a vector ν̄ := [µν>, ν>, 0]> , where
µ > 0 is a positive constant, and ν ∈ Rn is an orthogonal vector to (x?− ck),
i.e. ν>(x? − ck) = 0. Then the respective quadratic form yields

ν̄>Asν̄ =
[
ν>As,21 µν> + ν>As,22 ν>g

] µνν
0

 = µν>As,21ν + µ‖ν‖2

+ ν>As,22ν,
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which, after employing (4.10) with β′(d?j ) = 0, ∀j ∈ J \{k} and ν>(x?−ck) =
0, becomes

ν̄>Asν̄ =− 2µk1

m
(kφ + kv +

3

2
α̂?)

(
1 +

k2

k1
β′(d?k)

)
‖ν‖2 + µ‖ν‖2

− 2k1

(
1 +

k2

k1
β′(d?k)

)
‖ν‖2 −

(
kv +

3

2
α̂?
)
‖ν‖2 − ν> ∂f(x, v)

∂v

∣∣∣∣
s?
ν.

From (4.17a), by recalling that β′(dk) ≤ 0, we obtain that

k2

k1
β′(d?k) = −‖x

? − xd‖
‖x? − ck‖

< −1. (4.19)

Therefore by defining c? := −k2

k1
β′(d?k)− 1 > 0, we obtain

ν̄>Asν̄ =

(
2µk1

m
kφc

? +

(
2µk1

m
c? − 1

)(
kv +

3

2
α̂?
)

+ µ+ 2k1c
?

)
‖ν‖2

− ν> ∂f(x, v)

∂v

∣∣∣∣
s?
ν,

which is rendered positive by choosing a sufficiently large µ. Hence, As
has at least one positive eigenvalue. Next, we prove that As has no zero
eigenvalues by proving that its determinant is nonzero. For the determinant
of ∇2

xφ(x)|x? , it holds in view of (4.10) that

det
(
∇2
xφ(x)|x?

)
= det

(
2
(
k1 + k2β

′(d?k)
)
In + 2k2β

′′(d?k)(x? − ck)(x? − ck)>
)
.

By using the property det(A+uv>) = (1+v>A−1u) det(A), for any invertible
matrix A and vectors u, v, we obtain

det
(
∇2
xφ(x)|x?

)
=2n

(
k1 + k2β

′(d?k)
)n(

1 +
k2

k1

(
1 + k2

k1
β′(d?k)

)β′′(d?k)‖x? − ck‖2
)
.

(4.20)

In view of (4.19) and by using ‖x? − xd‖ − ‖x? − ck‖ = ‖xd − ck‖ since x?,
ck and xd are collinear, (4.20) becomes

det
(
∇2
xφ(x)|x?

)
=2n

(
k1 + k2β

′(d?k)
)n(

1− k2

k1‖xd − ck‖
β′′(d?k)‖x? − ck‖3

)
.

Note that, since limdj→0 β(dj) = ∞ and β(dj) decreases to β(dj) = β(τ),
∀dj ≥ τ , the derivatives β′(dj) satisfy limdj→0 β

′(dj) = −∞ and increase
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to β′(dj) = 0, ∀dj ≥ τ . Hence, we conclude that β′′(dj) > 0, ∀dj ∈ (0, τ).
Therefore, in order for the critical point to be non-degenerate, we must
guarantee that

k2

k1‖xd − ck‖
β′′(d?k)‖x? − ck‖3 > 1. (4.21)

By expressing ‖x?−ck‖3 = (d?k+r̄2
ok

)
√
d?k + r̄2

ok
, considering that ‖xd−ck‖ ≤

2r̄W and setting r := minj∈J {r̄oj}, a lower bound for the left-hand side of
(4.21) is

f`(d
?
k) :=

k2

2k1r̄W
β′′(d?k)(dk(x?) + r2)

√
dk(x?) + r2. (4.22)

According to Property 4 of Definition 4.1, (4.22) is a decreasing function
of d?k, for d?k ∈ (0, τ), with f`(τ) = 0 and limd?k→0 f`(d

?
k) = ∞. Therefore,

there exists a positive d??k > 0, such that f`(d
?
k) > 1, ∀d?k < d??k . Hence, by

setting τ < d??k , we achieve d?k < τ < d??k and guarantee that f`(d
?
k) > 1.

Next, by defining A2ns :=

[
0n×n In
As,21 As,22

]
, it holds that

det(A2ns) = det(As,21) = (−1)n
1

mn

(
kφ + kv +

3

2
α̂?
)n

det(∇2
xφ(x)|x?) 6= 0,

and

A−1
2ns =

[
? A−1

s,21

? 0n×n

]
and therefore we obtain that

det(As) = det(As,21)
[
kmg

>(∇2
xφ(x))>|x? kmg

>]A−1
2ns

[
0
g

]
=

det(As,21)
[
kmg

>(∇2
xφ(x))>|x? kmg

>] [A−1
s,21 g
0

]
=

det(As,21)kmg
>(∇2

xφ(x))>|x?A−1
s,21 g =

kmg
>(∇2

xφ(x))>|x?adj(As,21) g,

which is non-zero, since g 6= 0,

det

(
∇2
x(φ(x))>|x?adj(As,21)

)
= det(∇2

x(φ(x))>|x?) det(As,21)n−1 6= 0

and hence the matrix that forms the latter quadratic form is nonsingular.
Therefore, we conclude that As is non-degenerate and has at least one

positive eigenvalue. Note that Ās has the same eigenvalues as As and an
extra zero eigenvalue. According to the Reduction Principle (Theorem A.8
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of Appendix A), (4.18) is locally topologically equivalent near the origin to
the system

˙̂α = kα
∥∥vα(α̂) +∇xφ(x)|xα(α̂)

∥∥2

ṡx = Assx,

where vα(α̂), ∇xφ(x)|xα(α̂) are the restrictions of v and ∇xφ(x) to the center
manifold of α̂ (see Theorem A.8 of Appendix A). Regarding the trajectories of
sx, since As is a non-degenerate saddle (it has at least one positive eigenvalue)
its stable manifold has dimension lower than 2n+ 1 and is thus a set of zero
measure. Therefore, all the initial conditions (x(t0), v(t0), m̃(t0)) ∈ F×Rn+1,
except for the aforementioned lower-dimensional manifold, converge to the
desired equilibrium (xd, 0, 0).
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Figure 4.2: A workspace with two star-shaped obstacles. The blue asterisk
indicates the center of the robot and the obstacles have been enlarged with
the robot radius r through the Minkowski sum. The red asterisk indicates a
potential goal robot position.

Remark 4.3. The proof can be trivially extended to the 2D case on the
horizontal plane where there is no gravity, i.e., g = 0. In addition, it is worth
noting that in that case, the estimation parameter m̂(t) will converge to a
constant value different than the mass m, as revealed by a careful inspection
of the closed-loop system. Moreover, the condition kφ >

α
2 of Theorem 4.1 is

only sufficient and not necessary, as will be shown in the simulation results.

4.2.3 Dynamic Disturbance Addition

Except for the already considered dynamic uncertainties, we can add to
the right-hand side of (4.1) an unknown disturbance vector d := d(x, v, t) :
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R2n × R≥0 → Rn, i.e.,

ẋ = v

mv̇ + f(x, v) +mg + d(x, v, t) = u,

subject to a uniform boundedness condition ‖d(x, v, t)‖ ≤ d̄, ∀x, v, t ∈
R2n × R≥0. In this case, by slightly modifying the control scheme, we still
guarantee collision avoidance with the workspace obstacles and boundary.
In addition, we achieve uniform ultimate boundedness of the error signals as
well as the gradient of φ, as the analysis in this section shows.

The control scheme of the previous section is appropriately enhanced
to incorporate the σ- modification [? ], a common technique in adaptive
control. More specifically, the adaptation laws (4.13) are modified according
to

˙̂m :=− kme>v (v̇d + g)− σmm̂
˙̂α :=kα‖ev‖2 − σαα̂,

where σm, σα are positive gain constants, to be appropriately tuned as per
the analysis below.

Consider now the function V as defined (4.14). In view of the analysis of
the previous section, the incorporation of d(x, v, t), as well as the modification
of the adaptation laws, the derivative of V becomes

V̇ ≤−
(
kφ −

α

2

)
‖∇xφ(x)‖2 − kv‖ev‖2 + ‖ev‖d̄−

3

2
σαα̃α̂− σmm̃m̂,

which, by using α̂ = α̃ + α, m̂ = m̃ + m, as well as the properties −ab =

− 1
2 (a+ b)2 + a2

2 + b2

2 , ab = − 1
2 (a− b)2 + a2

2 + b2

2 , ∀a, b ∈ R, becomes

V̇ ≤−
(
kφ −

α

2

)
‖∇xφ(x)‖2 − kv

2
‖ev‖2 +

d̄2

2kv
− 3σα

α̃2

4
− σm

m̃2

2

+ 3σα
α2

4
+ σm

m2

2

≤− kξ‖ξ‖2 + dξ,

where ξ := [∇xφ(x)>, e>v , m̃, α̃]> ∈ R2n+2, kξ := min
{
kφ − α

2 , kv,
σm
2 , 3σα

4

}
,

and dξ := d̄2

2kv
+ 3σα

α2

4 + σm
m2

2 . Therefore, V̇ is negative when ‖ξ‖ >
√

dξ
kξ

,

which implies uniform ultimate boundedness of ‖ξ(t)‖ in a set around zero,
whose size is proportional to dξ, which can be shrunk by gain tuning (see

Theorem A.5 of Appendix A). In addition, V̇ is sign indefinite only in the

set defined by ‖ξ‖ <
√

dξ
kξ

and negative otherwise, which implies that V (t)
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remains bounded, ∀t ≥ 0, and hence collisions with the workspace obstacles
and boundary are avoided.

Note that the aforementioned analysis guarantees that ∇xφ(x)|x(t) will
be ultimately bounded in a set close to zero. This point, however, might
be a critical point of φ and it is not guaranteed that x(t) will be bounded
close to the goal configuration xd. Nevertheless, intuition suggests that if
the disturbance vector d(x, v, t) does not behave adversarially, the agent
will converge close to the goal configuration. This is also verified by the
simulation results of Section 4.2.6.

4.2.4 Extension to Star Worlds

Before moving to the multi-robot case, we discuss in this section how the
proposed control scheme can be extended to generalized sphere worlds, a
wider class of configuration spaces than the spheres worlds described in
the previous section. In particular, we consider star worlds, which are
configuration spaces diffeomorphic to sphere worlds. In particular, a star
world is a set of the form

T := W̄\
⋃
j∈J

ŌTj ,

where W̄ is a workspace of the form (4.3) and ŌTj are M disjoint star-shaped
obstacles (indexed by J = {1, . . . ,M}). The latter are sets characterized
by the property that all rays emanating from a center point cross their
boundary only once [? ] (see Fig. 4.2).

One can design a diffeomorphic mapping H : T → F , where F is a
sphere world of the type (4.4). More specifically, H maps the boundary of
T to the boundary of F .

The control scheme of the previous section is modified now to account
for the transformation H as follows. The desired robot velocity is set to
vd : T → Rn, with

vd(x) := −JH(x)−1∇H(x)φ(H(x)), (4.23)

where JH(x) := ∂H(x)
∂x is the nonsingular Jacobian matrix of H. Next, by

letting ev := v − vd, the control law is designed as u : T ×Rn+2 → Rn, with

u := u(x, v, m̂, α̂) :=− kφJh(x)>∇H(x)φ(H(x)) + m̂(v̇d + g)−
(
kv +

3

2
α̂

)
ev,

(4.24)

where m̂ and α̂ evolve according to the respective expressions in (4.13). The
next theorem gives the main result of this section.
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Theorem 4.2. Consider a robot operating in W, subject to the uncertain
2nd-order dynamics (4.1). Given xd ∈ T , the control protocol (4.13), (4.23),
(4.24) guarantees the collision-free navigation to xd from almost all initial
conditions (x(t0), v(t0), m̂(t0), α̂(t0)) ∈ T × Rn1 × R≥0, given a sufficiently
small τ and that kφ >

α
2 . Moreover, all closed loop signals remain bounded,

∀t ≥ t0.

Proof. Following similar steps as in the proof of Theorem 4.1, we consider
the Lyapunov candidate function

V := kφφ(H(x)) +
m

2
‖ev‖2 +

1

2kα
α̃2 +

3

4km
m̃2,

whose derivative along the solutions of the closed loop system can be proven
to satisfy

V̇ ≤ −
(
kφ −

α

2

)
‖∇H(x)φ(H(x))‖2 − kv‖ev‖2 ≤ 0,

which proves the boundedness of the obstacle functions β(dj(H(x(t)))),
∀j ∈ J , t ≥ t0. Since the boundaries ∂Ōj are mapped to ∂ŌTj through
H(x), we conclude that x(t) ∈ T , t ≥ t0 and no collisions occur. Next, by
following similar arguments as in the proof of Theorem 4.1, we conclude
that the solution will converge to a critical point of φ(H(x)). By choosing
a sufficiently small τ for the obstacle functions β(dj(H(x(t)))), the critical
points consist of the desired equilibrium, where β′(dj(H(xd))) = 0, ∀j ∈ J ,
or undesired critical points x? satisfying

k1(H(x?)−H(xd)) = −k2β
′(d?Hk)(H(x?)−H(ck)), (4.25)

for some k ∈ J , where we define d?Hj := dj(H(x?)), ∀j ∈ J . The respective

linearization matrix Ās from (4.18) becomes now

Ās :=

[
As 0
0> 0

]

As :=

0n×n In 0
As,21 As,22 g
As,31 −kmg> 0

 ,
with

As,21 :=− 1

m

(
kφJH(x?)> +

(
kv +

3

2
α̂?
)
JH(x?)−1

)
∇2φ?JH(x?)

As,22 :=− JH(x?)−1∇2φ?JH(x?)−
(
kv +

3

2
α̂?
)
In −

∂f(x, v)

∂v

∣∣∣∣
s?
,

As,31 :=− kmg>
(
JH(x?)−1∇2φ?JH(x?)

)>
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and ∇2φ? := ∇2
H(x)φ(H(x))|x? , around x = x?, v = 0, m̃ = 0, α̃ = α̃?. Next,

similarly to the proof of Theorem 4.2, we prove that ν̄>Asν̄ > 0, for ν̄ :=
[µν>, ν>, 0]>, where µ > 0 is a positive constant and ν := JH(x?)−1ν̂, with
ν̂ ∈ Rn a vector orthogonal to (H(x?)−H(ck)). The respective quadratic

form yields, after employing (4.25) and defining c? := −
(

1 + k2

k1
β′(d?Hk)

)
>

0:

ν̄>Asν̄ =ν̂>

[
2k1kφµc

?

m
In + JH(x)−>

((
2k1c

?
(
kv + 3

2 α̂
?
)

m
+

µ−
(
kv +

3

2
α̂?
)

+ 2k1c
?

)
In −

∂f(x, v)

∂v

∣∣∣∣
s?

)
JH(x)−1

]
ν̂,

which can be rendered positive for sufficiently large µ.
Moreover, at a critical point x?,1 of φ(H(x)), it holds that (see the proof

of Prop. 2.6 in [? ]),

∇2
H(x)φ(H(x))|x?,1 = JH(x?,1)>∇2

xφ(x)|x?,2JH(x?,1),

where x?,2 := H(x?,1) is a critical point of φ(x). Since JH(x) is nonsingular,
it holds that x?,1 is non-degenerate if and only if x?,2 is non-degenerate.
As already shown in the proof of Theorem 4.1, by choosing τ sufficiently
small, we render the critical points of φ(x) that are close to the obstacles
non-degenerate. Hence, we conclude that the respective critical points of
φ(H(x)) are also non-degenerate and det(∇2φ?) 6= 0.

Next, in order to prove that the critical point (x?, 0, 0) is non-degenerate,
we calculate the determinant of As. Following the proof of Theorem 4.1, we
obtain that

det(As) = det(As,21)kmg
>(JH(x?)−1∇2φ?JH(x?)

)>
A−1
s,21g

= kmg
>(JH(x?)−1∇2φ?JH(x?)

)>
adj(As,21)g

where

det(As,21) =(−1)n

(
knφ
mn

det (JH(x?)) +

(
kv +

3

2
α̂?
)n

1

det(JH(x?))

)
det(∇2φ?) det(JH(x?)),

which is not zero, since det(∇2φ?) 6= 0 and JH(x?) 6= 0. Hence, we conclude
that the aforementioned quadratic form is also not zero and hence the non-
degeneracy of the critical points under consideration. Hence, by following
similar arguments as in the proof of Theorem 4.1, we conclude that the
initial conditions that converge to these critical saddle points form a set of
measure zero.



Adaptive Robot Navigation with Collision Avoidance Subject to 2nd-order
Uncertain Dynamics 197

4.2.5 Extension to Multi-Robot Systems

This section is devoted to extending the results of Section 4.2.2 to Multi-
Robot systems. Consider, therefore, N ∈ N spherical robots operating in
a workspace W of the form (4.2), characterized by their position vectors
xi ∈ Rn, as well as their radii ri > 0, i ∈ N := {1, . . . , N}, and obeying the
second-order uncertain dynamics (4.1), i.e.,

ẋi = vi (4.26a)

miv̇i + fi(xi, vi) +mig = ui, (4.26b)

with fi(·) satisfying ‖fi(xi, vi)‖ ≤ αi‖vi‖, for unknown positive constants
αi, ∀i ∈ N . We also denote x := [x>1 , . . . , x

>
N ]>, v := [v>1 , . . . , v

>
N ]> ∈ RNn.

The robots desire to navigate to their destination configurations xdi , i ∈ N .
The proposed multi-robot scheme is based on a prioritized leader-follower
coordination. Prioritization in multi-agent systems for navigation-type
objectives has been employed in [? ] and [? ], where KRNF gain tuning-type
methodologies for single integrator agents are developed. Moreover, [? ]
does not consider inter-agent collision avoidance and [? ] does not assume
static obstacles.

Intuitively, in the proposed prioritized leader-follower methodology, the
leader robot, by appropriately choosing the offset τ , “sees” the other robots
as static obstacles and hence the overall scheme reduces to the one of Section
4.2.2. The workspace is assumed to satisfy Assumption 4.2 and we further
impose extra conditions on the initial states and destinations:

Assumption 4.3. The workspaceW , obstacles Oj , j ∈ J , and destinations
xdi , i ∈ N , satisfy:

‖cj − xdi‖ > roj + ri + 2rM + ε,∀i, j ∈ N × J
‖xdi − xdj‖ > ri + rj + 2rM + 2ε, ∀i, j ∈ N , i 6= j

rW − ‖xdi‖ > ri + 2rM + ε,∀i ∈ N

whereas the initial positions satisfy:

‖cj − xi(t0)‖ > roj + ri + 2rM ,∀i, j ∈ N × J
rW − ‖xi(t0)‖ > ri + 2rM ,∀i ∈ N
‖xdi − xj(t0)‖ > ri + rj + 2rM + ε, ∀i, j ∈ N , i 6= j,

for an arbitrarily small positive constant ε, ∀i ∈ N , j ∈ J , where rM :=
maxi∈N {ri}.

Loosely speaking, the aforementioned assumption states that the pairwise
distances among obstacles, workspace boundary, initial conditions and final
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destinations are large enough so that one robot can always navigate between
them. Since the convergence of the agents to the their destinations is
asymptotic, we incorporate the threshold ε, which is the desired proximity
we want to achieve to the destination, as will be clarified in the sequel.
Intuitively, since we cannot achieve xi = xdi in finite time, the high-priority
agents will stop once ‖xi−xdi‖ = ε, which is included in the aforementioned
conditions to guarantee the feasibility of the collision-free navigation for the
lower-priority agents.

Similarly to the single-agent case, we can find a positive constant r̄ such
that (4.5) hold as well as

‖cj − xi(t0)‖ > roj + ri + 2rM + 2r̄,∀i, j ∈ N × J (4.27a)

rW − ‖xi(t0)‖ > ri + 2rM + 2r̄,∀i ∈ N (4.27b)

‖cj − xdi‖ > roj + ri + 2rM + ε+ 2r̄,∀i, j ∈ N × J (4.27c)

‖xdi − xdj‖ > ri + rj + 2rM + 2ε+ 2r̄,∀i, j ∈ N , i 6= j (4.27d)

‖xdi − xj(t0)‖ > ri + rj + 2rM + ε+ 2r̄,∀i, j ∈ N , i 6= j, (4.27e)

rW − ‖xdi‖ > ri + 2rM + ε+ 2r̄,∀i ∈ N (4.27f)

We consider that the agents have a limited sensing range, defined by a
radius ςi > 0, i ∈ N , and we assume that each agent i can sense the state of
its neighbors, as stated next.

Assumption 4.4. Each agent i ∈ N has a limited sensing radius ςi, satisfy-
ing ςi >

√
min(r̄2, r̄d) + ri + rj + 2rM + 2r̄, with r̄d as defined in (4.8), and

has access to (xj , vj), ∀j ∈ {j ∈ N : ‖xi − xj‖ ≤ ςi}.
Moreover, we consider that the destinations, xdi , i ∈ N , as well as the

radii, ri, are transmitted off-line to all the agents2. Consider now a prioriti-
zation of the agents, possibly based on some desired metric (e.g., distance to
their destinations), which can be performed off-line and transmitted to all
the agents. Our proposed scheme is based on the following algorithm. The
agent with the highest priority is designated as the leader of the multi-agent
system, indexed by iL, whereas the rest of the agents are considered as the
followers, defined by the index set NF := N\{iL}. The followers and leader
employ a control protocol that has the same structure as the one of Section
4.2.2. The key difference here lies in the definition of the free space for
followers and leaders. We define first the sets

W̄iL := {z = [z>1 , . . . , z
>
N ]> ∈ RNn : ‖ziL‖ < rW − riL},

ŌiL,j := {z = [z>1 , . . . , z
>
N ]> ∈ W̄iL : ‖zi − cj‖ ≤ roj + ri},∀j ∈ J

CiL := {z = [z>1 , . . . , z
>
N ]> ∈ W̄iL : ‖ziL − zj‖ ≤ riL + rj ,∀j ∈ N\{iL}},

2This implies that the agents can compute rM offline.
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which correspond to the leader agent, as well as the follower sets

W̄i := {z = [z>1 , . . . , z
>
N ]> ∈ RNn : ‖zi‖ < rW − ri − 2rM − 2r̄}

Ōi,j := {z = [z>1 , . . . , z
>
N ]> ∈ W̄i : ‖zi − cj‖ ≤ roj + ri + 2rM + 2r̄},∀j ∈ J

Ci := {z = [z>1 , . . . , z
>
N ]> ∈ W̄i : ‖zi − ziL‖ ≤ ri + riL ,

‖zi − zj‖ ≤ ri + rj + 2rM + 2r̄,∀j ∈ N\{iL, i},
‖zi − xdj‖ ≤ ri + rj + 2rM + 2r̄ + ε, ∀j ∈ N\{i}},

∀i ∈ NF . The free space for the agents is defined then as

Fi := W̄i

∖
⋃
j∈J
Ōi,j

⋃ Ci
 ,∀i ∈ N .

It can be verified that, in view of (4.27), the sets Fi are nonempty and
x(t0) ∈ FM :=

⋂
i∈N Fi.

The main difference lies in the fact that the follower agents aim to keep a
larger distance from each other, the obstacles, and the workspace boundary
than the leader agent, and in particular, a distance enhanced by 2rM + 2r̄.
In that way, the leader agent will be able to choose an appropriate constant
τ (as in the single-agent case of Section 4.2.2) so that it is influenced at each
time instant only by one of the obstacles/followers, and will be also able to
navigate among the obstacles/followers. Note that the followers are required
to stay away also from other agents’ destinations, since a potential local
minimum in such configurations can prevent the leader agent from reaching
its goal. We provide next the mathematical details of the aforementioned
reasoning.

Consider the leader distances diL,ok , diL,j , diL,o0
: FiL → R≥0 as

diL,ok := diL,ok(x) := ‖xiL − ck‖2 − (riL + rok)2,∀k ∈ J
diL,j := diL,j(x) := ‖xiL − xj‖2 − (riL + rj)

2,∀j ∈ NF
diL,o0

:= diL,o0
(x) := (rW + riL)2 − ‖xiL‖2

and the follower distances di,ok , di,iL , di,j , di,dj di,o0
: Fi → R≥0 as

di,ok := di,ok(x) := ‖xi − ck‖2 − (ri + rok + 2rM + 2r̄)2,∀k ∈ J
di,iL := di,iL(x) := ‖xi − xiL‖2 − (ri + riL)2 = diL,i(x)

di,j := di,j(x) := ‖xi − xj‖2 − (ri + rj + 2rM + 2r̄)2,∀j ∈ NF
di,dj := di,dj (x) := ‖xi − xdj‖2 − (ri + rj + 2rM + 2r̄ + ε)2,∀j ∈ N\{i}
di,o0

:= di,o0
(x) := (rW − ri − 2rM − 2r̄)2 − ‖xi‖2,
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∀i ∈ NF . Note that di,j(x) = dj,i(x), ∀i, j ∈ NF , with i 6= j and also that
x ∈ FM is equivalent to all the aforementioned distances being positive.

Let now functions β, βi, i ∈ N , that satisfy the properties of Definition
4.1, as well as the respective constants τ , τi, such that β′(z) = β′′(z) = 0,
∀z ≥ τ , β′i(z) = β′′i (z) = 0, ∀z ≥ τi, i ∈ N . The 2nd-order navigation
functions for the agents are now defined as φi := φi(x) : Fi → R≥0, ∀i ∈ N ,
with

φi(x) := k1i‖xi − xdi‖2 + k2i

(
b1i(x) + b2i(x) + kfib3i(x)

)
b1i := b1i(x) :=

∑
j∈J̄

βi(di,oj (x))

b2i := b2i(x) :=
∑

j∈N\{i}

β(di,j(x))

b3i := b3i(x) :=
∑

j∈N\{i}

βi(di,dj (x)),

and kfiL = 0, kfi = 1, ∀i ∈ NF . Note that the robotic agents can choose
independently their τi, i ∈ N , that concerns the collision avoidance with the
obstacles and the workspace boundary. The pair-wise inter-agent distances,
however, are required to be the same and hence the same β (and hence τ)
is chosen (see the terms b2i(x) in φi(x)), which can, nevertheless, be done
off-line. To achieve convergence of the leader to its destination, we choose
τ and τiL as in Section 4.2.2, i.e., τ, τiL ∈ (0,min{r̄2, r̄d}). Regarding the
ability of the agents to sense each other when di,j(x) < τ , it holds that

di,j(x) < τ ⇔ ‖xi − xj‖2 ≤ τ + (ri + rj + 2rM + 2r̄)2 ⇒
‖xi − xj‖ ≤

√
τ + ri + rj + 2rM + 2r̄ ⇒

‖xi − xj‖ ≤
√

min{r̄2, r̄d}+ ri + rj + 2rM + 2r̄ < ςi,

∀i, j ∈ N , i 6= j, as dictated by Assumption 4.4.
The control protocol follows the same structure as the single-agent case

presented in Section 4.2.2. In particular, we define the reference velocity for
each agent as vdi : Fi → Rn, with

vdi := vdi(x) := −∇xi φ̃i(x), (4.28)

where φ̃i : Fi → R≥0 is the slightly modified function:

φ̃i(x) := k1i‖xi − xdi‖2 + k2i

(
b1i(x) + 2b2i(x) + kfib3i(x)

)
.
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The need for modification of φi to φ̃i stems from the differentiation of the
terms b2i , as will be clarified in the subsequent analysis.

The control law is now designed as ui : Fi × RNn+2 → Rn, with

ui :=ui(x, v, m̂i, α̂i) := −kφi∇xi φ̃i(x) + m̂i(v̇di + g)−
(
kvi +

3

2
α̂i

)
evi ,

(4.29)

∀i ∈ N ; kφi , kvi are positive constants, evi are the velocity errors evi :=
vi−vdi , and m̂i, α̂i denote the estimates of mi and αi, respectively, by agent
i, evolving according to

˙̂mi :=− kmie>vi(v̇di + g) (4.30a)

˙̂αi :=kαi‖evi‖2, (4.30b)

with kmi , kαi positive gain constants, α̂i(t0) ≥ 0, and arbitrary initial
conditions m̂i(t0), ∀i ∈ N . We further denote m̂ := [m̂1, . . . , m̂N ]>, α̂ :=
[α̂1, . . . , α̂N ]> ∈ RN .

As presented below, the leader agent will converge to its destination
from almost all initial conditions that satisfy Assumption 4.3, whereas the
followers might get stuck in local minima. Once the leader reaches ε-close
to its destination (where ε was introduced in Assumption 4.3), it switches
off its control and the next robotic agent in the priority list becomes the
leader. We assume that once an agent reaches its goal, it can broadcast this
information for the next agent in priority. This occurs iteratively until all
the robotic agents reach their destinations. The following theorem considers
the convergence of a leader to its destination.

Theorem 4.3. Consider N robots operating in W, subject to the uncertain
2nd-order dynamics (4.26), and a leader iL. Under Assumptions 4.1-4.4,
the control protocol (4.28)-(4.30) guarantees collision avoidance between the
agents and the agents and obstacles/workspace boundary as well as conver-
gence of xiL to xdiL

from almost all initial conditions (x(t0), v(t0), m̂(t0), α̂(t0))

∈ FM × RN(n+1) × RN≥0, given sufficiently small τ , τiL , and that kφi >
αi
2 ,

i ∈ N . Moreover, all closed loop signals remain bounded, ∀t ≥ t0.

Proof. We prove first the avoidance of collisions by considering the function

VM :=
∑
i∈N

{
kφiφi +

mi

2
‖evi‖2 +

3

4kαi
α̃2
i +

1

2kmi
m̃2
i

}
.

Since x(t0) ∈ FM , VM (t0) is bounded. Differentiation of VM yields, after
using the property∑

i∈N

∑
j∈N\{i}

(xi − xj)>(vi − vj) = 2
∑
i∈N

∑
j∈N\{i}

(xi − xj)>vi,
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V̇M =
∑
i∈N

{
2kφik1i(xi − xdi)− 2kφik2i

(
β′i(di,o0)x−

∑
k∈J

β′i(di,ok)(xi − ck)

− 2
∑

j∈N\{i}

β′(di,j)(xi − xj)−
∑

j∈N\{i}

kfiβ
′
i(didj )(xi − xdj )

)>
vi

+ e>vi(ui − fi(xi, vi)−mig −miv̇di) +
3

2kαi
α̃i ˙̂αi +

1

2kmi
m̃i

˙̂mi

}

≤
∑
i∈N

{
kφi∇xi φ̃i(x)>vi + e>vi(ui −mi(g + v̇di)) +

3

2
αi‖evi‖‖vi‖

+
3

2
α̃i‖evi‖2 − m̃ie

>
vi(v̇di + g)

}
,

which, by using vi = evi + vdi and substituting the control and adaptation
laws (4.12),(4.30), becomes

V̇M ≤ −
∑
i∈N

{(
kφi −

αi
2

)
‖∇xi φ̃i(x)‖2 + kvi‖evi‖2

}
≤ 0,

and hence, VM (t) ≤ V (t0), which implies the boundedness of all closed-
loop signals as well as that collisions between the agents and the agents
and obstacles/workspace boundary are avoided ∀t ≥ t0. Moreover, follow-
ing similar arguments as in the proof of Theorem 4.1, we conclude that
limt→∞ ‖∇xi φ̃i(x(t))‖ = limt→∞ ‖evi(t)‖= limt→∞ ‖vi(t)‖= limt→∞ ‖v̇i(t)‖
= 0, ∀i ∈ N . For the followers NF , depending on the choice of τi, i ∈ NF ,
the critical point ∇xi φ̃i(x(t)) = 0 might either correspond to their destina-
tion xdi or a local minimum. In any case, it holds that x(t) ∈ FM , ∀t ≥ t0,
and hence, for all the followers i ∈ NF ,

‖xi(t)− ck‖ > ri + rok + 2rM + 2r̄,∀k ∈ J (4.31a)

‖xi(t)− xj(t)‖ > ri + rj + 2rM + 2r̄,∀j ∈ NF\{i} (4.31b)

rW − ‖xi‖ > ri + 2rM + 2r̄, (4.31c)

‖xi(t)− xdj‖ > ri + rj + 2rM + 2r̄ + ε, ∀j ∈ N\{i}, (4.31d)

∀t > t0. Therefore, since limt→∞ ‖vi(t)‖ = limt→∞ ‖v̇i(t)‖ = 0, ∀i ∈ N , the
multi-robot case reduces to the single-robot case of Section 4.2.2, where
the followers resemble static obstacles. Note that the obstacle constraints
(4.5) are always satisfied by the followers (see (4.31a)-(4.31c)); (4.31d) im-
plies that the configuration that corresponds to the leader destination, i.e.,
[x>1 , . . . , x

>
iL−1, x

>
diL

, x>iL+1, . . . , x
>
N ]>, belongs always in its free space FiL .

Hence, by choosing sufficiently small τ, τiL in the interval (0,min(r̄2, r̄d)),
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with r̄d as defined in (4.8), we guarantee the safe navigation of xiL to xdiL
from almost all initial conditions, as in Section 4.2.2.

When the current leader iL reaches ε-close to its goal, at a time instant
tiL

3, it broadcasts this information to the other agents, switches off its
control and remains immobilized, considered hence as a static obstacle
with center cM+1 := xiL(tiL) and radius rM+1 by the rest of the team.
Note that ‖cM+1 − xdiL

‖ ≤ ε and hence, in view of (4.27), ‖cj − cM+1‖ >
roj + riL + 2rM + 2r̄, ∀j ∈ J , and rW −‖cM+1‖ > riL + 2rM + 2r̄, satisfying

the obstacle spacing properties (4.5). The next agent i′L ∈ Ñ := N\{iL} in
priority is then assigned as a leader for navigation, and we redefine the sets

˜̄Oi′L,j := {q ∈ W̄i′L
: ‖qi − cj‖ ≤ roj + ri},∀j ∈ J̃

C̃i′L := {q ∈ W̄i′L
: ‖qi′L − qj‖ ≤ ri′L + rj ,∀j ∈ Ñ\{i′L}},˜̄Oi,j := {q ∈ W̄i : ‖qi − cj‖ ≤ roj + ri + 2rM + 2r̄},∀j ∈ J̃

C̃i := {q ∈ W̄i : ‖qi − qi′L‖ ≤ ri + ri′L ,

‖qi − qj‖ ≤ ri + rj + 2rM + 2r̄,∀j ∈ Ñ\{i′L, i},
‖qi − xdj‖ ≤ ri + rj + 2rM + 2r̄ + ε,∀j ∈ Ñ\{i}},

∀i ∈ Ñ\{i′L}, where J̃ := J ∪ {M + 1}, to account for the new obstacle
M + 1. The new free space is

F̃i := W̄i\


⋃
j∈J̃

˜̄Oi,j
 ∪ C̃i

 ,∀i ∈ Ñ

and, in view of (4.31), one can conclude that xi′L(tiL) ∈ F̃i′L , xi(tiL) ∈ F̃i
∀i ∈ Ñ\{i′L}. Therefore, the application of Theorem 4.3 with tiL as t0 and
agent i′L as leader guarantees its navigation ε-close to xdi′L

. Applying itera-

tively the aforementioned reasoning, we guarantee the successful navigation
of all the agents. More specifically, we initially set off-line the priorities of
the agents based on a desired metric (e.g., distance to the goal), and set
iL as the top priority agent. Then the following procedure is iterated until
all agents have reached their goals. The agents apply the control protocol
(4.28)-(4.30). When the leader agent satisfies ‖xiL − xdiL

‖ ≤ ε, it switches
off its control, broadcasts this information to all other agents, and the next
leader is chosen as the next agent in priority. Therefore, in view of Theorem
4.3, all agents will eventually reach ε-close to their destinations. This is

3Note that the proven asymptotic stability of Theorem 4.3 guarantees that this will
occur in finite time.
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illustrated in Algorithm 1, which is run by each agent separately. The
algorithm receives as input the agent index and destination i, xdi , respec-
tively, as well as the priority vector Pr, which have been set a priori. Next,
depending on the priority (lines 3, 4), agent i applies the control algorithm
(4.28)-(4.30) (line 8). In case agent i has the top priority and reaches its
goal, it broadcasts to the other agents that it has arrived and exits the loop
(lines 5-7). Finally, the agents are equipped with a callback function Receive
that continuously checks whether some agent j ∈ N\{i} broadcasts the
arrival to its destination, so that they update accordingly the priority vector
Pr (lines 9, 10). Note that the latter is a synchronous procedure and the
priority variable Pr is always the same for all agents.

Algorithm 1 Hybrid Control Strategy for Agent i

1: Input: i, xdi , Pr
2: while True do
3: if Pr[i] > Pr[j],∀j ∈ N\{i} then
4: iL ← i;
5: if ‖xi − xdi‖ ≤ ε then
6: Broadcast(“arrived”);
7: break;

8: Apply (4.28)-(4.30)
9: if Receive(“Arrived”, j) then

10: Pr← Update(Pr, j);

As a final remark, note that ε can be arbitrarily small, achieving thus
practical convergence of the agents to their destinations xdi , i ∈ N .

4.2.6 Simulation Results

This section verifies the theoretical findings of Sections 4.2.2-4.2.5 via com-
puter simulations.

Sphere worlds

We consider first a 2D workspace on the horizontal plane with rW = 8,
populated with M = 50 randomly placed obstacles, whose radius, enlarged by
the robot radius, is r̄oj = 0.5, ∀j ∈ J , as depicted in Fig. 4.1. The mass, and
function f(x, v), both unknown to the robotic agent, are taken as m = 1, and
f(x, v) = α

16 sin(0.5(xx + xy))F (v)v, with F (v) = diag{[exp(−sgn(vi)vi) +
1]i∈{x,y}}, and α = 10, where we denote (xx, xy) = x, (vx, vy) = v. We
choose the goal position as xd = (5, 5), which the robot aims to converge
to from 3 different initial positions, namely x(0) = −(5, 5), (−6, 4.5), and
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(3.5,−7). We choose a variation of (4.7) for β with τ = r̄2 and β̄ = 100.
The control gains are chosen as k1 = 0.04, k2 = 5, kv = 20, kφ = 1, and
km = kα = 0.01. The results for t ∈ [0, 100] seconds are depicted in Figs. 4.3,
4.4; 4.3 (left) shows that the robot navigates to its destination without any
collisions, and 4.4 depicts the input and adaptation signals u(t), α̂(t), m̂(t).
In addition, note that the fact that α > 2 does not affect the performance
of the proposed control protocol and hence we can verify that the condition
kφ >

α
2 is only sufficient and not necessary. Moreover, in order to verify the

results of Section 4.2.2, we add a bounded time-varying disturbance vector

d(x, v, t) = d(t) := 2
[
sin(0.5t+ pi

3 ), cos(0.4t− π
4 )
]> ∈ R2 and we choose the

extra control gains as σm = σα = 0.1. The results are depicted in Fig. 4.3
(right), which shows the collision-free navigation of the agent to a set close
to xd, and Fig. 4.4, which shows the input and adaptation signals u(t), α̂(t),
m̂(t).
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Figure 4.3: The resulting trajectories x(t), t ∈ [0, 100] seconds, from the
initial points −(5, 5), (−6, 4.5), and (3.5,−7) to the destination (5, 5). Left:
without any disturbances. Right: with bounded disturbance d(x, v, t).

Next, we consider a 3D workspace with rW = 8, populated with M = 150
randomly placed obstacles, whose radius, enlarged by the robot radius, is
r̄oj = 0.5, ∀j ∈ J ; f(x, v) amd m as well as the β functions and control gains
are chosen as in the 2D scenario. We choose the goal position as xd = (4, 4, 4),
which the robot aims to converge to from 3 different initial positions, namely
x(0) = −(4, 4, 4), (−4, 4,−4), and (−4,−4, 4). The parameter r̄ is chosen as
r̄ = 0.75. The robot navigation as well as the input and adaptation signals
u(t), α̂(t), m̂(t) are depicted in Figs. 4.5, and 4.6 for t ∈ [0, 100] seconds.
Note that the robot navigates to its destination without any collisions and
that m̂ converges to m, as predicted by the theoretical results.
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Figure 4.4: Left: The resulting input signals u(t) = (ux(t), uy(t)), t ∈ [0, 100]
seconds, for the 2D trajectories of Fig. 4.3. Right: The resulting adaptation
signals α̂(t), m̂(t), t ∈ [0, 100] seconds, for the 2D trajectories of Fig. 4.3.
The extra subscript d corresponds to the model where a bounded disturbance
vector d(x, v, t) was included.

Star worlds

Next, we illustrate the performance of the control protocol of Section 4.2.4
in a 2D and a 3D star-world. We first consider the 2D workspace shown
in Fig. 4.2, with rW = 8, which contains 2 star-shaped obstacles, centered
at (−3,−3) and (0, 1), respectively. The mass m and function f(x, v) are
given as in the sphere-world case, with α = 1. In order to transform the
workspace to a sphere world, we employ the transformation proposed in [? ].
In the transformed sphere world, we choose r̄ = 4 and r̄oj = 0.5, whereas
the function β is chosen as in the sphere-world case. The initial and goal
position are selected as x(0) = (−5,−5) and xd = (3, 4), respectively, and
the control gains as k1 = 0.04, k2 = .2, kv = 20, kφ = 1, and km = kα = 0.01.
The results are depicted in Figs. 4.7 and 4.8a, for t ∈ [0, 500] seconds.
More specifically, 4.7 shows the resulting trajectory, both in the original star
world as well as in the transformed sphere world, and Fig. 4.8a depicts the
resulting control input u(t) and the adaptation signals α̂(t), m̂(t).

Next, we consider a 3D workspace, with 2 star-shaped obstacles, cen-
tered at (−4,−4,−2), (1, 2, 2), similar to the previous 2D star-shaped
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Figure 4.5: The resulting trajectories x(t), t ∈ [0, 100] seconds, from the
initial points −(5, 5), (−6, 4.5), and (3.5,−7) to the destination (5, 5).

Figure 4.6: Left: The resulting input signals u(t) = (ux(t), uy(t), uz(t)),
t ∈ [0, 100] seconds, for the 3D trajectories of Fig. 4.5. Right: The resulting
adaptation signals α̂(t), m̂(t), t ∈ [0, 100] seconds, for the 3D trajectories of
Fig. 4.5.
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workspace, and rW = 12. By setting the initial and goal configurations
at (−5.1,−5.2,−5), and (3, 4, 4), respectively, and all the parameters and
control gains as in the 2D counterpart, we obtain the results shown in Figs.
4.9 and 4.8b, for 200 seconds; 4.9 shows the safe robot navigation to the goal
and Fig. 4.8b depicts the evolution of the control and adaptation signals
u(t), α̂(t), and m̂(t).

Multi-Agent case

Finally, we use the control scheme of Section 4.2.5 in a multi-agent scenario.
We consider 20 agents in a 2D workspace of rW = 120, populated with 70
obstacles. The agents and obstacles are randomly initialized to satisfy the
conditions of the free space of Section 4.2.5 (see Fig. 4.10). The radius of the
agents and the obstacles is chosen as ri = roj = 2, ∀i ∈ N , j ∈ J , and the
sensing radius of the agents is taken as ςi = 20, ∀i ∈ N . The functions β, βi
are chosen as in the previous subsections, and we also choose r̄ = 4, ε = 0.1.
The results are depicted in Figs. 4.11-4.13 for 870 seconds. More specifically,
Fig. 4.11 shows the convergence of the distance errors ‖xi(t) − xdi‖ to
zero, ∀i ∈ N , t ∈ [0, 870], and Fig. 4.12 depicts the trajectories xi(t) of the
agents in the workspace, ∀i ∈ N , t ∈ [0, 870], from which it is clear that
there is no collision with the workspace boundary. Finally, Fig. 4.13 shows
the minimum of the distances ‖xi(t) − xj(t)‖ − 2r, ∀i, j ∈ N , i 6= j, and
‖xi(t)− cj‖ − 2r, ∀i ∈ N , j ∈ J , defined as

βmin(t) := min

{
min

i,j∈N ,i 6=j

{
‖xi(t)− xj(t)‖ − 2r

}
, min
(i,j)∈N×J

{
‖xi(t)− cj‖ − 2r

}}
,

which stays strictly positive, ∀t ∈ [0, 870], implying that collisions are avoided.
A video illustrating the multi-robot case can be found on
https://vimeo.com/393443782.
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Figure 4.7: Left: The resulting trajectory x(t), t ∈ [0, 500] seconds, from the
initial points −(5, 5) to the destination (3, 4), in the 2D star world workspace.
Right: The respective trajectory in the transformed sphere world.

https://vimeo.com/393443782
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Figure 4.8: The input and adaptations signals u(t), α̂(t), m̂(t), for the 2D (a)
and 3D (b) star world workspaces, for [0, 500] and [0, 200] seconds, respectively.

Figure 4.9: Left: The resulting trajectory x(t), t ∈ [0, 200] seconds, from
the initial points −(4, 4, 2) to the destination (1, 2, 2), in the 3D star world
workspace. Right: The respective trajectory in the transformed sphere world.

4.3 Adaptive Leader-Follower Coordination with
Transient Constraints

We study next the problem of leader-follower coordination of a multi-agent
system in an obstacle-free workspace. In particular, we consider that a leader
agent aims to navigate to a predefined position, subject to collision and
connectivity constraints, as well as uncertain 2nd-order dynamics. We use
innovatively a useful property of the graph’s incidence matrix (see Appendix
E) to obtain the desired results.
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Figure 4.10: The initial configurations of the multi-agent scenario. The
obstacles are depicted as filled red disks whereas the agents as circles. The
destinations are shown with asterisk.
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Figure 4.11: The resulting signals ‖xi(t)− xdi‖, ∀i ∈ N , shown to converge
to zero for the multi-agent scenario.

4.3.1 Problem Formulation

Consider N > 1 autonomous robotic agents, withN := {1, . . . , N}, operating
in Rn and described by the spheres Ai(xi) := B̄i(xi, ri) = {y ∈ Rn :
‖xi − y‖ ≤ ri}, with xi ∈ Rn being agent i’s center, and ri ∈ R>0 its
bounding radius. In contrast to the previous section, we consider now the
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Figure 4.12: The resulting trajectories of the agents xi(t) in the 2D workspace,
∀i ∈ N , t ∈ [0, 870] seconds, for the multi-agent scenario.

Figure 4.13: The signal βmin(t), which stays strictly positive, for all t ∈
[0, 870], implying that inter-agent collisions and agent-obstacle collisions are
avoided.

more general Lagrangian dynamics for the agents (see Chapter 2):

ẋi = vi (4.32a)

Mi(xi)v̇i + Ci(xi, vi)ẋi + gi(xi) + fi(xi, vi) + di(t) = ui, (4.32b)
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where Mi := Mi(xi) : Rn → Rn×n are positive definite inertia matrices, with
the standard property (see (2.16))

0 < mIn ≤Mi(x) ≤ m̄In,

∀x ∈ Rn, i ∈ N , for positive constants m, m̄, Ci := Ci(xi, vi) : R2n → Rn×n
are the Coriolis terms, gi := gi(xi) : Rn → Rn are the gravity vectors,
fi := fi(xi, vi) : R2n → Rn are unknown vector fields that represent friction-
like terms (as in (4.26)), di := di(t) : R≥0 → Rn are unknown external
disturbances and modeling uncertainties, and ui ∈ Rn are the agents’ control
inputs, ∀i ∈ N . The terms Mi, Ci and gi are continuous in their arguments,
the terms fi are Lebesgue measurable and locally bounded, and di are
uniformly bounded. Note that here we do not require fi and di to be
continuous everywhere, since we will employ non-smooth analysis for the
stability of the closed-loop system. Moreover, as in Chapter 2, we consider
that the dynamic terms Mi, Ci, and gi include unknown constant dynamic
parameters of the agents (e.g., masses, moments of inertia), denoted by the
vectors θi ∈ R`, ` ∈ N, ∀i ∈ N . The Lagrangian system (4.32) satisfies the
following well-known properties (as in Chapter 2):

Property 4.1. The terms Ṁi(x) − 2Ci(x, z) are skew-symmetric, i.e.,
(Ṁi(x)− 2Ci(x, z))

> = 2Ci(x, z)− Ṁi(x) and y>(Ṁi(x)− 2Ci(x, z))y = 0,
∀x, y, z ∈ Rn, i ∈ N .

Property 4.2. The dynamic terms of (4.32) can be linearly parameterized
with respect to the agents’ dynamic parameters. That is, for any vectors
x, y, z, w ∈ Rn, it holds that Mi(x)y + Ci(x, z)w + gi(x) = Yi(x, z, w, y)θi,
∀x, y, z, w ∈ Rn, where Yi : R4n → Rn×` are known regressor matrices, and
θi ∈ R`, ` ∈ N, are vectors of constant but unknown dynamic parameters of
the agents, ∀i ∈ N .

Moreover, we impose the following assumptions on the system (4.32),
which encapsulate standard properties of friction-terms and external distur-
bances, similar to Assumption 4.1:

Assumption 4.5. It holds that ‖fi(xi, vi)‖1 ≤ αi‖vi‖1, ‖di(t)‖1 ≤ dbi ,
∀xi, vi ∈ R2n, t ∈ R≥0, where αi, dbi are unknown positive constants, i ∈ N .

We aim to compensate fi and di by using discontinuous adaptive control.
Without loss of generality, we assume that agent i = 1 corresponds to
the team leader, whereas i > 1 are the followers, which belong to the
set NF := {2, . . . , N}. The task of the leader is to navigate to a desired
pose xd ∈ Rn, and the entire team is responsible for guaranteeing collision
avoidance as well as connectivity maintenance properties.
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In addition, as in Sections 3.2 and 4.2.5, we consider that each agent has
a limited sensing radius ςi ∈ R>0, with ςi > maxj∈N {ri + rj}, which implies
that the agents can sense each other without colliding. Based on this, we
model the topology of the multi-agent network through the undirected graph
G(x) := (N , E(x)), with E(x) := {(i, j) ∈ N 2 : ‖xi − xj‖ ≤ min{ςi, ςj}},
where x := [x>1 , . . . , x

>
N ]> ∈ RnN . We further denote K(x) := |E(x)|. Given

the k-th edge in the edge set E(x), we use the notation (k1, k2) ∈ N 2 that
gives the agent indices that form edge k ∈ K(x), where k1 is the tail and k2

is the head of edge k, and K(x) := {1, . . . ,K(x)} is an arbitrary numbering
of the edges E(x).

As discussed before, the leader agent i = 1 aims at navigating to xd. We
also need to guarantee that inter-agent collisions are avoided for all times,
and that some initial edges, denoted by E0 ⊂ E(x(0)), are preserved. The
motivation for that is mainly potential cooperative tasks that the agents
have to accomplish, whose details are provided only to a leader agent. Then,
the leader has to guide the entire team to the points of interest, which is
guaranteed via graph connectivity (all agents are part of an edge). There
exist, nevertheless, more sophisticated and less conservative ways to maintain
graph connectivity than just maintaining part of the initial edges [? ? ? ].
Such schemes are not included in the current framework. The results in this
section are more general, in the sense that neither the graph connectivity
of G(x(0)), G0 := (N , E0), nor the connectivity to the leader are technical
requirements of the analysis, as shown below. Formally, the problem treated
in this section is the following:

Problem 4.2. Consider N spherical autonomous robotic agents with dy-
namics (4.32). Given Properties 4.1-4.2 and Assumption 4.5, develop a
decentralized control strategy that guarantees 1) achievement of the leader’s
task, 2) inter-agent collision avoidance, and 3) connectivity maintenance
between a subset of the initially connected agents, i.e.,

1. lim
t→∞

(x1(t)− xd) = 0,

2. Ai(xi(t)) ∩ Aj(xj(t)) = ∅, ∀t ∈ R≥0, i, j ∈ N , i 6= j,

3. ‖xk1
(t)− xk2

(t)‖ ≤ min{ςm1
, ςm2
}, ∀t ∈ R≥0, k ∈ K0 ⊂ K(x(0)),

where K0 := {1, . . . ,K0} is an edge numbering for the edge set E0, with
K0 := |E0|.

4.3.2 Problem Solution

In this section we propose a decentralized control protocol for the solution
of Problem 4.2.
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Besides the edge set E0, with edge numbering K0 and K0 edges, which
needs to remain connected, consider also the complete graph Ḡ := (N , Ē),

with Ē := {(i, j),∀i, j ∈ N , i < j}, K̄ := |Ē | = N(N−1)
2 , and the edge num-

bering K̄ := {1, . . . ,K0,K0 + 1, . . . , K̄}, where {K0 + 1, . . . , K̄} corresponds
to the edges in Ē\E0. Moreover, denote by D0 and D̄ the incidence matrices
of G0 and Ḡ, respectively (see Section E.1 of Appendix E).

We construct now the local collision and connectivity functions for all
edges K̄ and K0, respectively. Given positive constants β̄c and β̄n, let
βc,k : R≥0 → [0, β̄c] and βn,l : R≥0 → [0, β̄n], with

βc,k(x) :=

{
ϑc,k(x) 0 ≤ x < d̄c,k,
β̄c d̄c,k ≤ x ,

βn,l(x) :=

{
ϑn,l(x) 0 ≤ x < d2

n,l

β̄n d2
n,l ≤ x

,

∀k ∈ K̄, l ∈ K0, where ϑc,k : R≥0 → [0, β̄c], ϑn,l : R≥0 → [0, β̄n] are polyno-
mials that guarantee that βc,k and βn,l, respectively, are twice continuously
differentiable, ∀k ∈ K̄, l ∈ K0. The aforementioned functions are smooth
switches, similar the the one used in Section 4.2. Then, we choose

βc,k := βc,k(ιk), ιk := ιk(xk1 , xk2) := ‖xk1 − xk2‖2 − (rk1 + rk2)2

βn,l := βn,l(νl), νl := νl(xl1 , xl2) := d2
n,l − ‖xl1 − xl2‖2

with dn,k := min{ςk1
, ςk2
} and we also set d̄c,k := d2

n,k − (rk1
+ rk2

)2, ∀k ∈
K̄, l ∈ K0. The terms β̄c, β̄n can be any positive constants. Note that βc,k
and βn,l take into account the limited sensing capabilities of the agents and
their derivatives vanish at collisions and connectivity breaks, respectively, of
the respective edges. All the parameters for the construction of βc,k, βn,l
can be transmitted off-line to the agents.

Regarding the uncertain terms of (4.32), note that θi ∈ R`, αi ∈ R, and
dbi ∈ R from Properties 4.1, 4.2 and Assumption 4.5 are unknown to the

agents. Hence, we define the estimations of these terms θ̂i ∈ R`, α̂i ∈ R,
d̂bi ∈ R, ∀i ∈ N , with the respective errors θ̃i := θ̂i − θi, α̃i := α̂i − αi,
d̃bi := d̂bi − dbi , ∀i ∈ N . By using adaptive control techniques, we prove
in the following that these estimations compensate appropriately for the
unknown terms, without necessarily converging to them. In addition, we
define the leader error signal se := x1 − xd and αc

i,k and αn
i,l as:

αc
i,k :=


−1, i = k1

1, i = k2

0, otherw.

αn
i,l :=


−1, i = l1

1, i = l2

0, otherw.
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∀k ∈ K̄, l ∈ K0, i ∈ N , which provide boolean values depending on whether
agent i is part (head or tail) of edge m and l (as in (3.20)). Finally, we
define, ∀k ∈ K̄, l ∈ K0, the terms

β′c,k :=
∂

∂ιk

(
1

βc,k(ιk)

)
, β′n,l :=

∂

∂νl

(
1

βn,l(νl)

)
,

which diverge to infinity in a collision and a connectivity break of the agents
k1, k2 and l1, l2, respectively. We propose now the following decentralized
adaptive control protocol. Choose the agents’ desired velocity as

vd1 = −γese +
∑
k∈K̄

αc
1,kβ

′
c,k

∂ιk
∂xk1

+
∑
l∈K0

αn
1,lβ
′
n,l

∂νl
∂xl1

(4.33a)

vdi = ki

∑
k∈K̄

αc
i,kβ

′
c,k

∂ιk
∂xk1

+
∑
l∈K0

αn
i,lβ
′
n,l

∂νl
∂xl1

 ,∀i ∈ NF (4.33b)

that concerns the collision avoidance and connectivity maintenance proper-
ties, with the extra term γese for the leader to guarantee the navigation to
xd. The terms γe, ki are positive constants, ∀i ∈ NF . Since vdi is not the
actual velocity of the agents, we define the errors evi := vi − vdi , ∀i ∈ N ,
and design the decentralized control laws ui : Xi → R6

ui := ui(χi) =
∑
k∈M̄

αc
i,kβ

′
c,k

∂ιk
∂xk1

+
∑
l∈K0

αn
i,lβ
′
n,l

∂νl
∂xl1

− kvievi − s̃ei + Yri θ̂i

− sgn(evi)‖ẋi‖1α̂i − sgn(evi)d̂bi , (4.34)

∀i ∈ N , where χi := [x>, v>, θ̂>i , α̂i, d̂bi , ]
>, v = [v>1 , . . . , v

>
N ]>,

Xi := {χi ∈ R2Nn+`+2 : ιk(xk1
, xk2

) > 0, νl(xl1 , xl2) > 0,∀k ∈ K̄, l ∈ K0},
s̃e1 = γese, s̃ei = 0,∀i ∈ NF , Yri := Yi(xi, vi, vdi , v̇di), and kvi are positive
gains. Moreover, we design the adaptation signals

˙̂
dbi = γi,d‖evi‖1,
˙̂αi = γi,f‖evi‖1‖vi‖1,
˙̂
θi = −γi,θY >ri evi

 i ∈ N , (4.35)

with arbitrary bounded initial conditions, and positive constants γi,d, γi,f ,
γi,θ, ∀i ∈ N . Note from (4.34) that, unlike the usual case in the related
literature, the leader contributes to the collision avoidance and connectivity
maintenance properties, apart from just guaranteeing achievement of its task.
Regarding the rest of the terms, Yi(·)θ̂, sgn(evi)‖ẋi‖1α̂i, and sgn(evi)d̂bi
compensate for the unknown terms θi, fbi , and dbi , respectively, and evi is a
dissipative velocity term that ensures closed-loop stability. The main results
of this section are summarized in the following theorem.
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Theorem 4.4. Consider a multi-agent team N , described by the dynamics
(4.32) subject to Properties 4.1, 4.2 and Assumption 4.5. Then, application
of the control and adaptation laws (4.34), (4.35) guarantees: 1) navigation
of the leader agent to xd, 2) connectivity maintenance of the subset E0 of
the initial edges, 3) inter-agent collision avoidance, and 4) boundedness
of all closed loop signals, from all collision-free initial configurations, i.e.,
Ai(xi(0)) ∩ Aj(xj(0)) = ∅, ∀i, j ∈ N , with i 6= j, providing thus a solution
to Problem 4.2. Moreover, it holds that limt→∞ vi(t) = 0, ∀i ∈ N .

Proof. By employing (4.32), (4.34), (4.35), we can write the closed-loop
system as

ẋi = vi (4.36a)

v̇i = −Mi(xi)
−1

(
Ci(xi, vi)vi + gi(xi) + K[fi](xi, vi) + di(t)− K[ui]

)
(4.36b)

˙̂
dbi = γi,d‖evi‖1 (4.36c)

˙̂αi = γi,f‖evi‖1‖vi‖1 (4.36d)

˙̂
θi = −γi,θYi(xi, vi, vdi , v̇di)>evi (4.36e)

∀i ∈ N , where K[fi] and K[ui] are the Filippov regularizations of fi and ui,
respectively, ∀i ∈ N . In particular, K[ui] is formed by substituting sgn(evi)

with SGN(evi) in (4.34). Let now d̂b := [d̂b1 , . . . , d̂bN ]>, α̂ := [α̂1, . . . , α̂N ]>,

θ̂ := [θ̂>1 , . . . , θ̂
>
N ]>, χ := [x>, v>, d̂>b , α̂

>, θ̂>]> and consider the set

X := {χ ∈ R2Nn+2N+`N : χi ∈ Xi,∀i ∈ N}.

Since, initially the agents do not collide and E0 is a subset of the initially
connected agents E(x(0)), it holds that χ(0) ∈ X . The right hand side of
(4.36) is measurable in t over R≥0 and Lebesgue measurable and locally
bounded in χ on X . Therefore, by invoking Prop. A.1 of Appendix A, there
exists at least a Filippov solution µLF : [0, tmax) → X for some tmax > 0.
Consider now the function

V1 :=
γe
2
‖se‖2 +

∑
k∈K̄

1

βc,k
+
∑
l∈K0

1

βn,l
(4.37)

which is well defined when µLF ∈ X . By considering the time derivative
of V1, and taking into account that ∂ιk

∂xk1
= − ∂ιk

∂xk2
, ∀k ∈ K̄, ∂νl

∂xl1
= − ∂νl

∂xl2
,

∀l ∈ K0, we obtain

V̇1 =γes
>
e v1 − β>(D̃ ⊗ In)>v, (4.38)
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where β := [β>c , β
>
n ]> ∈ RK̄+K0 , βc := [β′c,1

∂ι1
∂x11

, . . . , β′
c,K̄

∂ιK̄
∂xK̄1

]> ∈ RK̄ , βn

:= [β′n,1
∂ν1

∂x11
, . . . , β′n,K0

∂νK0

∂x(K0)1

]> ∈ RK0 , and D̃ := [D̄,D0] ∈ RN×(K̄+K0),

where D̄ and D0 are the incidence matrices corresponding to Ē and E0,
respectively. Let now d̃>i ∈ RK̄+K0 , i ∈ N , be the rows of D̃, i.e., D̃ =

[d̃1, . . . , d̃N ]>. Then, (4.38) can be written as

V̇1 := γes
>
e v1−

∑
i∈N

β>(d̃i⊗In)vi = (γes
>
e −β>(d̃1⊗In))v1−

∑
i∈NF

β>(d̃i⊗In)vi

and (4.33) and (4.34) as

vd1
=− γese + (d̃1 ⊗ In)>β (4.39a)

vdi =ki(d̃i ⊗ In)>β, ∀i ∈ NF (4.39b)

ui =(d̃i ⊗ In)>β − s̃ei + Yi(xi, vi, vdi , v̇di)θ̂i − kvievi − sgn(evi)‖vi‖1α̂i
− sgn(evi)d̂bi , ∀i ∈ N . (4.39c)

Achievement of the desired velocities, i.e., vi = vdi , ∀i ∈ N , would imply
that

V̇1 = −‖γese − (d̃1 ⊗ In)>β‖2 −
∑
i∈NF

ki‖(d̃i ⊗ In)>β‖2.

The actual velocities of the agents, however, are not necessarily equal to
the desired ones vdi , and therefore we use a backstepping-like technique to
proceed. Consider the vector z ∈ Z, with

z :=

[
s>e ,

(
1

βc,1

) 1
2

, . . . ,

(
1

βc,K̄

) 1
2

,

(
1

βn,1

) 1
2

, . . . ,

(
1

βn,K0

) 1
2

, e>v , d̃
>
b , α̃

>, θ̃>
]>

,

where ev := [e>v1
, . . . , e>vN ]> ∈ RnN , d̃b := [d̃b1 , . . . , d̃bN ]> ∈ RN , α̃ :=

[α̃1, . . . , α̃N ]> ∈ RN , θ̃ := [θ̃>1 , . . . , θ̃
>
N ] ∈ R`N , and Z := Rn+(2+n+`)N+K̄+K0 .

Similar to (4.36), we guarantee the existence of a Filippov solution z :
[0, tmax)→ Z for the respective closed-loop system obtained by differentiat-
ing z. We aim to prove that z(t) remains in a compact subset of Z, which
implies that χ remains in a compact subset of X . Define the barrier-like
function VLF := VLF (z, t) : Z × [0, tmax)→ R≥0, with

VLF (z, t) :=V1(z) +
∑
i∈N

{
1

2
e>viMi(xi(t))evi +

1

2γi,d
d̃2
bi +

1

2γi,f
α̃2
i +

1

2γi,θ
‖θ̃i‖2

}
,

for which, by using the fact m ≤ Mi(x) ≤ m̄, ∀x ∈ Rn, i ∈ N , it holds
that W1(z) ≤ VLF (z, t) ≤ W2(z), where W1,W2 : Z → R≥0 are positive
definite functions. Since initially the agents do not collide and E0 is a
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subset of the initially connected agents E(x(0)), V1, as defined in (4.37),
is well-defined, and hence VLF (z(0), 0), 1

βc,k(ιm(0)) , 1
βn,l(νl(0)) are bounded,

∀k ∈ K̄, l ∈ K0, i.e., VLF (z(0), 0) ≤ V̄ for a finite constant V̄ . By taking the
derivative of VLF , and in view of Lemma A.2 of Appendix A, one obtains

V̇LF (z(t), t)
a.e.∈ ˙̃

V LF (z(t), t), where
˙̃
V LF (z(t), t) is the intersection of the inner

products of the all generalized gradients of VLF with the right-hand size of
(4.36). Since VLF (z, t) is continuously differentiable, the generalized gradient
reduces to the standard gradient and one obtains

˙̃
V LF ⊂ V̇1 +

∑
i∈N

{
1

2
e>viṀievi + e>vi

(
ui − Ciẋi − gi − fi − di

)
− eviMiv̇di

+
1

γi,f
α̃i ˙̂αi +

1

γi,d
d̃bi

˙̂
dbi +

1

γi,θ
θ̃>i

˙̂
θi

}
.

By substituting vi = evi + vdi in Civi and (4.38), and using Properties 4.1,
4.2, we obtain

˙̃
V LF ⊂− ‖γese − (d̃1 ⊗ In)>β‖2 −

∑
i∈NF

ki‖(d̃i ⊗ In)>β‖2 + γes
>
e ev1+

∑
i∈N

{
e>vi
(
ui − Yriθi − fi − di − (d̃i ⊗ In)>β

)
+

1

γi,f
α̃i ˙̂αi +

1

γi,d
d̃bi

˙̂
dbi

+
1

γi,θ
θ̃>i

˙̂
θi

}
.

Next, by substituting the control laws (4.39), the right-hand side becomes

˙̃
V LF ⊂− ‖γese − (d̃1 ⊗ In)>β‖2 −

∑
i∈NF

ki‖(d̃i ⊗ In)>β‖2 +
∑
i∈N

{
e>vi

(
Yri θ̃i

− kvievi − SGN(evi)
(
‖vi‖1 α̂i + d̂bi

)
− fi − di

)
+

1

γi,f
α̃i ˙̂αi +

1

γi,d
d̃bi

˙̂
dbi

+
1

γi,θ
θ̃>i

˙̂
θi

}
.

By employing the property x>sgn(x) = ‖x‖1, ∀x ∈ Rn (which also implies
that x>SGN(x) = ‖x‖1, since x>SGN(x) = {0} when x = 0), as well as
(4.39) and Assumption 4.5, we obtain

max
z∈ ˙̃
V LF

{z} ≤ −Wζ(z) +
∑
i∈N

{
e>viYri θ̃i + αi‖evi‖1‖vi‖1 + dbi‖evi‖1 − kvi‖evi‖2

− ‖evi‖1
(
‖vi‖1 α̂i + d̂bi

)
+

1

γi,f
α̃i ˙̂αi +

1

γi,d
d̃bi

˙̂
dbi +

1

γi,θ
θ̃>i

˙̂
θi

}
,
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where Wζ : Z → R≥0, with

Wζ(z) := ‖γese − (d̃1 ⊗ In)>β‖2 +
∑
i∈NF

ki‖(d̃i ⊗ In)>β‖2.

Finally, by substituting αi = α̂i − α̃i, dbi = d̂bi − d̃bi , ∀i ∈ N , as well as the
adaptation laws (4.35), we obtain

max
z∈ ˙̃
V LF

{z} ≤ −Wζ(z)−
∑
i∈N

kvi‖evi‖2 =: −W (z).

Therefore, we conclude that z ≤ −W (z), ∀z ∈ ˙̃
V LF (z(t), t), t ∈ [0, tmax),

z ∈ Z, where W : Z → R≥0 is a positive semi-definite function defined on
Z. Hence, the conditions of Theorem A.6 of Appendix A hold, according
to which we conclude that all Filippov solutions starting in z(0) ∈ Z̄ :=
{z ∈ B(0, rζ) : W2(z) < min‖z‖=rζ W1(z)} are extended to tmax =∞, satisfy

z(t) ∈ Z̄ for all t ∈ R≥0 and any positive rζ , and limt→∞W (z(t)) = 0. Thus,
the terms βc,k(ιk(t)), βn,l(νl(t)) are bounded, ∀t ∈ R≥0, k ∈ K̄, l ∈ K0,
which implies that connectivity breaks of the set E0 and inter-agent collisions
are avoided, ∀t ∈ R≥0.

In addition, it holds that limt→∞ evi(t) = 0, ∀i ∈ N , limt→∞(d̃i ⊗
In)>β(t) = 0, ∀i ∈ NF , as well as limt→∞ ‖γese − (d̃1 ⊗ In)>β‖ = 0. We
employ now Property E.1 of Appendix A for incidence matrices, which
dictates that

∑
i∈N d̃i = 0. Hence, it holds that

lim
t→∞

(d̃1 ⊗ In)>β = − lim
t→∞

∑
i∈NF

(d̃i ⊗ In)>β = 0,

which implies that limt→∞ ‖γese − (d̃1 ⊗ In)>β‖ = 0 ⇒ limt→∞ se = 0,
meaning that the leader agent will converge to its destination. Moreover,
one concludes that limt→∞ vi(t) = 0, ∀i ∈ N due to (4.39). Note that rζ
can be any positive constant and hence the result is global with respect to z,
i.e., all initial configurations that are collision-free and satisfy E0 ⊂ E(x(0)).
Moreover, the fact that tmax = ∞ implies that there is no Zeno behavior
due to the discontinuous nature of the controller.

Remark 4.4. Inspection of the closed loop dynamics (4.36b) reveals that,
if limt→∞ v̇i(t) = 0, then the follower agents will converge to an invariant

set where di(t) = Yri θ̃i.

Remark 4.5. Note that initial connectivity of the graphs G(x(0)), G0 and
connectivity to the leader are not technical requirements, as is usually the
case in the related literature (e.g., [? ? ]). In such cases, the leader will still
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Figure 4.14: The initial positions of the 6 UAVs, along with the desired
leader goals xd,k, k ∈ {1, . . . , 4}, and the edge set E0.
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Figure 4.15: (a): The leader signal ‖se(t)‖ + ‖ev1(t)‖, which converges
to zero for every navigation objective; (b) the product

∏
k∈K̄

1
βc,k(ιk(t))∏

l∈K0

1
βn,l(νl(t))

, which remains bounded, proving thus the collision and con-

nectivity properties (the zero values stem from the computer’s lower numer-
ical limits); (c) the adaptation signals

∏
i∈{1,...,6} ‖θ̂i(t)‖,

∏
i∈{1,...,6} d̂bi(t),∏

i∈{1,...,6} α̂i(t), which remain bounded, ∀t ∈ [0, 277] s.

converge to xd, inter-agent collisions will not occur, and the edges of E0, will
be preserved. Regarding the unknown terms fi, di, θi, note from Theorem
4.4 and its proof that these are successfully compensated, without the need
of convergence of the respective errors to zero. Finally, observe that the
framework can be also applied to the multi-robot navigation problem, via
alternating between leaders and followers and appropriate prioritization.

4.3.3 Simulation Results

We conducted simulations with N = 6 UAVs in R3 using the realistic
robotic simulator Gazebo [? ]. We considered bounding radii ri = 0.35m,
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sensing ranges ςi = 3m, ∀i ∈ N , and initial positions x1(0) = [0, 0, 0.1]>,
x2(0) = [2,−0.5, 0.1]>, x3(0) = [−1.5, 1.5, 0.1]>, x4(0) = [1, 2, 0.1]>, x5(0) =
[−1.5,−1, 0.1]>, and x6(0) = [0.5,−1.5, 0.1]> m, (see Fig. 4.14). We also
considered that the leader has 4 navigation objectives, that is, to sequentially
navigate to the points xd,1 = [0, 0, 5]>, xd,2 = [4, 5, 3]>, xd,3 = [−2, 4, 2]>,
xd,4 = [3,−2, 3]> m (pictured as small spheres in Fig. 4.14). Since this work
provides asymptotic results with respect to the error se, the leader switches
navigation goal each time it gets closer than 0.075m to the current goal, i.e.,
‖se‖ ≤ 0.075m. We also considered

E0 = {(1, 2), (1, 3), (1, 4), (3, 4), (3, 5), (5, 6), (2, 6)},

as shown in Fig. 4.14 via straight black lines. The unknown parameters
θi concerned the UAVs’ mass and the gravity constant. The control gains
and parameters were set as γe = 0.7, ki = 5, ∀i ∈ {2, . . . , 6}, and γi,θ =
0.1, γi,d = 0.01, γi,f = 0.1, kvi = 2, ∀i ∈ {1, . . . , 6}. The simulation
results are shown in Figs. 4.15-4.17 for t ∈ [0, 277] s. More specifically,
Fig. 4.15 shows (a) the evolution of the signal ‖se(t)‖ + ‖ev1

(t)‖, which
converges to zero for each navigation objective, (b) the evolution of the
product

∏
k∈K̄

1
βc,k(ιk(t))

∏
l∈K0

1
βn,l(νl(t))

, which remains bounded, verifying

thus the collision avoidance and connectivity maintenance properties, and
(c) the evolution of the products of the adaptation signals

∏
i∈{1,...,6} ‖θ̂i(t)‖,∏

i∈{1,...,6} d̂bi(t),
∏
i∈{1,...,6} α̂i(t), which remain bounded, verifying thus

the boundedness of the individual signals. Moreover, Fig. 4.16 depicts
the evolution of the multi-agent system along the 4 navigation objectives,
with the connectivity of E0 (straight black lines), and Fig. 4.17 shows
the control inputs of the UAVs. The simulations were carried out in a
ROS-Python interface of an i7-8750H laptop computer with 12 cores at
2.2GHz and 16GB of RAM and an illustrating video can be found in https:

//youtu.be/bzzXC-v2hEM.

4.4 Closed-Form Collision Avoidance of
Ellipsoidal Multi-Agent Systems

The previous sections, as well as Section 3.2 of the previous chapter, con-
sidered spherical agents, which is a common assumption also in the related
literature. In this section, we turn our attention to robotic agents whose
volume is approximated as an ellipsoid in R3, since such an approximation
is more realistic for robotic agents (see e.g., Fig. 4.18). We develop a class
of closed-form barrier functions that approximate the distance between two
such ellipsoids and design an adaptive control scheme for the collision avoid-

https://youtu.be/bzzXC-v2hEM
https://youtu.be/bzzXC-v2hEM
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(a) (b)

(c) (d)

Figure 4.16: The motion of the multi-agent system as the leader navigates
to xd,1 (a), . . . , xd,4 (d). The connectivity of E0 is also pictured via straight
lines.

ance of the multi-agent system, subject to some primary task and 2nd-order
uncertain dynamics, like in the previous section.

4.4.1 Problem Formulation

Consider N > 1 ellipsoidal autonomous agents, with N := {1, . . . , N},
operating in SE(3), and described now by the ellipsoids

Ai(xsi) := {y ∈ R4 : y>Ai(xsi)y ≤ 0};

xsi := [p>i , ζ
>
i ]> ∈ M := R3 × S3 is the ith agent’s center of mass pose,

where pi ∈ R3 is its inertial position and ζi := [ϕi, ε
>
i ]> ∈ S3 its unit

quaternion-based orientation,with ϕi ∈ R, εi ∈ R3 its scalar and vector
parts, respectively, subject to ‖ζi‖ = 1; Ai(xsi) := T−>i (xsi)ÂiT

−1
i (xsi),

with Âi := diag{l−2
x,i , l

−2
y,i , l

−2
z,i ,−1}, corresponding to the principal axis lengths

lx,i, ly,i, lz,i ∈ R>0 of agent i’s ellipsoid, and Ti ∈ SE(3) is the transformation
matrix describing the translation and orientation of agent i’s center of mass,
∀i ∈ N . The agents’ motion follows the standard Lagrangian dynamics
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Figure 4.17: The resulting control inputs ui(t), i ∈ {1, . . . , 6}, t ∈ [0, 277] s.

Figure 4.18: Ellipsoid approximation of (a) the rigid links of a robotic
manipulator, (b) a mobile robot (top and front view).

(similar to (4.32)):

ẋsi = Ēζ(ζi)vi (4.40a)

Mi(xsi)v̇i + Ci(xsi , vi)vi + gi(xsi) + fi(xsi , vi) + di(t) = ui, (4.40b)

where vi := [ṗ>i , ω
>
i ]> is agent i’s velocity, with ωi ∈ R3 being its angular

velocity, Ēζ : S3 → R7×6 is the matrix mapping the quaternion rates to
velocities, defined as Ēζ := diag{I3, E(ζ)} and E(ζ) as defined in Section
2.2.1; The rest of the terms are the same as in (4.32), with unknown dynamic
parameters in Mi, Ci, gi, and unknown fi, di, ∀i ∈ N . Here we also consider
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that ui is decomposed as ui = uf,i + us,i, where ufi is a bounded term that
is responsible for some (potentially cooperative) task, and us,i is a control
term to be designed in order to achieve multi-agent decentralized collision
avoidance, ∀i ∈ N . More specifically, we consider that φs(xs) ∈ R≥0 is a
term that corresponds to the cooperative task dictated by uf,i, with

uf,i = Ēζ(ζi)
> ∂φs(xs)

∂xsi
,

∀i ∈ N , c1(xs) ≤ φs(xs) ≤ c2(xs), for continuous positive definite functions
c1, c2, and nonempty sets {xs ∈ Xs : xs = φ−1

s (y)}, ∀y ∈ R≥0, where
xs := [x>s1 , . . . , x

>
sN ]>, and

Xs := {xs ∈MN : Ai(xsi) ∩ Aj(xsj ) = ∅,∀i, j ∈ N , i 6= j};

φs can be also a function of x̃s := [p>1 − p>2 , . . . , p>N − p>N−1, ζ
>
1 , . . . , ζ

>
N ]>

that concerns potential formation control objectives. Then Xs becomes

{x̃s ∈ R
3N(N−1)

2 × S3N : Ai(xsi) ∩ Aj(xsj ) = ∅,∀i, j ∈ N , i 6= j}.

The conditions for φ are satisfied by standard quadratic functions, e.g.,

φs(xs) =
∑
i∈N
{‖pi − pdi‖2 + e2

ζi}

(for multi-agent navigation) or

φs(x̃) =
∑

(i,j)∈F

{‖pi − pj − pdi,j‖2 + e2
ζi,j}

(for formation) for sufficiently distant pdi , pdi,j , where F is a potential for-
mation set and eζi , eζi,j represent appropriate quaternion errors (see Section
2.2.3). Note that φs and uf,i are not responsible for collision avoidance or
compensating model uncertainties.

The terms Mi and Ci satisfy Property 4.1, ∀i ∈ N , as well as a slightly
modified version of Property 4.2 that accounts only for g:

Property 4.3. The gravity terms of (4.40) can be written as gi(z) =
Ygi(z)θgi , ∀z ∈ M, i ∈ N , where Ygi : M → R6×` are known continuous
matrices, and θgi ∈ R`, ` ∈ N, are constant but unknown dynamic parameters
of the agents, ∀i ∈ N .

Moreover, the unknown disturbances di satisfy Assumption 4.5 for un-
known dbi , ∀i ∈ N , whereas we impose a stronger assumption on fi for
simplicity:
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Property 4.4. [? ] The friction terms are dissipative, i.e., v>i fi(xsi , vi) > 0,
∀xsi ∈M, vi 6= 0, i ∈ N .

As before, we consider that each robot has a limited sensing radius ςi ∈
R>0, with the restriction now ςi > max{lx,i, ly,i, lz,i}+ maxj∈N

{
max{lx,j ,

ly,j , lz,j}
}

+ ε for an arbitrarily small positive constant ε, which implies
that the agents can sense each other without colliding. Based on this,
the undirected time-varying graph that models the topology of the multi-
robot network becomes now G(p) := (N , E(p)), with E(p) := {(i, j) ∈
N 2 : ‖pi − pj‖ ≤ min{ςi, ςj}}, p := [p>1 , . . . , p

>
N ]>, and we further define

the agent time-varying neighborhood Ni(p) := {j ∈ N : ‖pi − pj‖ < ςi},
∀i ∈ N . Moreover, we consider again the complete graph Ḡ := (N , Ē), with

Ē := {(i, j),∀i, j ∈ N , i < j}, K̄ := |Ē | = N(N−1)
2 and an edge numbering

set K̄ := {1, . . . , K̄}. Finally, we use the same notation for (k1, k2) that give
the robot indices that form edge k.

As discussed before, the agents need to avoid collisions with each other,
while executing their task, dictated by uf,i. To that end, we aim to de-
sign closed-form barrier functions and decentralized feedback control laws
us,i that guarantee collision avoidance among the ellipsoidal agents, while
compensating appropriately for the model uncertainties and the external
disturbances. Formally, the treated problem is the following:

Problem 4.3. Given N 3D ellipsoidal autonomous agents with the uncertain
Lagrangian dynamics (4.40) executing tasks dictated by uf,i, design

1. closed-form barrier functions that encode collision avoidance of the
agents,

2. decentralized control laws in us,i that guarantee inter-agent collision
avoidance, i.e., Ai(xsi(t)) ∩ Aj(xsj (t)) = ∅, ∀i, j ∈ N , i 6= j, as well
as boundedness of all closed loop signals.

4.4.2 Problem Solution

This section describes the proposed solution to Problem 4.3. In order to deal
with the ellipsoidal collision avoidance, we employ results from computer
graphics that are related to detection of ellipsoid collision and we build
appropriate barrier functions whose boundedness implies the collision-free
trajectories. Moreover, we use adaptive and discontinuous control laws to
appropriately compensate for the uncertainties and external disturbances of
(4.40).

We employ first the results described in Proposition G.8 of Appendix G
to build an appropriate ellipsoidal barrier function. Note, however, that these
results concern planar ellipsoids and cannot be straightforwardly extended
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to the 3D case, which is the case of the considered multi-agent system. For
that reason, we consider the respective planar projections. For an ellipsoid
Ai, i ∈ N , we denote as Axyi ,Axzi ,Ayzi its projections on the planes x-y, x-z
and y-z, respectively, with corresponding matrix terms Axyi , A

xz
i , A

yz
i , i.e.,

Asi (xsi) := {y ∈ R3 : y>Asi (xsi)y ≤ 0},∀s ∈ {xy, xz, yz}.

Note that in order forAi,Aj to collide (touch externally), all their projections
on the three planes must also collide, i.e.,

Ai(xsi) ∩ Aj(xsj ) 6= ∅ ∧ Int(Ai(xsi)) ∩ Int(Aj(xsj )) = ∅ ⇔
Asi (xsi) ∩ Asj(xsj ) 6= ∅ ∧ Int(Asi (xsi)) ∩ Int(Asj(xsj )) = ∅,∀s ∈ {xy, xz, yz}.

Therefore, Ai and Aj do not collide if and only if Asi (xsi) ∩ Asj(xsj ) = ∅
for some s ∈ {xy, xz, yz}. In view of Proposition G.8 of Appendix G, that
means that the characteristic equations

fsi,j(λ) := det(λAsi (xsi)−Asj(xsj )) = 0

must always have one positive real root and two negative distinct roots
for at least one s ∈ {xy, xz, yz}. Hence, by denoting the discriminant of
fsi,j(λ) = 0 as ∆s

i,j(xsi , xsj ), Proposition G.7 of Appendix G suggests that
∆s
i,j(xsi , xsj ) must remain always positive for at least one s ∈ {xy, xz, yz},

since a collision would imply ∆s
i,j(xsi , xsj ) = 0, ∀s ∈ {xy, xz, yz}. Therefore,

by defining the smooth function [? ]

σ(z) :=

{
exp(− 1

z ), z > 0

0, z ≤ 0
(4.41)

we conclude that Ai and Aj do not collide if and only if

σ(∆xy
i,j(xsi , xsj )) + σ(∆xz

i,j(xsi , xsj )) + σ(∆yz
i,j(xsi , xsj )) > 0,

since a collision would result in ∆s
i,j(xsi , xsj ) = 0 ⇔ σ(∆s

i,j(xsi , xsj )) =
0,∀s ∈ {xy, xz, yz}. We aim now at defining a decentralized continuously
differentiable function for each edge k ∈ K̄ that incorporates the collision
avoidance property of agents k1, k2. We need first the following result
regarding the discriminant of fsi,j(λ) = 0:

Proposition 4.2. Let ∆1, ∆2 be the discriminants of f1(λ) := det(λA−
B) = 0, f2(λ) := det(λB −A) = 0, respectively, where A,B ∈ R3×3. Then
∆1 = ∆2.

Proof. Let

det(λA−B) = 0⇔ f1(λ) := c3λ
3 + c2λ

2 + c1λ+ c0 = 0,
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with c` ∈ R, ∀` ∈ {0, . . . , 3}. It can be verified that

det(λB −A) = 0⇔ f2(λ) = −c0λ3 − c1λ2 − c2λ− c3 = 0.

Let λ1, λ2, λ3 be the solutions of f1(λ) = 0, i.e. f1(λ1) = f1(λ2) = f1(λ3) =
0, and λ1λ2λ3 = − c0c3 . By substituting 1

λ`
in f2(λ), ` ∈ {1, 2, 3}, we obtain

−c0λ−3
` − c1λ−2

` − c2λ−1
` − c3 = −(c3λ

3
` + c2λ

2
` + c1λ` + c0) = −f1(λ`) = 0.

Hence, 1
λ1
, 1
λ2
, 1
λ3

are the solutions of f2(λ) = 0. The discriminants of
f1(λ) = 0 and f2(λ) = 0 are

∆1 = c43(λ1 − λ2)2(λ1 − λ3)2(λ2 − λ3)2

and

∆2 =(−c0)4
(
λ−1

1 − λ−1
2

)2 (
λ−1

1 − λ−1
3

)2 (
λ−1

2 − λ−1
3

)2
=c40(λ1λ2λ3)−4(λ2 − λ1)2(λ3 − λ1)2(λ3 − λ2)2,

respectively, which, by substituting c0 = −c3λ1λ2λ3, becomes ∆2 = ∆1.

Therefore, we conclude that the discriminants ∆s
i,j() and ∆s

j,i() of
det(λAsi (xsi) − Asj(xsj )) = 0 and det(λAsj(xsj ) − Asi (xsi)) = 0, respec-
tively, are the same, for all s ∈ {xy, xz, yz}. Hence, we can define uniquely
for each edge k ∈ K̄ the continuously differentiable function ∆k : K2 → R≥0,
with

∆k(xsk1
, xsk2

) := σ(∆xy
k1,k2

(xsk1
, xsk2

)) + σ(∆xz
k1,k2

(xsk1
, xsk2

))

+ σ(∆yz
k1,k2

(xsk1
, xsk2

)), (4.42)

which needs to remain positive for all times in order to achieve the col-
lision avoidance property, i.e., ∆k(xsk1

(t), xsk2
(t)) > 0, ∀t ∈ R≥0, k ∈ K̄.

Note that, in view of Proposition 4.2, the agents k1 and k2 can calcu-
late (4.42) based on ∆s

k1,k2
(xsk1

, xsk2
) and ∆s

k2,k1
(xsk2

, xsk1
), respectively,

∀s ∈ {xy, xz, yz}, k ∈ K̄.
We still need to incorporate the fact the that agents have a limited sensing

radius, and that agent i does not have access to the functions ∆s
i,j(xsi , xsj ),

when j /∈ Ni(p). To that end, we define first the greatest lower bound of ∆k

when both agents k1, k2 are in each other’s sensing radius, i.e.,

∆̃k := inf
(xsk1

,xsk2
)∈M2

‖pk1
−pk2

‖≤min{ςk1
,ςk2
}

{∆k(xsk1
, xsk2

)},∀k ∈ K̄. (4.43)

Since ςi > max{lx,i, ly,i, lz,i}+ maxj∈N
{

max{lx,j , ly,j , lz,j}
}

+ ε, ∀i ∈ N , it

follows that there exists a positive constant ε∆ such that ∆̃k ≥ ε∆ > 0,∀k ∈
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K̄. Next, we define the smooth switching functions βk : R≥0 → [0, β̄m], with
[? ]

βk(z) = β̄k
σ(z)

σ(z) + σ
(
∆̄k − z

) , (4.44)

where ∆̄k is a positive constant satisfying ∆̄k < ∆̃k, ∀k ∈ K̄. Then, by
choosing βk := βk(γσ∆k(xsk1

, xsk2
)), where γσ is a positive scaling constant,

we incorporate the limited sensing radius of the agents in the collision

avoidance scheme, since ∂βk(z)
∂z vanishes when k1 /∈ Nk2(p) or k2 /∈ Nk1(p),

i.e., when at least one of the agents that form edge k lies outside the sensing
range of the other agent. Note that βk are similar to the switches defined in
Section 4.3.2. The terms β̄k can be any positive constants, ∀k ∈ K̄. All the
necessary information for the construction of the functions βk, ∆k, i.e., the
constants ∆̄k, β̄k and the lengths lx,i, ly,i, lz,i, i ∈ N , can be transmitted
off-line to the agents.

We can now define a suitable barrier function for each edge k ∈ K̄ as
any continuously differentiable function bk : R≥0 → R≥0 with the property
limz→0 bk(z) =∞, e.g., bk(z) = 1

z , k ∈ K̄. The barrier function for edge k is
then bk := bk(βk), ∀k ∈ K̄.

We propose now a decentralized feedback control law for the solution
of Problem 4.3. Firstly, as in Section 4.3.2, we define the estimations of
the unknown terms θgi ∈ R` and dbi ∈ R as θ̂gi ∈ R` and d̂bi ∈ R, with

the respective errors θ̃gi := θ̂gi − θgi and d̃bi := d̂bi − dbi , ∀i ∈ N . By using
adaptive and discontinuous control techniques, we prove in the following that
these estimations compensate appropriately for the unknown terms, without
necessarily converging to them. In particular, we design the feedback control
laws for us,i : Xsi → R6 as

us,i := us,i(χsi) =
∑
k∈K̄

αi,kκkĒζ(ζi)
> ∂∆k

∂xsi
+ Yi(xsi)θ̂gi − kvivi − d̂bisgn(vi),

(4.45)

where χsi := [x>s , v
>
i , θ̂

>
gi , d̂bi ]

>, Xsi := Xs × R7+`, with Xs as defined in
Section 4.4.1. Moreover, αi,k = −1 if agent i is part of edge k, and αi,k = 0

otherwise, ∀i ∈ N , k ∈ K̄, κk := ∂bk(βk)
∂βk

∂βk(∆k)
∂∆k

, ∀k ∈ K̄, and kvi are positive
constant gains. Finally, we design the associated adaptation laws

˙̂
θgi := −γi,θYi(xsi)>vi
˙̂
dbi := γi,d‖vi‖1

}
∀i ∈ N , (4.46)

with arbitrary bounded initial conditions, where γθ,i and γd,i are positive
gains, ∀i ∈ N . The correctness of (4.45)-(4.46) is shown in the following
theorem:
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Theorem 4.5. Consider a multi-agent system comprised of 3D ellipsoidal
agents and subject to the dynamics (4.40) at a collision-free initial config-
uration, i.e., Ai(xsi(0)) ∩ Aj(xsj (0)) = ∅, ∀i, j ∈ N with i 6= j. Then,
application of the control and adaptation laws (4.45), (4.46) guarantees that
the agents avoid collisions for all times, i.e., Ai(xsi(t)) ∩ Aj(xsj (t)) = ∅,
∀i, j ∈ N with i 6= j, t ∈ R≥0, with all closed loop signals being bounded.
Moreover, limt→∞ vi(t) = 0,∀i ∈ N .

Proof. Consider the vector χs :=
[
x>s , v

>, θ̃>g , d̃
>
b

]> ∈ X̃s := Xs × R7N+`N ,

v := [v>1 , . . . , v
>
N ]> ∈ R6N , d̃b := [d̃b1 , . . . , d̃bN ]> ∈ RN , θ̃g := [θ̃>g1

, . . . , θ̃>gN ] ∈
R`N . Since the initial configuration is collision-free, it holds that χs(0) ∈ X̃s.
By combining (4.40), (4.45), and (4.46), it can be verified that the conditions
of Prop. 3 of Prop. A.1 in Appendix A are satisfied and hence we conclude
that at least one Filippov solution exists and any such solution satisfies
χs : [0, tmax)→ X̃s for a positive tmax. Define

zs :=
[
φs, b1, . . . , bM̄ , v

>, θ̃>g , d̃
>
b

]> ∈ Zs := RK̄+7N+`N+1,

where φs is the cooperative term defined in Section 4.4.1. Note that zs(0) ∈
Zs and, for any finite rs, zs ∈ B̄(0, rs) ⊂ Zs ⇔ χs ∈ X̃s, which we prove in
the following. Define the function

Vs := Vs(zs) := φs +
∑
k∈K̄

bk +
∑
i∈N

{
1

2
v>i Mi(xsi)vi +

1

2γi,d
d̃2
bi +

1

2γi,θ
‖θ̃gi‖

2

}
,

for which it holds that Ws1(zs) ≤ Vs(zs) ≤ Ws2(zs) for positive def-
inite functions Ws1 ,Ws2 on Zs. Since zs(0) ∈ Zs, we conclude that
Vs(zs(0)) is well defined, and hence there exists a finite constant V̄s such
Vs(zs(0)) ≤ V̄s and bk(0) ≤ V̄s, ∀k ∈ K̄. By differentiating Vs along the
solutions of the closed loop system and in view of Lemma A.2 we obtain

V̇s ∈ ˙̃
V s := ∩ξ∈∂Vs(zs)ξ

>K[żs]. Since V is continuously differentiable, the
generalized gradient reduces to the standard gradient and therefore, after
using Properties 4.1, 4.3, and grouping terms, we obtain

max
z∈ ˙̃
V s

{z} ≤
∑
i∈N

{∑
k∈K̄

[
αi,kκk

∂∆k

∂xsi

>
Ēζ(ζi)

]
vi + ‖vi‖1‖di(t)‖1 + v>i

(
ui

− Yi(xsi)θgi + Ēζ(ζi)
> ∂φ(xs)

∂xsi

)
−v>i fi(vi) +

1

γi,d
d̃bi

˙̂
dbi +

1

γi,θ
θ̃>gi

˙̂
θgi

}
,

By also using Property 4.4 and Assumption 4.5, substituting ui = uf,i + us,i
with uf,i = Ēζ(ζi)

> ∂φ(xs)
∂xsi

and (4.45), the adaptation laws (4.46), and using
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d̃bi = d̂bi − dbi , θ̃gi = θ̂gi − θgi and the property z>sign(z) = ‖z‖1, ∀z ∈ Rn,
we obtain

max
z∈ ˙̃
V s

{z} ≤ −
∑
i∈N

kvi‖vi‖2 =: Ws(zs).

Therefore, z ≤ −Ws(zs(t)), ∀z ∈ ˙̃
V s(zs(t)), t ∈ [0, tmax), where Ws : Zs →

R≥0 is a positive semi-definite function defined on Zs. Hence, by applying
Theorem A.6 of Appendix A, we conclude that tmax =∞, zs(t) is bounded
in the compact set {zs ∈ B̄(0, rs) : Ws2(zs) ≤ c}, ∀t ∈ R≥0 for any rs and
c satisfying B̄(0, rs) ⊂ Zs, c < min‖x‖=rsWs1(zs), and limt→∞Ws(zs(t)) =
0⇒ limt→∞ v(t) = 0. Note that, since the sets {xs ∈ Xs : xs = φ−1

s (y)} are
nonempty, rs can be chosen arbitrarily large, corresponding to all collision-
free initial configurations. Therefore, inter-agent collisions are avoided, and
the adaptation signals θ̂gi , d̂bi , remain bounded, ∀i ∈ N , t ∈ R≥0. The
continuity of the terms Yi(·) implies also their boundedness and hence the
boundedness of the control signals (4.45), (4.46), t ∈ R≥0.

Remark 4.6. It can be verified that det(λAsk1
(xsk1

)−Ask2
(xsk2

), and hence
bk, are functions of pk1

− pk2
, ζk1

, ζk2
. Therefore, if φs is a function of x̃,

the aforementioned analysis still holds by setting Xs = {x̃ ∈ R
3N(N−1)

2 × S3 :
Ai(xsi)∩Aj(xsj ) = ∅,∀i, j ∈ N , i 6= j}. Moreover, note that achievement of
the objectives expressed by φs is not pursued here and may not be necessarily
guaranteed due to the potentially counteracting terms of ui.

Remark 4.7. Since ∆s
i,j = ∆s

j,i (due to Proposition 4.2), ∀i, j ∈ N , i 6= j,
the control scheme can be extended to directed communication graphs,
by setting for the ith agent bi,j = bi,j(βij (∆i,j(xsi , xsj ))), ∀j ∈ N\{i},
with ∆i,j(xsi , xsj ) as in (4.42) and βij as in (4.44), ∆̃i,j as in (4.43), and
appropriately modifying the control law. Similarly, collision avoidance with
static environment obstacles could be incorporated in the overall scheme.

4.4.3 Simulation Results

We consider a simulation example with N = 8 rigid bodies in SE(3), described
by ellipsoids with axes lengths lx,i = 0.5m, ly,i = 0.3m, lz,i = 0.2m, ∀i ∈ N .
The initial poses are (in m)

p1 = [3, 3, 0]>, p2 = −[3, 3, 0]>

p3 = [3,−3, 0]>, p4 = [−3, 3, 0]>

p5 = [3, 3, 3]>, p6 = −[3, 3, 3]>

p7 = [3,−3, 3]>, p8 = [−3, 3,−3]>
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ζ1 = ζ8 = [0.769, 0.1696, 0.6153, 0.0358]>

ζ2 = ζ6 = [0.8488,−0.3913,−0.0598,−0.3505]>

ζ3 = ζ5 = [0.7638,−0.5283,−0.3275,−0.1738]>

ζ4 = ζ7 = [0.7257, 0.3081, 0.3714, 0.4904]>

We consider that φs(xs) describes an independent multi-agent navigation
objective, with desired configurations as

p1d
= p2, p2d

= p1, p3d
= p4, p4d

= p3,

p5d
= p6, p6d

= p5, p7d
= p8, p8d

= p7,

and ζid = [1,0,0,0]>, ∀i ∈ N . We set the errors epi := pi − pid and
eζi := [eϕi , e

>
εi ]
> := ζid · ζ+

i , and eϕi , eεi are the scalar and vector parts,
respectively, of the quaternion error (see Section 2.2 ). The desired quater-
nion configuration is achieved when eζi = [±1, 0, 0, 0]> and hence the function
φs(xs) is chosen as

φs =
∑
i∈N

(
1

2
‖pi − pid‖2 + 1− e2

ϕi

)
,

with
φ̇s =

∑
i∈N

(
(pi − pid)>ṗi − eϕie>εiωi

)
.

The control inputs uf,i are therefore chosen as

uf,i = [p>id − p>i , eϕie>εi ]>,

∀i ∈ N . The agent masses and moments of inertia are chosen randomly in
the interval (0, 0.2]. We also set fi(xi, vi) = mfi sin(wfit + φfi)vi, di(t) =
(1/mfi) sin(wfit + φfi), ∀i ∈ N , with the terms mfi , ωfi , and φfi chosen
randomly in the interval (0, 5], ∀i ∈ N . We choose bk = 1

βk
, with β̄k = 1,

∆̄k = 104, γσ = 10−40, ∀k ∈ K̄, and θ̂gi(0) = 0.1, d̂bi(0) = 0.2, kvi = 1, ∀i ∈
N . The expressions for ∆k(xsk1

, xsk2
) were derived by using the symbolic

toolbox of MATLAB. Fig. 4.19 shows a 3D plot of the agent trajectories,
and Fig. 4.20 shows the minimum of the barrier functions mink∈K̄{βk(t)}
(left), which is always positive, and the signals γi(t) := ‖pi − pid‖2 + 1− e2

ϕi
and vi(t) (right), ∀i ∈ N , t ∈ [0, 15]. Finally, Fig. 4.21 depicts the control
inputs of the agents. A short video that demonstrates the aforementioned
simulation example can be found in https://youtu.be/IAni7zIMM7k.

4.5 Conclusion

This chapter presented several continuous control algorithms for multi-
agent coordination of systems with uncertain dynamics. Firstly, we develop

https://youtu.be/IAni7zIMM7k
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Figure 4.19: The evolution of agent trajectories ∀t ∈ [0, 20] sec.

an adaptive control scheme for the almost global navigation of a single
robotic agent in a workspace with obstacles, which is then extended to a
decentralized multi-robot scheme. Secondly, we develop a decentralized
adaptive multi-agent algorithm for the leader-follower coordination: A leader
agent converges to a predefined goal point while the entire team avoids
collision with each other and maintains connectivity. Finally, we develop a
closed-form barrier function that encodes the distance between 3D ellipsoids,
and design a decentralized collision avoidance control scheme for a team of
ellipsoidal robotic agents, while compensating for the dynamic uncertainties.
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Figure 4.20: Top: The evolution of the minimum of the functions
mink∈K̄{βk(t)}. Bottom: The evolution of the signals γi(t) and vi(t), ∀i ∈ N ,
∀t ∈ [0, 20] sec.
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Figure 4.21: The control inputs of the agents ui(t), ∀t ∈ [0, 20] sec, i ∈ N .



Chapter 5

Abstractions of Multi-Agent and
Multi-Agent-Object Systems

After designing continuous solutions to multi-agent problems, such as coop-
erative manipulation, formation, and navigation, we are ready to transit to
the problem of multi-agent planning under temporal logic tasks. The content
of the previous chapters can act as a means to obtain well-defined discrete
representations (abstractions) of the continuous systems in hand. Therefore,
this chapter addresses the motion and task planning of multi-agent and
multi-agent-object systems (systems comprised of multiple robotic agents
and objects) subject to temporal logic constraints, focusing both on the
abstraction technique as well as the control synthesis for the accomplishment
of the tasks.

More specifically, this chapter can be divided in two main parts. The
first part tackles the motion planning of multi-robot teams under local
linear temporal tasks, i.e., when each robotic agent has its own task. The
second part addresses the case where unactuated objects of the workspace
must satisfy a certain temporal logic task, with the robotic agents being
responsible for their accomplishment.

5.1 Introduction

Temporal-logic-based motion planning has gained significant attention in
recent years, as it provides a fully automated correct-by-design controller
synthesis approach for autonomous robots. Temporal logics such as linear
temporal logic (LTL) and metric interval temporal logic (MITL) provide
formal high-level languages that can describe complex planning objectives.
As already discussed in the previous chapters, standard control problems
are restricted to point-to-point navigation, multi-agent formation control, or
consensus. Ultimately, however, we would like the robotic agents to execute
more complex high-level tasks, involving combinations of safety (”never

235
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enter a dangerous regions”), surveillance (”keep visiting regions A and B
infinitely often”) or sequencing (”collect data in region C and upload it in
region D”) properties. Temporal logic languages offer a means to express
the aforementioned specifications, since they can describe complex planning
objectives in a more efficient way than the well-studied navigation algorithms.
The task specification is given as a temporal logic formula with respect to
the discretized abstraction of the robot motion modeled as a finite transition
system [? ? ? ? ]. Then a high-level discrete plan is found by off-the-shelf
model-checking algorithms, given the finite transition system and the task
specification [? ]. Temporal logics have been extensively used in the related
literature for both single- and multi-agent systems, e.g., [? ? ? ? ? ? ? ? ?
? ? ? ? ? ? ? ? ].

A special and important class of autonomous robotic systems is the class
of unmanned aerial vehicles (UAV), which can provide efficient multi-agent
solutions in several problems, e.g., coverage or inspection. Control of aerial
vehicles in a multi-agent setting has been well studied in the related literature.
The standard problem of formation control for a team of aerial vehicles is
addressed in [? ? ? ? ? ? ], whereas [? ? ? ? ? ] consider leader-follower
formation approaches, where the latter also treats the problem of collision
avoidance with static obstacles in the environment; [? ], [? ? ] and [? ]
employ dynamic programming, Model Predictive Control and reachable set
algorithms, respectively, for inter-agent collision avoidance, which is tackled
also in [? ]. In [? ] the cooperative evader pursuit problem is treated.
Aerial vehicles and temporal logic-based planning is considered in [? ], which
addresses the vehicle routing problem using MTL specifications and in [?
], which approaches the LTL motion planning using MILP optimization
techniques, both in a centralized manner. Markov Decision Processes are
used for the LTL planning in [? ]. The aforementioned works, however,
consider discrete agent models and do not take into account their continuous
dynamics.

The discretization of a multi-agent system to an abstracted finite transi-
tion system necessitates the design of appropriate continuous-time controllers
for the transition of the agents among the states of the transition system [? ].
Most works in the related literature, however, including the aforementioned
ones, either assume that there exist such continuous controllers or adopt
single- and double-integrator models, ignoring the actual dynamics of the
agents. Discretized abstractions, including design of the discrete state space
and/or continuous-time controllers, have been considered in [? ? ? ? ? ]
for general systems and [? ? ] for multi-agent systems.

Another drawback of the majority of works in the related literature of
temporal logic-based motion planning is the point-agent assumption (as, e.g.
in [? ? ? ]), which does not take into account potential collisions between the
robotic agents. The latter is a crucial safety property in real-time scenarios,
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where actual vehicles are used in the motion planning framework.

Furthermore, most works in the related literature consider temporal logic-
based motion planning for fully actuated, autonomous agents. Consider,
however, cases where some unactuated objects must undergo a series of
processes in a workspace with autonomous agents (e.g., car factories). In
such cases, the agents, except for satisfying their own motion specifications,
are also responsible for coordinating with each other in order to transport the
objects around the workspace. When the unactuated objects’ specifications
are expressed using temporal logics, then the abstraction of the agents’
behavior becomes much more complex, since it has to take into account the
objects’ goals. More specifically, we are here interested in complex tasks,
possibly including time, such as “never take the object to dangerous regions”
or “keep moving the object from region A to B within a predefined time
interval” which must be executed via the control actions of the robotic
agents. Time constraints can be incorporated in the motion planning
temporal logic-based problem via specific logics, such as Metric and Metric
Interval Temporal Logic (MTL, MITL) [? ? ? ], as well as Time Window
Temporal Logic (TWTL), or Signal Temporal Logic (STL). Such languages
have been for multi-agent motion planning in several works (e.g., [? ? ? ?
]).

This chapter addresses the motion planning problem of multi-agent sys-
tems as well multi-agent-object systems subject to complex tasks, expressed
as temporal logic specifications. Firstly, we develop decentralized control
protocols for the navigation of a multi-robot team among predefined regions
or interest in the workspace, while taking into collision and/or connectivity
properties. We consider separately the cases of (i) aerial vehicles, and (ii)
mobile robotic manipulators. This allows us to abstract the continuous multi-
agent dynamics as discrete transition systems (abstractions), which then
can be used to obtain a path that satisfies the given local LTL specifications,
by employing formal method-based methodologies.

Secondly, we provide, similar to the first case, appropriate discrete
abstractions for multi-robot-object systems, encoding the behavior of the
robots as well as the unactuated objects in the workspace. The proposed
abstraction design involves both multi-robot safe navigation as well as
cooperative object transportation. The abstracted systems are then used
to derive paths that satisfy the robotic agents’ and the objects’ (possibly
timed) temporal goals.

Although the proposed control schemes from the previous chapters can
be used, we provide new control ideas as alternatives for the derivation of
the discrete abstractions.



238 Abstractions of Multi-Agent and Multi-Agent-Object Systems

Figure 5.1: Bounding sphere of an aerial vehicle.

5.2 Decentralized Motion Planning with
Collision Avoidance for a Team of UAVs
under High Level Goals

We first describe a decentralized hybrid control algorithm for the motion
planning of aerial vehicles subject to Linear Temporal Logic (LTL) specifica-
tions.

5.2.1 Problem Formulation

Consider N aerial agents operating in a static workspace that is bounded by
a large sphere in 3-D space W := B(p0, r0), where p0 ∈ R3 and r0 ∈ R>0 are
the center and radius of W . Within W there exist K smaller spheres around
points of interest, which are described by πk := B̄(pπk , rπk) ⊂ W, where
pπk ∈ R3, rπk ∈ R>0 are the central point and radius, respectively, of πk.
We denote the set of all πk as Π = {π1, . . . , πK}. Moreover, we introduce a
set of atomic propositions Ψi for each agent i ∈ {1, . . . , N} that indicates
certain properties of interest of agent i in Π and are expressed as boolean
variables. The properties satisfied at each region πk are provided by the
labeling function Li : Π→ 2Ψi , which assigns to each region πk, k ∈ KR :=
{1, . . . ,K} the subset of the atomic propositions Ψi that are true in that
region.

Each agent i ∈ N := {1, . . . , N} occupies a bounding sphere B̄(pi, ri),
where pi ∈ R3 is the center and ri ∈ R>0 the radius of the sphere (Fig. 5.1).
We also consider that ri < rπk ,∀i ∈ N , k ∈ KR, i.e., the regions of interest
are larger than the aerial vehicles. The motion of each agent is controlled
via its centroid pi through the single integrator dynamics:

ṗi = ui, i ∈ N . (5.1)
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Moreover, similar to the previous chapter, we consider that agent i has a
limited sensing range of ςi > maxi,j∈N (ri + rj). Therefore, by defining the
neighboring set Ni := {j ∈ N , s.t. ‖pi − pj‖ ≤ ςi}, agent i knows at each
configuration the position of all pj ,∀j ∈ Ni as well as its own position pi.
The workspace is assumed to be perfectly known, i.e., pπk , rπk are known to
all agents, for all k ∈ KR.

With the above ingredients, we provide the following definitions:

Definition 5.1. An agent i ∈ N is in a region πk, k ∈ KR at a configuration
pi, denoted as Ai(pi) ∈ πk, if and only if B̄(pi, ri) ⊆ B̄(pπk , rπk).

Definition 5.2. Assume that Ai(pi(t0)) ∈ πk, i ∈ N , k ∈ KR for some
t0 ≥ 0. Then there exists a transition for agent i from region πk to region
πk′ , k

′ ∈ KR, denoted as πk →i πk′ , if and only if there exists a finite tf ≥ 0
such that

1. Ai(pi(tf )) ∈ πk′ ,

2. B̄(pi(t), ri) ⊂ W,

3. B̄(pi(t), ri) ∩ B̄(pπm , rπm) = ∅,

4. B̄(pi(t), ri) ∩ B̄(pi′(t), ri′) = ∅,∀m ∈ KR with m 6= k, k′,∀i′ ∈ N with
i′ 6= i and t ∈ [0, tf ].

Loosely speaking, an agent i can transit between two regions of interest
πk and πk′ , if there exists a bounded control trajectory ui in (5.1) that takes
agent i from πk to πk′ while avoiding entering all other regions, colliding
with the other agents, or exiting the workspace boundary.

Our goal is to control the multi-agent system subject to (5.1) so that
each agent’s behavior obeys a given specification over its atomic propositions
Ψi.

Definition 5.3. Given a trajectory pi(t) of agent i, its corresponding
behavior is given by the infinite sequence bi(ψ̆i) := (pi1 , ψ̆i1)(pi2 , ψ̆i2) . . . ,

with ψ̆im ∈ 2Ψi and Ai(pim) ∈ πkm , ψ̆im ∈ Li(πkm), km ∈ KR,∀m ∈ N.

The satisfaction of a LTL formula is provided by the following definition
(see Appendix F for more details on LTL formulas).

Definition 5.4. The behavior bi(ψ̆i) satisfies an LTL formula Φ if and only

if ψ̆i |= Φ.

The control objectives are given for each agent separately as LTL formulas
Φi over Ψi, i ∈ N . An LTL formula is satisfied if there exists a behavior
bi(ψ̆i) of agent i that satisfies Φi. Formally, the problem treated in this
section is the following:
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Problem 5.1. Given a set of aerial vehicles N subject to the dynamics (5.1)
and N LTL formulas Φi, over the respective atomic propositions Ψi, i ∈ N ,
achieve behaviors bi that (i) yield satisfaction of Φi,∀i ∈ N and (ii) guarantee
inter-agent collision avoidance.

5.2.2 Problem Solution

We provide here the proposed solution to Problem 5.1, which consists of
two main layers, that is, the design of a continuous control scheme, and the
derivation of a high level path that satisfies Φi.

Continuous Control Design

The first ingredient of our solution is the development of a decentralized
feedback control law that establishes a transition relation πk →i πk′ ,∀k, k′ ∈
KR according to Def. 5.2. The proposed approach is based on the concept of
Decentralized Navigation Functions, introduced in [? ], for which an overview
can be found in Appendix C. More specifically, given that Ai(pi(t0)) for
some t0 ≥ 0, we propose a decentralized control law ui for the transition
πk →i πk′ , as defined in Def. 5.2.

Initially, we define the set of “undesired” regions as Πk,k′ := {πm ∈
Π,m ∈ KR\{k, k′}} and the corresponding free space Fik,k′ := {p ∈ WN :

B̄(pi, ri)∩B̄(pj , rj) = ∅,∀j ∈ N\{j}, B̄(pi, ri)∩π = ∅,∀π ∈ Πk,k′}, with p :=
[p>1 , . . . , p

>
N ]>. As the goal configuration we consider the centroid pπk′ of πk′

and we construct the function γik′ : R3 → R≥0 with γik′ (pi) := ‖pi − pπk′‖2.
For the collision avoidance between the agents, we employ the function
Gi : Fik,k′ → R as defined in [? ], which encodes the distances among the
agents.

Moreover, we need some extra terms that guarantee that agent i will
avoid the rest of the regions as well as the workspace boundary. To
this end, we construct the function αik,k′ : R3 → R with αik,k′ (pi) :=

αi,0(pi)
∏
m∈Πk,k′

αi,m(pi), where the function αi,0 : R3 → R is a mea-

sure of the distance of agent i from the workspace boundary αi,0(pi) :=
(r0−ri)2−‖pi−p0‖2 and the function αi,m : R3 → R is a measure of the dis-
tance of agent i from the undesired regions αi,m(pi) := ‖pi−pm‖2−(ri+rm)2.

With the above ingredients, we construct the following navigation func-
tion ϕik,k′ : Fik,k′ → [0, 1]:

ϕik,k′ (p) :=
γik′ (pi) + fGi(Gi)

(γλiik′ (pi) +Gi(p)αik,k′ (pi))
1/λi
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for agent i, with λi > 0 and the following vector field:

cik,k′ (p) :=

 −kgi
∂ϕik,k′ (p)

∂pi
, if πk 6≡ πk′

0 if πk ≡ πk′
(5.2)

for all t ≥ t0, with kgi > 0 and fGi(Gi), defined in [? ], is a term that
handles inter-agent collisions when an agent has reached its destination.

The navigation field (5.2) guarantees that agent i will not enter the
undesired regions or collide with the other agents and limt→∞ pi(t) = pπk′ .
The latter property of asymptotic convergence along with the assumption
that ri < rπk ,∀i ∈ N , k ∈ KR, implies that there exists a finite time
instant tfi,k′ ≥ t0 such that pi(t

f

i,k′) ∈ B̄(pπk′ , rπk′ ) and more specifically that

Ai(pi(tfi,k′)) ∈ πk′ , which is the desired behavior. The time instant tfi,k′ can
be chosen from the set {t ≥ t0,Ai(pi(t)) ∈ πk′}.

Note, however, that once agent i leaves region πk, there is no guarantee
that it will not enter that region again (note that Fik,k′ includes πk), which
might be undesirable. Therefore, we define the set Π∅,k′ := {πm ∈ Π,m ∈
KR\{k′}} and the corresponding free space Fi∅,k′ := {p ∈ WN : B̄(pi, ri) ∩
B̄(pj , rj) = ∅,∀j ∈ N\{j}, B̄(pi, ri) ∩ π = ∅,∀π ∈ Π∅,k′}, and we construct
the function ϕi∅,k′ : Fi∅,k′ → [0, 1]:

ϕi∅,k′ (p) :=
γik′ (pi) + fGi(Gi)

(γλiik′ (pi) +Gi(p)αi∅,k′ (pi))
1/λi

where αi∅,k′ (pi) := αi,0(pi)
∏
m∈Π∅,k′

αi,m(pi), with corresponding vector

field:

ci∅,k′ (p) := −kgi
∂ϕi∅,k′ (p)

∂pi
, (5.3)

which guarantees that region πk will be also avoided. Therefore, we develop
a switching control protocol that employs (5.2) until agent i is out of region
πk and then switches to (5.3) until t = tfi,k′ . Consider the following switching
function:

ssat(x) :=
1

2
(sat(2x− 1) + 1)

and the time instant t′i,k that represents the moment that agent i is out of

region πk, i.e., t′i,k := min{t ≥ t0, B̄(pi(t), ri) ∩ B̄(pπk , rπk) = ∅}. Then, we

propose the following switching control protocol ui : Fik,k′ ∪ Fi∅,k → R3:

ui := ui(p) =

{
cik,k′ (p), t ∈ [t0, t

′
i,k)

(1− ssat(ιi,k))cik,k′ (p) + ssat(ιi,k)ci∅,k′ (p), t ∈ [t′i,k, t
f

i,k′)

(5.4)
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where ιi,k :=
t− t′i,k
νi

, and νi is a design parameter indicating the time period

of the switching process, with tfi,k′ − t′i,k > νi > 0. Invoking the continuity of

pi(t), we obtain B̄(pi(t
f

i,k′), ri) ⊂ B̄(pπk′ , rπk′ ) and hence the control protocol
(5.4) guarantees, for sufficiently small νi, that agent i will navigate from πk
to πk′ in finite time without entering any other regions or colliding with
other agents and therefore establishes a transition πk →i πk′ .

High-Level Plan Generation

The next step of our solution is the high-level plan, which can be generated
using standard techniques inspired by automata-based formal verification
methodologies. In Section 5.2.2, we proposed a continuous control law that
allows the agents to transit between any πk, πk′ ∈ Π in the given workspace
W , without colliding with each other. Thanks to this and to our definition of
LTL semantics over the sequence of atomic propositions, we can abstract the
motion capabilities of each agent as a finite transition system Ti as follows
[? ]:

Definition 5.5. The motion of each agent i ∈ N in W is modeled by the
following Transition System (TS):

Ti = (Πi,Π
init
i ,→i,Ψi,Li),

where Πi ⊆ Π is the set of states represented by the regions of interest that
the agent can be at, according to Def. 5.1, Πinit

i ⊆ Πi is the set of initial
states that agent i can start from, →i⊆ Πi × Πi is the transition relation
established in Section 5.2.2, and Ψi,Li are the atomic propositions and
labeling function respectively, as defined in Section 5.2.1.

After the definition of Ti, we translate each given LTL formula Φi, i ∈ N
into a Büchi automaton Ci and we form the product T̃i = Ti × Ci. The
accepting runs of T̃i satisfy Φi and are directly projected to a sequence
of waypoints to be visited, providing therefore a desired path for agent i.
Although the semantics of LTL is defined over infinite sequences of atomic
propositions, it can be proven that there always exists a high-level plan that
takes a form of a finite state sequence followed by an infinite repetition of
another finite state sequence. For more details on the followed technique,
we kindly refer the reader to the related literature, e.g., [? ].

Following the aforementioned methodology, we obtain a high-level plan for
each agent as sequences of regions and atomic propositions rT ,i := πi1πi2 . . .

and ψ̆i := ψ̆i1 ψ̆i2 . . . with im ∈ KR, ψ̆im ∈ 2Ψi , ψ̆im ∈ Li(πim),∀m ∈ N and

ψ̆i |= Φi,∀i ∈ N .
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Figure 5.2: Initial workspace of the simulation studies. The grey spheres
represent the regions of interest while the black, green and red crosses represent
agents 1,2 and 3, respectively, along with their bounding spheres.

The execution of rT ,i, ψ̆i produces a trajectory pi(t) that corresponds to

the behavior bi(ψ̆i) = (pi1(t), ψ̆i1)(pi2(t), ψ̆i2) . . . , with Ai(pim) ∈ πim and

ψ̆im ∈ Li(πim), ∀m ∈ N. Therefore, since ψ̆i |= Φi, the behavior bi yields
satisfaction of the formula Φi. Moreover, the property of inter-agent collision
avoidance is inherent in the transition relations of Ti and guaranteed by the
navigation control algorithm of Section 5.2.2.

Remark 5.1. The proposed control algorithm is decentralized in the sense
that each agent derives and executes its own plan without communicating
with the rest of the team. The only information that each agent has is the
position of its neighboring agents that lie in its limited sensing radius. It is
worth mentioning, nevertheless, that the workspace boundary and regions
of interest have to satisfy certain assumptions, such as having a sufficient
distance from each other or being sufficiently sparse.

5.2.3 Simulation and Experimental Results

To demonstrate the efficiency of the proposed algorithm, we consider N = 3
aerial vehicles with ri = 0.3m, ςi = 0.65m, ∀i = {1, 2, 3}, operating in a
workspace W with r0 = 10m and p0 = [0, 0, 0]>m. Moreover, we consider
K = 5 spherical regions of interest with rπk = 0.4m, ∀k = {1, . . . , 5}
and pπ1

= [0, 0, 2]>m, pπ2
= [1,−9, 5]>m, pπ3

= [−8,−1, 4]>m, pπ4
=

[2, 7,−2]>m and pπ5 = [7.5, 2,−3]>m. The initial configurations of the
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Figure 5.3: The resulting 3-dimensional control signals of the 3 agents for
the simulation studies. Top: agent 1, middle: agent 2, bottom: agent 3.

(a) (b)

Figure 5.4: Initial workspace for the first real experimental scenario. (a):
The UAVs with the projection of their bounding spheres, (with blue and
green), and the centroids of the regions of interest (with red). (b): Top view
of the described workspace. The UAVs are represented by the blue and green
circled X’s and the regions of interest by the red disks π1, . . . , π4.

agents are taken as p1(0) = pπ1
, p2(0) = pπ3

, p3(0) = pπ4
and therefore,

A1(p1(0)) ∈ π1,A2(p2(0)) ∈ π3 and A3(p3(0)) ∈ π4. An illustration of the
described workspace is depicted in Fig. 5.2.

We consider that agent 2 is assigned with inspection tasks and has
the atomic propositions Ψ2 = {“insa”, “insb”, “insc”, “insd”, “obs”} with
L2(π1) = {“obs”}, L2(π2) = {“insa”},L2(π3) = {“insb”},L2(π4) = {“insc”}
and L2(π5) = {“insd”}, where we have considered that region π1 is an
undesired (“obstacle”) region for this agent. More specifically, the task
for agent 2 is the continuous inspection of the workspace while avoiding
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region π1. The corresponding LTL specification is Φ2 = (�¬“obs”) ∧
�(♦“insa” ∧ ♦“insb” ∧ ♦“insc” ∧ ♦“insd”). Agents 1 and 3 are interested in
moving around resources scattered in the workspace and have propositions
Ψ1 = Ψ3 = {“resa”, “resb”, “resc”, “resd”, “rese”} with L1(π1) = L3(π1) =
{resa},L1(π2) = L3(π2) = {resb},L1(π3) = L3(π3) = {resc},L1(π4) =
L3(π4) = {resd} and L1(π5) = L3(π5) = {rese}. We assume that “resa” is
shared between the two agents whereas “resb” and “rese” have to be accessed
only by agent 1 and “resc” and “resd” only by agent 3. The corresponding
specifications are Φ1 = �¬(“resc” ∨ “resd”) ∧�♦(“resa”© “rese”© “resb”)
and Φ3 = �¬(“resb” ∨ “rese”) ∧ �♦(“resa”© “resc”© “resd”), where we
have also included a specific order for the access of the resources. Next, we
employ the off-the-shelf tool LTL2BA [? ] to create the Büchi automata
Ci, i = {1, 2, 3} and by following the procedure described in Section 5.2.2, we
derive the paths p1 = (π1π5π2)ω, p2 = (π3π2π5π4)ω, p3 = (π4π1π3)ω, whose
execution satisfies Φ1,Φ2,Φ3. Regarding the continuous control protocol,
we chose kgi = 15, λi = 5,∀i ∈ {1, 2, 3} in (5.2), (5.3) and the switching
duration in (5.4) was calculated online as νi = 0.1t′i,k, where we assume
that the large distance between the regions πk (see Fig. 5.2) implies that
tfi,k′ > 1.1t′i,k and thus, νi < tfi,k′ − t′i,k. The simulation results are depicted
in Fig. 5.3 and 5.5. In particular, Fig. 5.5 illustrates the execution of the
paths (π1π5π2)2π1, (π3π2π5π4)2π3π2π5 and (π4π1π3)2π4 by agents 1, 2 and
3 respectively, where the superscript 2 here denotes that the corresponding
paths are executed twice. Fig. 5.3 depicts the resulting control inputs
ui,∀i ∈ {1, 2, 3}. The figures demonstrate the successful execution of the
agents’ paths and therefore, satisfaction of the respective formulas with
inter-agent collision avoidance.

The validity and efficiency of the proposed solution was also verified
through real-time experiments. The experimental setup involved two re-
motely controlled IRIS+ quadrotors from 3D Robotics, which we consider
to have sensing range ςi = 0.65m, upper control input bound |um| ≤ 1m/s,
m ∈ {x, y, z}, and bounding spheres with radius ri = 0.3m, ∀i ∈ {1, 2}. We
considered two 2-dimensional scenarios in a workspace W with p0 = [0, 0]>

and r0 = 2.5m.
The first scenario included 4 regions of interest Π = {π1, . . . , π4} in

W, with rπk = 0.4,∀k ∈ {1, . . . , 4} and pπ1
= [0, 0]>m, pπ2

= [−1, 0]>m,
pπ3

= [0, 1.25]>m and pπ4
= [0.8,−0.7]>m. The initial positions of the agents

were taken such that A1(p1(0)) ∈ π2 and A2(p2(0)) ∈ π4 (see Fig. 5.4). We
also defined the atomic propositions Ψ1 = Ψ2 = {“obs”, “a”, “b”, “c”} with
L1(π1) = L2(π1) = {“obs”}, L1(π2) = L2(π2) = {“a”}, L1(π3) = L2(π3) =
{“b”}, L1(π4) = L2(π4) = {“c”}. In this scenario, we were interested in
area inspection while avoiding the “obstacle” region, and thus, we defined
the individual specifications with the following LTL formulas: Φ1 = Φ2 =
�¬“obs” ∧�♦(“a”© “c”© “b”). By following the procedure described in
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 5.5: Execution of the paths (π1π5π2)2π1, (π3π2π5π4)2π3π2π5 and (π4

π1π3)2π4 by agents 1, 2 and 3, respectively, for the simulation studies.
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(a) (b) (c)

(d) (e) (f)

Figure 5.6: Execution of the paths (π2π4π3)1 and (π4π3π2)1 by agents 1 and
2, respectively for the first experimental scenario. (a), (d): π2 →1 π4, π4 →2 π3,
(b), (e): π4 →1 π3, π3 →2 π2, (c), (f):π3 →1 π2, π2 →2 π4.

Figure 5.7: The resulting 2-dimensional control signals of the 2 agents for
the first experimental scenario. Top: agent 1, bottom: agent 2.

Section 5.2.2, we obtained the paths p1 = (π2π4π3)ω, p2 = (π4π2π3)ω. Fig.
5.6 depicts the execution of the paths (π2π4π3)1 and (π4π2π3)1 by agents
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1 and 2, respectively, and Fig. 5.7 shows the corresponding input signals,
which do not exceed the control bounds 1m/s. It can be deduced by the
figures that the agents successfully satisfy their individual formulas, without
colliding with each other.

The second experimental scenario included 3 regions of interest Π =
{π1, . . . , π3} in W, with rπk = 0.4,∀k ∈ {1, . . . , 3} and pπ1

= [−1,−1.7]>m,
pπ2 = [−1.3, 1.3]>m and pπ3 = [1.2, 0]>m. The initial positions of the agents
were taken such that A1(p1(0)) ∈ π1 and A2(p2(0)) ∈ π2 (see Fig. 5.8). We
also defined the atomic propositions Ψ1 = Ψ2 = {“resa”, “resb”, “base”},
corresponding to a base and several resources in the workspace, with
L1(π1) = L2(π1) = {“resa”}, L1(π2) = L2(π2) = {“base”}, L1(π3) =
L2(π3) = {“resb”}. We considered that the agents had to transfer the
resources to the “base” in π2; both agents were responsible for “resa” but
only agent 1 should access “resb”. The specifications were translated to the
formulas Φ1 = �(♦(“resa”©“base”)∧♦(“resb”©“base”)),Φ2 = �¬“resb”∧
�♦(“resa”© “base”) and the derived paths were p1 = (π1π2π3π2)ω and
p2 = (π1π2)ω. The execution of the paths (π1π2π3π2)1 and (π2π1)2 by
agents 1 and 2, respectively, are depicted in Fig. 5.10, and the corresponding
control inputs are shown in Fig. 5.9. The figures demonstrate the successful
execution and satisfaction of the paths and formulas, respectively, and the
compliance with the control input bounds.

Regarding the continuous control protocol in the aforementioned experi-
ments, we chose kgi = 3, λi = 2 in (5.2), (5.3) and the switching duration in
(5.4) as νi = 0.1t′i,k,∀i ∈ {1, 2}.

The simulations and experiments were conducted in Python environment
using an Intel Core i7 2.4 GHz personal computer with 4 GB of RAM, and are
clearly demonstrated in the video found in https://youtu.be/dO77ZYEFHlE.

5.3 Robust Decentralized Abstractions for
Multiple Mobile Manipulators

We now turn our attention to a class of more complex systems, that is,
mobile manipulators, which, unlike the previous section, have more complex
and uncertain dynamics. In fact, we provide a more explicit dynamics
formulation than just a sphere/ellipsoid, which was done so far. We describe
a decentralized control algorithm that allows the derivation of a discrete
abstraction of the multi-agent dynamics.

5.3.1 Problem Formulation

Like before, consider N ∈ N fully actuated agents, with index set N ,
composed by a robotic arm mounted on an omnidirectional mobile base,

https://youtu.be/dO77ZYEFHlE
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(a)
(b)

Figure 5.8: Initial workspace for the second experimental scenario. (a): The
UAVs with the projection of their bounding spheres, (with red and green), and
the regions of interest (blue disks). (b): Top view of the described workspace.
The UAVs are represented by the red and green circled X’s and the regions of
interest by the blue disks π1, . . . , π3.

Figure 5.9: The resulting 2-dimensional control signals of the 2 agents for
the second experimental scenario. Top: agent 1, bottom: agent 2.



250 Abstractions of Multi-Agent and Multi-Agent-Object Systems

(a) (b) (c)

(d) (e) (f)

Figure 5.10: Execution of the paths (π1π2π3π2)1 and (π2π1)2 by agents 1
and 2, respectively for the second experimental scenario. (a), (d): π1 →1

π2, π2 →2 π1, (b), (e): π2 →1 π3, π1 →2 π2, (c), (f): π3 →1 π2, π2 →2 π1.

Figure 5.11: An agent that consists of `i = 3 rigid links.
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operating in a static workspace W that is bounded by a large sphere in 3D
space, i.e. W = B(p0, r0) = {p ∈ R3 s.t. ‖p − p0‖ < r0}, where p0 ∈ R3 is
the center of W, and r0 ∈ R>0 is its radius. Without loss of generality, we
consider that p0 = 0, corresponding to an inertial frame of reference. As in
the previous section, we consider that withinW there exist K disjoint spheres
around points of interest, which are described by πk = B̄(pπk , rπk), k ∈ KR,
where pk ∈ R3 and rπk ∈ R>0 are the center and radius of the kth region,
respectively. The regions of interest can be equivalently described by πk =
{z ∈ R4 s.t. z>Tπkz ≤ 0}, where z = [p>, 1]> is the vector of homogeneous
coordinates of p ∈ R3, and

Tπk =

[
I3 pπk

01×3 −r2
πk

]
,∀k ∈ KR.

The dynamic model of each agent is given by the second-order Lagrangian
dynamics (see (2.1) of Chapter 2):

Bi(qi)q̈i + Cqi(qi, q̇i)q̇i + gqi(qi) + fi(qi, q̇i) = τi, (5.5)

∀i ∈ N , where qi ∈ Rni is the vector of generalized coordinates (e.g., pose of
mobile base and joint coordinates of the arms), with q := [q>1 , . . . , q

>
N ]>, and

the rest of the terms as in (2.1) with a slight change of notation; fi(·) here
represents friction-like terms. Without loss of generality, we assume that
ni = n ∈ N,∀i ∈ N . In addition, we denote by pBi := pBi(qi) : Rn → R3 the

inertial position of the mobile base of agent i. Moreover, the matrix Ḃi−2Cqi
is skew-symmetric [? ], and we further make the following assumption, similar
to Assumption 4.1:

Assumption 5.1. There exist positive constants αi such that ‖fi(qi, q̇i)‖
≤ αi‖qi‖‖q̇i‖, ∀(qi, q̇i) ∈ Rn × Rn, i ∈ N .

For the inter-agent collisions, we will use the ideas of Section 4.4 and
ellipsoid collision. We consider hence that each agent is composed by `i
rigid links (see Fig. 5.11) with Qi = {1, . . . , `i} the corresponding index set.
Each link of agent i is approximated by the ellipsoid set [? ] Eim(qi) = {z ∈
R4 s.t. z>Eim(qi)z ≤ 0}; z = [p>, 1]> is the homogeneous coordinates of
p ∈ R3, and Eim : Rn → R4×4 is defined as Eim(qi) = T−Tim (qi)ÊimT

−1
im

(qi),

where Êim = diag{l−2
im,x

, l−2
im,y

, l−2
im,z

,−1} corresponds to the positive lengths

lim,x, lim,y, lim,z of the principal axes of the ellipsoid, and Tim : Rn → R4×4

is the transformation matrix for the coordinate frame {im} placed at the
center of mass of the m-th link of agent i, aligned with the principal axes of
Eim :

Tim(qi) =

[
Rim(qi) pim(qi)

0>1×3 1

]
,
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with Rim : Rn → SO3 being the rotation matrix of the link, ∀m ∈ Qi, i ∈ N .
For an ellipsoid Eim , i ∈ N ,m ∈ Qi, we denote by Exyim , Exzim , E

yz
im

its projections
on the planes x-y, x-z and y-z, respectively, with corresponding matrix terms
Exyim , E

xz
im
, Eyzim .

By following the procedure of Section 4.4, we conclude that a sufficient
condition for Eim and Ejl not to collide is σ(∆xy

im,jl
)+σ(∆xz

im,jl
)+σ(∆yz

im,jl
) >

0, with σ() as defined in (4.41) and ∆s
im,jl

is the discriminant of the equation
det(λEsim(qi) − Esjl(qj)) = 0, ∀i, j ∈ N , i 6= j, m ∈ Qi, l ∈ Qj , where the
subscript s ∈ {xy, yz, xz} stands for the planar ellipsoid matrices.

Next, we define the constant d̄Bi , which is the maximum distance
of the base to a point in the agent’s volume over all possible configura-
tions, i.e. d̄Bi := sup qi∈Rn

pi∈
⋃
m∈Qi

Eim (qi)

{‖pBi(qi) − pi‖}. We also denote d̄B

= [d̄B1
, . . . , d̄BN ]>. Moreover, we consider that each agent has a sensor

located at the center of its mobile base pBi with a sensing radius ςi ≥
2 maxi∈N {d̄Bi}+εd, where εd is an arbitrarily small positive constant. Hence,
each agent has the sensing sphere Di(qi) := {p ∈ R3 s.t. ‖p− pBi(qi)‖ ≤ ςi}
and its neighborhood set at each time instant is defined as Ni(qi) := {j ∈
N\{i} s.t. ‖pBi(qi)− pBj (qj)‖ ≤ ςi}.

As in Section 5.2.1, we are interested in defining transition systems for
the motion of the agents in the workspace in order to be able to assign
complex high level goals through logic formulas. Moreover, since many
applications necessitate the cooperation of the agents in order to execute
some task (e.g. transport an object), we consider that a nonempty subset

Ñi ⊆ Ni(qi(0)), i ∈ N , of the initial neighbors of the agents must stay
connected through their motion in the workspace, similarly to Section 4.3.
In addition, it follows that the transition system of each agent must contain
information regarding the current position of its neighbors. The problem
in hand is equivalent to designing decentralized control laws τi, i ∈ N , for
the appropriate transitions of the agents among the predefined regions of
interest in the workspace.

Next, we provide the equivalent definitions to Def. 5.1 and 5.2.

Definition 5.6. An agent i ∈ N is in region k ∈ KR at a configuration
qi ∈ Rn, denoted as Ai(qi) ∈ πk, if and only if Eim(qi) ⊂ πk, ∀m ∈ Qi.

Definition 5.7. Agents i, j ∈ N , with i 6= j, are in collision-free configura-
tions qi, qj ∈ Rn, denoted asAi(qi) 6≡ Aj(qj), if and only if Eim(qi)∩Ejl(qj) =
∅,∀m ∈ Qi, l ∈ Qj .

Given the aforementioned discussion, we make the following assumptions
regarding the agents and the validity of the workspace

Assumption 5.2. The regions of interest are
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(i) large enough such that all the agents can fit, i.e., given a specific
k ∈ KR, there exist qi, i ∈ N , such that Ai(qi) ∈ πk, ∀i ∈ N , with
Ai(qi) 6≡ Aj(qj), ∀i, j ∈ N , with i 6= j.

(ii) sufficiently far from each other and the obstacle workspace, i.e.,

‖pπk − pπk′‖ ≥ max
i∈N
{2d̄Bi}+ rπk + rπ′k + επ,

r0 − ‖pk‖ ≥ max
i∈N
{2d̄Bi},

∀k, k′ ∈ KR, k 6= k′, where επ is an arbitrarily small positive constant.

Next, in order to proceed, we need the following definition.

Definition 5.8. Assume that Ai(qi(t0)) ∈ πk, i ∈ N , for some t0 ∈ R≥0, k ∈
KR, with Ai(qi(t0)) 6≡ Aj(qj(t0)),∀j ∈ N\{i}. There exists a transition for

agent i between πk and πk′ , k
′ ∈ KR, denoted as (πk, t0)

i−→ (πk′ , tf ), if and
only if there exists a finite time tf ≥ t0, such that

• Ai(qi(tf )) ∈ πk′

• Ai(qi(t)) 6≡ Aj(qj(t)), ∀j ∈ N\{i},

• Eim(qi(t)) ∩ Ei`(qi(t)), ∀m, ` ∈ Qi,m 6= `,

• Eim(qi(t)) ∩ πz = ∅, ∀m ∈ Qi, z ∈ KR\{k, k′},

• Eim(qi(t)) ⊂ W, ∀m ∈ Qi,

∀t ∈ [t0, tf ].

Given the aforementioned definitions, the treated problem is the design
of decentralized control laws for the transitions of the agents between two
regions of interest in the workspace, while preventing collisions of the agents
with each other, the workspace boundary, and the remaining regions of
interest. More specifically, we aim to design a finite transition system for
each agent of the form [? ]

Ti = (Π,Πi,0,
i−→,Ψi,Li,Hi), (5.6)

where Π = {π1, . . . , πK} is the set of regions of interest that the agents can
be at, according to Def. 5.6, Πi,0 ⊆ Π is a set of initial regions that each

agent can start from,
i−→⊂ (Π× R≥0)2 is the transition relation of Def. 5.8,

Ψi is a set of given atomic propositions, represented as boolean variables,
that hold in the regions of interest, Li : Π→ 2Ψi is a labeling function, and

Hi : Π→ Π|Ñi| is a function that maps the region that agent i occupies to
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the regions the initial neighbors Ñi of agent i are at. Therefore, the treated
problem is the design of bounded controllers τi for the establishment of the

transitions
i−→. Moreover, as discussed before, the control protocol should also

guarantee the connectivity maintenance of a subset of the initial neighbors
Ñi,∀i ∈ N . Another desired property important in applications involving
robotic manipulators, is the nonsingularity of the Jacobian matrix Ji : Rn →
R6×n, that transforms the generalized coordinate rates of agent i ∈ N to
generalized velocities [? ] (also defined in Chapter 2). That is, the agents
should always remain in the sets Si = {qi ∈ Rn s.t. det(Ji(qi)Ji(qi)

>) > 0},
∀i ∈ N .

Formally, we define the problem treated in this section as follows:

Problem 5.2. Consider N mobile manipulators with dynamics (5.5) and K
regions of interest πk, k ∈ KR, with q̇i(t0) < ∞,Ai(qi(t0)) ∈ πki , ki ∈ KR,
qi(t0) ∈ Si, ∀i ∈ N and Ai(qi(t0)) 6≡ Aj(qj(t0)), Eim(qi(t0)) ∩ Ei`(qi(t0)) =
∅,∀i, j ∈ N , i 6= j,m, ` ∈ Qi,m 6= `.

Given nonempty subsets of the initial edge sets Ñi ⊆ Ni(qi(0)) ⊆ N ,∀i ∈
N , as well as the indices k′i ∈ KR, i ∈ N , such that ‖pk′i−pk′j‖+rπk′i +rπk′

j
≤

ςi,∀j ∈ Ñi, i ∈ N , design decentralized controllers τi such that, for all i ∈ N :

1. (πki , t0)
i−→ (πk′i , tfi), for some tfi ≥ t0,

2. r0 − (‖pBi(t)‖+ d̄Bi) > 0,∀t ∈ [t0, tfi ],

3. j∗i ∈ Ni(qi(t)),∀j∗i ∈ Ñi, t ∈ [t0, tfi ],

4. qi(t) ∈ Si,∀t ∈ [t0, tfi ].

The aforementioned specifications concern 1) the agent transitions accord-
ing to Def. 5.8, 2) the confinement of the agents in W, 3) the connectivity
maintenance between a subset of initially connected agents and 4) the agent

singularity avoidance. Moreover, the fact that the initial edge sets Ñi are
nonempty implies that the sensing radius of each agent i covers the re-
gions πkj of the agents in the neighboring set Ñi. Similarly, the condition

‖pk′i − pk′j‖+ rπk′
i

+ rπk′
j
≤ ςi,∀j ∈ Ñi, is a feasibility condition for the goal

regions, since otherwise it would be impossible for two initially connected
agents to stay connected. Intuitively, the sensing radii ςi should be large
enough to allow transitions of the multi-agent system to the entire workspace.

5.3.2 Problem Solution

To solve Problem 5.2, we use the concept of potential fields, as done in Section
5.2. Nevertheless, we do not provide an explicit closed-form expression of
the potential function, but provide appropriate conditions.
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Let ϕi be a decentralized potential function, with the following properties:

(i) The function ϕi(q) is not defined, i.e., ϕi(q) = ∞, ∀i ∈ N , when a
collision or a connectivity break occurs,

(ii) The critical points of ϕi where the vector field ∇qiϕi(q) vanishes, i.e.,
the points where ∇qiϕi(q) = 0, consist of the goal configurations and
a set of configurations whose region of attraction (by following the
negated vector field curves) is a set of measure zero.

(iii) It holds that ∇qiϕi(q) +
∑
j∈Ni(qi)∇qiϕj(q) = 0 ⇔ ∇qiϕi(q) = 0 and∑

j∈Ni(qi)∇qiϕj(q) = 0, ∀i ∈ N , q ∈ RNn.

More specifically, ϕi(q) is a function of two main terms, a goal function
γi : Rn → R≥0, which should vanish when Ai(qi) ∈ πk′i , and an obstacle

function, βi : RNn → R≥0 that encodes inter-agent collisions, collisions
between the agents and the obstacle boundary/undesired regions of interest,
connectivity losses between initially connected agents and singularities of
the Jacobian matrix Ji(qi); Next, we provide an analytic construction of the
goal and obstacle terms. However, the construction of the function ϕi is not
taken into account.

The control objective of agent i, i.e., reaching the region of interest πk′i ,
is encoded in the function γi := γi(qi) : Rn → R≥0, defined as

γi(qi) := ‖qi − qk′i‖
2,

where qk′i is a configuration such that rπk′
i
− ‖pBi(qk′i)− pk′i‖ ≤ d̄Bi − εq, for

an arbitrarily small positive constant εq, which implies Ai(qk′i) ∈ πk′i , ∀i ∈ N .
In case that multiple agents have the same target, i.e., there exists at least
one j ∈ N\{i} such that πk′j = πk′i , then we assume that Ai(qk′i) 6≡ Aj(qk′j ).

Inter-agent collisions, collisions with the boundary of the workspace and
the undesired regions of interest, connectivity between initially connected
agents and singularities of the Jacobian matrix Ji(qi),∀i ∈ N are encoded
by a function βi, defined next.

As mentioned before, a sufficient condition for ellipsoids Eim and Ejl not to
collide, is ∆im,jl(qi, qj) = σ(∆xy

im,jl
(qi, qj)+σ(∆xz

im,jl
(qi, qj))+σ(∆yz

im,jl
(qi, qj)

> 0, ∀m ∈ Qi, l ∈ Qj , i, j,∈ N , and σ as defined in (4.41).
Additionally, we define the greatest lower bound of the ∆im,jl when

the point pjl is on the boundary of the sensing radius ∂Di(qi) of agent i,

as ∆̃im,jl = inf (qi,qj)∈R2n

‖pBi (qi)−pjl (qj)‖=ςi

{∆im,jl(qi, qj)},∀m ∈ Qi, l ∈ Qj , i, j ∈ N .

Since ςi > 2 maxi∈N {d̄Bi}+εd, it follows that there exists a positive constant

ε∆ such that ∆̃im,jl ≥ ε∆ > 0,∀m ∈ Qi, l ∈ Qj , i, j ∈ N , i 6= j.
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We further define the function ζij := ζij(qi, qj) : Rn × Rn → R, with
ζij(qi, qj) := ς2i − ‖pBi(qi)− pBj (qj)‖2, and the distance functions βc,im,jl :=
βc,im,jl(∆im,jl) : R≥0 → R≥0, βn,ij := βn,ij(ζij) : R → R≥0, βiw :=
βiw(‖pBi‖2) : R≥0 → R as

βc,im,jl(∆im,jl) :=

{
ϑc,i(∆im,jl), 0 ≤ ∆im,jl < ∆̄im,jl ,

∆̄im,jl , ∆̄im,jl ≤ ∆im,jl ,

βn,ij(ζij) :=


0, ηij,c < 0,

ϑn,i(ζij), 0 ≤ ηij,c < ς2i ,

d2
coni , ς2i ≤ ζij ,

βiw(‖pBi‖2) = (r0 − d̄Bi)2 − ‖pBi‖2,

where ∆̄im,jl is a constant satisfying 0 < ∆̄im,jl ≤ ∆̃im,jl ,∀m ∈ Qi, l ∈
Qj , i, j ∈ N , i 6= j, and ϑc,i, ϑn,i are strictly increasing polynomials appropri-
ately selected to guarantee that the functions βc,im,jl , and βn,ij , respectively,
are twice continuously differentiable everywhere, with ϑc,i(0) = ϑn,i(0) =
0,∀i ∈ N . Note that the functions defined above use only local information
in the sensing range ςi of agent i. Similarly, βiw encodes the collision of
agent i with the workspace boundary.

Finally, we choose the function βi := βi(q) : RNn → R≥0 as

βi(q) =(det(Ji(qi)Ji(qi)
>))2βiw(‖pBi‖2)

∏
j∈Ñi

βn,ij(ζij)

∏
(m,j,l)∈T̃

βc,im,jl(∆im,jl)
∏

(m,k)∈L̃

∆im,πk(qi),

∀i ∈ N , where T̃ := Qi × N × Qj , L̃ := Qi × (KR\{ki, k′i}). Note that
we have included the term (det(JiJ

>
i ))2 to also account for singularities of

Ji,∀i ∈ N and the term
∏

(m,j,l)∈T̃ βc,im,jl(∆im,jl) takes into account also

the collisions between the ellipsoidal rigid bodies of agent i.
With the introduced notation, the properties of the functions ϕi are:

(i) βi(q)→ 0⇔ (ϕi(q)→∞),∀i ∈ N ,

(ii) ∇qiϕi(q)|qi=q?i = 0,∀q?i ∈ Rn s.t. γi(q
?
i ) = 0 and the regions of attrac-

tion of the points {q ∈ RNn : ∇qiϕi(q)|qi=q̃i = 0, γi(q̃i) 6= 0}, i ∈ N ,
are sets of measure zero.

By further denoting Di = {q ∈ RNn : βi(q) > 0}, we are ready to state
the main theorem of this section:
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Theorem 5.1. Under the Assumptions 5.1-5.2, the decentralized control
laws τi := τi(q, q̇i, α̂i) : Di × Rn+1 → Rn, with

τi(q, q̇i, α̂i) = gi(qi)−∇qiϕi(q)−
∑

j∈Ni(qi)

∇qiϕj(q)− α̂i‖qi‖q̇i − kvi q̇i,

(5.7)

with kvi positive gain constants, ∀i ∈ N , along with the adaptation laws

˙̂αi = kαi‖q̇i‖2‖qi‖, (5.8)

with α̂i(t0) <∞, kαi ∈ R≥0 positive gain constants, ∀i ∈ N , guarantee the

transitions (πki , t0)
i−→ (πk′i , tfi) for finite tfi , i ∈ N for almost all initial

conditions, while ensuring βi > 0,∀i ∈ N , as well as the boundedness of all
closed loop signals, providing, therefore, a solution to Problem 5.2.

Proof. The closed loop system of (5.5) is written as:

Mi(qi)q̈i +Ni(qi, q̇i)q̇i + fi(qi, q̇i) =−∇qiϕi(qi)− kvi q̇i − α̂‖qi‖q̇i−∑
j∈Ni(qi)

∇qiϕj(q), (5.9)

∀i ∈ N . Due to Assumption 5.2, the domain where the functions ϕi(q) are
well-defined (i.e., where βi > 0) is connected. Hence, consider the Lyapunov-
like function V := V (ϕ, q̇, α̃, q) : RN × RNn × RN × D1 × · · · × DN → R≥0,
with

V :=
∑
i∈N

ϕi(q) +
1

2
q̇>i Mi(qi)q̇i +

1

2kαi
α̃2
i

where ϕ and α̃ are the stack vectors containing all ϕi and α̃i, respectively,
i ∈ N , and α̃i := α̂i − αi,∀i ∈ N . Note that, since there are no collision
or singularities at t0, the functions βi(q), i ∈ N , are strictly positive at t0
which implies the boundedness of V at t0. Therefore, since q̇i(t0) <∞ and
α̂i(t0) <∞,∀i ∈ N , there exists a positive and finite constant M <∞ such
that V0 := V (t0) ≤M .

By differentiating V , substituting the dynamics (5.5), employing the skew
symmetry of Ṁi−2Ni as well as

∑
i∈N (∇qiϕi(q)>q̇i+

∑
j∈Ni(qi)∇qjϕi(q)>q̇j)

=
∑
i∈N (∇qiϕi(q)> +

∑
j∈Ni(qi)∇qiϕj(q)>)q̇i, we obtain

V̇ =
∑
i∈N

{
q̇>i

(
∇qiϕi(q) +

∑
j∈Ni(qi)

∇qiϕj(q) + τi − gi(qi)
)
− q̇>i fi(qi, q̇i)

+
1

kαi
α̃i ˙̂αi

}
,
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which, by substituting the control and adaptation laws (5.7) and (5.8),
becomes:

V̇ =
∑
i∈N

{
−kvi‖q̇i‖2 − α̂i‖q̇i‖2‖qi‖ − q̇>i fi(qi, q̇i) + α̃i‖q̇i‖2‖qi‖

}
≤
∑
i∈N

{
−kvi‖q̇i‖2 − (α̂i − αi − α̃i)‖q̇i‖2‖qi‖

}
where we have used the property ‖fi(qi, q̇i)‖ ≤ αi‖qi‖‖q̇i‖. Since α̃i = α̂i−αi,
we obtain V̇ ≤ −∑i∈N kvi‖q̇i‖2, which implies that V is non-increasing
along the trajectories of the closed loop system. Hence, we conclude that
V (t) ≤ V0 ≤ M , as well as the boundedness of α̃i, ϕi, q̇i and hence of
α̂i,∀i ∈ N , t ≥ t0. Therefore, we conclude that βi(q(t)) > 0,∀t ≥ t0, i ∈ N .

Hence, inter-agent collisions, collision with the undesired regions and the
obstacle boundary, connectivity losses between the subsets of the initially
connected agents and singularity configurations are avoided.

Moreover, by invoking LaSalle’s Invariance Principle, the system con-
verges to the largest invariant set contained in

SC := {(q, q̇) ∈ D1 × · · · × DN × RNn s.t. q̇ = 0Nn×1}.

One can easily conclude that q̈i = 0,∀i ∈ N , in SC and thus we conclude for
the closed loop system (5.9) that ∇qiϕi(q) = 0,∀i ∈ N , since ‖fi(qi, 0)‖ ≤
0,∀qi ∈ Rn, in view of Assumption 5.1. Therefore, by invoking the properties
of ϕi(q), each agent i ∈ N will converge to a critical point of ϕi, i.e., all
the configurations where ∇qiϕi(q) = 0,∀i ∈ N . However, due to properties
of ϕi(q), the initial conditions that lead to configurations q̃i such that
∇qiϕi(q)|qi=q̃i = 0 and γi(q̃i) 6= 0 are sets of measure zero in the configuration
space [? ]. Hence, the agents will converge to the configurations where
γi(qi) = 0 from almost all initial conditions, i.e., lim

t→∞
γi(qi(t)) = 0. Therefore,

since rπk′
i
−‖pBi(qk′i)− pk′i‖ ≤ d̄Bi − εq, it can be concluded that there exists

a finite time instance tfi such that Ai(qi(tfi)) ∈ πk′i , ∀i ∈ N and hence,
each agent i will be at its goal region πk′i at time tfi ,∀i ∈ N . In addition,
the boundedness of qi, q̇i implies the boundedness of the adaptation laws
˙̂αi,∀i ∈ N . Hence, the control laws (5.7) are also bounded.

Hybrid Control Framework

Due to the proposed continuous control protocol, the transitions (πki , t0)
i−→

(πk′i , tfi) of Problem 5.2 are well-defined, according to Def. 5.8. Moreover,
since all the agents i ∈ N remain connected with the subset of their initial
neighbors Ñi and there exist finite constants tfi , such that Ai(qi(tfi)) ∈
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Figure 5.12: (a): The initial position of the agents in the workspace of the
simulation example. (b): The first transition of the agents in the workspace.
Agent 1 transits from π1 to π2, agent 2 from π2 to π1, and agent 3 from π1

to π3. (c): The second transition of the agents in the workspace. Agent 1
transits from π2 to π1, agent 2 from π1 to π2, and agent 3 from π3 to π2.

πk′i ,∀i ∈ N , all the agents are aware of their neighbors state, when a
transition is performed. Hence, the transition system (5.6) is well defined,
∀i ∈ N . Consider, therefore, that Ai(qi(0)) ∈ πki,0 , ki,0 ∈ KR,∀i ∈ N ,
as well as a given desired path for each agent, that does not violate the
connectivity condition of Problem 5.2. Then, the iterative application of
the control protocol (5.7) for each transition of the desired path of agent i
guarantees the successful execution of the desired paths, with all the closed
loop signals being bounded.

Remark 5.2. Note that, according to the aforementioned analysis, we
implicitly assume that the agents start executing their respective transitions
at the same time (we do not take into account individual control jumps in
the Lyapunov analysis, i.e., it is valid only for one transition). Intuition
suggests that if the regions of interest are sufficiently far from each other,
then the agents will be able to perform the sequence of their transitions
independently. Detailed technical analysis of such cases is part of future
research.

5.3.3 Simulation Results

To demonstrate the validity of the proposed methodology, we consider
the simplified example of three agents in a workspace with r0 = 12m
and three regions of interest, with rπk = 4m, ∀k ∈ {1, 2, 3}. Each agent
consists of a mobile base and a rigid link connected with a rotational
joint, with d̄Bi = 1m, ∀i ∈ {1, 2, 3}. We also choose p1 = [−5,−5]>m,
p2 = [6,−4]>m, p3 = [−3, 6]>m. The initial base positions are taken as
pB1

= [−3,−4]>m, pB2
= [3,−4]>m, pB3

= [−4,−5]>m, which imply that
A1(q1(0)),A3(q3(0)) ∈ π1 and A2(q2(0)) ∈ π2 (see Fig. 5.12(a). The control
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Figure 5.13: The obstacle functions βi, i ∈ {1, 2, 3}, which remain strictly
positive.

inputs for the agents are the 2D force acting on the mobile base, and the
joint torque of the link. We also consider a sensing radius of dconi = 8m and

the subsets of initial neighbors as Ñ1 = {2}, Ñ2 = {1, 3}, and Ñ3 = {2}, i.e.,
agent 1 has to stay connected with agent 2, agent 2 has to stay connected
with agents 1 and 3 and agent 3 has to stay connected with agent 2. The
agents are required to perform two transitions. Regarding the first transition,
we choose πk′1 = π2 for agent 1, πk′2 = π1 for agent 2, and πk′3 = π3, for
agent 3. Regarding the second transition, we choose πk′1 = π1, πk′2 = π2, and
πk′3 = π2. The control parameters and gains are chosen as ki = 5, kvi = 10,
and kαi = 0.01,∀i ∈ {1, 2, 3}. We employ the potential field from [? ]. The
simulation results are depicted in Fig. 5.12-5.15. In particular, Fig. 5.12(b)
and 5.12(c) illustrate the two consecutive transitions of the agents. Fig. 5.13
depicts the obstacle functions βi which are strictly positive, ∀i ∈ {1, 2, 3}.
Finally, the control inputs are given in Fig. 5.14 and the parameter errors
α̃ are shown in Fig. 5.15, which indicates their boundedness. As proven
in the theoretical analysis, the transitions are successfully performed while
satisfying all the desired specifications.

5.4 Timed Abstractions for Distributed
Cooperative Manipulation

We now switch our attention to multi-agent-object systems. Such systems
include, except for a number of robotic agents, a certain number of unactuated
objects (items in the environment). We consider that these objects, along
with the agents, have themselves some local tasks to complete, expressed
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Figure 5.14: The resulting control inputs τi, ∀i ∈ {1, 2, 3} for the two
transitions.

Figure 5.15: The parameter deviations α̃i, ∀i ∈ {1, 2, 3}, which are shown to
be bounded.
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as temporal specifications with respect to their locations. This section
considers the problem of motion planning for one unactuated object, which
is grasped by a number of robotic agents, under timed temporal specifications,
and in particular, Metric Interval Temporal Logic (MITL) specifications.
In particular, we design appropriate well-defined timed abstractions for a
cooperatively manipulated object that allows us to express and solve the
object motion planning problem under MITL formulas.

5.4.1 Problem Formulation

Consider a bounded workspace W ⊂ R3 containing N robotic agents rigidly
grasping an object, similar to what is shown in Fig. 2.1. The agents are
considered to be fully actuated and they consist of a base that is able to
move around the workspace (e.g., mobile or aerial vehicle) and a robotic
arm. The setup considered here is the same as in Section 2.2, which we
briefly recap. Each agent i knows only its own state, position and velocity,
as well as its own and the object’s geometric parameters. More specifically,
we assume that each agent i knows the distance from its grasping point
{Ei} to the object’s center of mass {O} as well as the relative orientation
offset between the two frames {Ei} and {O}. This information can be
either retrieved on-line via appropriate sensors or transmitted off-line to the
agents, without the need of inter-agent on-line communication. Finally, no
interaction force/torque measurements are required and the dynamic model
of the object and the agents is considered unknown.

The dynamics of the agents are (see eq. (2.3))

Mi(qi)v̇i + Ci(qi, q̇i)vi + gi(qi) + di(qi, q̇i, t) = ui − hi,

whereas the object’s

ẋO = JO(ηO)vO

MO(ηO)v̇O + CO(ηO, ωO)vO + gO + dO(xO, ẋO, t) = hO,

and the coupled dynamics by

M̃(x)v̇O + C̃(x)vO + g̃(x) + d̃(x, t) = G(q)>ū, (5.10)

with the coupling terms as in (2.15) and x = [q>, q̇>, η>O , ω
>
O ].

Workspace Partition

As already mentioned, we are interested in designing a well-defined ab-
straction of the coupled object-agents system, so that we can define MITL
formulas over certain properties in a discrete set of regions of the workspace.
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Figure 5.16: An example of the system shown in Fig. 2.1 in the configuration
that produces L̂.

Figure 5.17: The workspace partition according to the bounding box of the
coupled system.

Therefore, we provide now a partition of W into cell regions. We denote
by Sq the set that consists of all points ps ∈ W that physically belong to
the coupled system, i.e., they consist part of either the volume of the agents
or the volume of the object. Note that these points depend on the actual
value of q. We further define the constant L̂ ≥ sup q∈Rn

ps∈Sq
‖ps− pO(q)‖, where,

with a slight abuse of notation and in view of the coupled object-agents
kinematics and the forward kinematics of the agents, we express pO as a
function of q. Note that, although the explicit computation of Sq may not

be possible, L̂ is an upper bound of the maximum distance between the
object center of mass and a point in the coupled system’s volume over all
possible configurations q, and thus, it can be measured. For instance, Fig.
5.16 shows L̂ for the system of Fig. 2.1. It is straightforward to conclude
that

Sq ⊂ B(pO(q), L̂),∀q ∈ Rn. (5.11)

Next, we partition the workspace W into R equally sized rectangular regions
Π = {π1, . . . , πR}, whose geometric centers are denoted by pcπj ∈ W, j ∈
{1, . . . , R}. The length of the region sides is set to D = 2L̂ + 2l0, where
l0 is an arbitrary positive constant. Hence, each region πj can be formally
defined as follows:

πj :={p ∈ W s.t. (p)k ∈ [(pcπj )k − L̂− l0, (pcπj )k + L̂+ l0),∀k ∈ {x, y, z}},
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with ‖pcπj+1
− pcπj‖ = (2L̂ + 2l0),∀j ∈ {1, . . . , R − 1}, and (pcπj )z :=

L̂+ l0,∀j ∈ {1, . . . , R}; (·)k, k ∈ {x, y, z}, denotes the k-th coordinate. An
illustration of the aforementioned partition is depicted in Fig. 5.17.

Note that each πj is a uniformly bounded and convex set and also
πj∩πj′ = ∅,∀j, j′ ∈ {1, . . . , R} with j 6= j′. We also define the neighborhood
D of region πj as the set of its adjacent regions, i.e., D(πj) := {πj′ ∈ Π s.t.

‖pcπj − pcπj′‖ = (2L̂ + 2l0)}, which is symmetric, i.e., πj′ ∈ D(πj) ⇔ πj ∈
D(πj′).

To proceed we need the following definitions regarding the timed transi-
tion of the coupled system between two regions πj , πj′ :

Definition 5.9. The coupled object-agents system is in region πj at a
configuration q, denoted as A(q) ∈ πj , if and only if the following hold:

1. Sq ⊂ πj
2. ‖pO(q)− pcπj‖ < l0.

Definition 5.10. Assume that A(q(t0)) ∈ πj , j ∈ {1, . . . , R}, for some
t0 ∈ R≥0. Then, there exists a transition for the coupled object-agents
system from πj to πj′ , j

′ ∈ {1, . . . , R} with time duration δtj,j′ ∈ R≥0,

denoted as πj
T−→ πj′ , if and only if

1. A(q(t0 + δtj,j′)) ∈ πj′ ,
2. Sq(t) ⊂ πi ∪ πj , ∀t ∈ [t0, t0 + δtj,j′ ].

Note that the entire system object-agents must remain in πj , πj′ during
the transition and therefore the requirement πj′ ∈ D(πj) is implicit in
Definition 5.10.

Specification

Given the workspace partition, we can introduce a set of atomic propositions
Ψ for the object, which are expressed as Boolean variables that correspond
to properties of interest in the regions of the workspace (e.g., “Obstacle
region”, “Goal region”). Formally, the labeling function L : Π→ 2Ψ assigns
to each region πj the subset of the atomic propositions Ψ that are true in
πj . We next provide the timed behavior, similar to Section 5.2

Definition 5.11. Given a time trajectory q(t), t ≥ 0, a timed sequence of q is
the infinite sequence st := (q(t1), t1)(q(t2), t2) . . . , with tm ∈ R≥0, tm+1 > tm
and A(q(tm)) ∈ πjm , jm ∈ {1, . . . , R},∀m ∈ N. The timed behavior of st is

the infinite sequence bt := (ψ̆1, t1)(ψ̆2, t2) . . . , with ψ̆m ∈ 2Ψ, ψ̆m ∈ L(πjm)
for A(q(tm)) ∈ πjm , jm ∈ {1, . . . , R}, ∀m ∈ N, i.e., the set of atomic
propositions that are true when A(q(tm)) ∈ πjm .
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Figure 5.18: Top view of a transition between two adjacent regions πj and
πj′ . Since pO ∈ B(pj,j′(t), l0), we conclude that Sq ⊂ B(pO, L̂) ⊂ B(pj,j′(t), l0+

L̂) ⊂ πj ∪ πj′ .

The satisfaction of a MITL formula is provided by the following definition
(see Appendix F for more details on MITL formulas).

Definition 5.12. The timed sequence st satisfies a MITL formula Φ if and
only if bt |= Φ.

We are now ready to state the problem treated in this section.

Problem 5.3. Given N agents rigidly grasping an object in W subject to
the coupled dynamics (5.10), the workspace partition Π such that A(q(0)) ∈
πj0 , j0 ∈ {1, . . . , R}, a MITL formula Φ over Ψ and the labeling function L,
derive a control strategy that achieves a timed sequence st which yields the
satisfaction of Φ.

5.4.2 Main Results

Control Design

The first ingredient of the proposed solution is the design of a decentralized
control protocol u such that a transition relation between two adjacent
regions according to Definition 5.10 is established. Assume, therefore, that
A(q(t0)) ∈ πj , j ∈ {1, . . . , R} for some t0 ∈ R≥0. We aim to find a bounded ū,
such that A(q(t0 + δtj,j′)) ∈ πj′ , with πj′ ∈ D(πj), and Sq(t) ⊂ πj ∪πj′ ,∀t ∈
[t0, t0 + δtj,j′ ], for a predefined arbitrary constant δtj,j′ ∈ R≥0 corresponding

to the transition πj
T−→ πj′ .

The first step is to associate to the transition a smooth and bounded
trajectory with bounded time derivative, defined by the line segment that
connects pcπj and pcπj′ , i.e. define pj,j′ : [t0,∞)→ R3, such that pj,j′(t0) =
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pcπj , pj,j′(t) = pcπj′ ,∀t ≥ t0 + δtj,j′ and

B(pj,j′(t), L̂+ l0) ⊂ πj ∪ πj′ , ∀t ≥ t0. (5.12)

An example of pj,j′ is

pj,j′(t) =


pcπj′ − p

c
πj

δtj,j′
t+

pcπj (δtj,j′ − 1)− pcπj′
δtj,j′

t0, t ∈ [t0, t0 + δtj,j′)

pcπj′ , t ∈ [t0 + δtj,j′ ,∞)

(5.13)
The intuition behind the solution of Problem 5.3 via the definition of pj,j′ is
the following: if we guarantee that the object’s center of mass stays l0-close to
pj,j′ , i.e., ‖pO(t)−pj,j′(t)‖ < l0,∀t ≥ t0, then ‖pO(t0+δtj,j′)−pcπj′‖ < l0 and,

by invoking (5.11) and (5.12), we obtain Sq(t) ⊂ B(pO(t), L̂) ⊂ B(pj,j′(t), L̂+
l0) ⊂ πj ∪ πj′ ,∀t ≥ t0 (and therefore t ∈ [t0, t0 + δtj,j′ ]), and thus the
requirements of Definition 5.10 for the transition relation are met. Fig. 5.18
illustrates the aforementioned reasoning.

Along with pj,j′ , we consider that the object has to comply with certain
specifications associated with its orientation. Therefore, we also define
a smooth and bounded orientation trajectory ηj,j′ := [φj,j′ , θj,j′ , ψj,j′ ]

> :
[t0,∞) → T with bounded time derivative, that has to be tracked by the
object’s center of mass. We choose θj,j′(t) ∈ [−θ̄, θ̄] ⊂ (−π2 , π2 ), ∀t ∈
R≥0, with θ̄ ∈ (0, π2 ), so as to ensure the singularity avoidance of JO(ηO).
We form, therefore, the desired pose trajectory xj,j′ : [t0,∞) → M, with
xj,j′(t) := [pj,j′(t)

>, ηj,j′(t)
>]>. In case of multiple consecutive transitions

. . . πh
T−→ πj

T−→ πj′
T−→ πh′ . . . over the intervals . . . ,δth,j , δtj,j′ , δtj′,h′ ,. . . ,

the desired orientation trajectories . . . , ηh,j(t), ηj,j′(t), ηj′,h′(t), . . . must be
continuous at the transition points, i.e., ηh,j(t0) = ηj,j′(t0) and ηj,j′(t0+δtj,j′)
= ηj′,h′(t0 + δtj,j′).

Therefore, Problem 5.3 is equivalent to a problem of trajectory tracking
within certain bounds.

A suitable methodology for the control design in hand is that of prescribed
performance control, which was used for the cooperative manipulation
problem in Section 2.2.4. We describe it briefly here and associate it with
the abstraction problem.

We consider first the associated position and orientation error as in
(2.29):

es :=
[
esx , esy , esz , esφ , esθ , esψ

]>
:= xO − xj,j′(t). (5.14)

Following that section as well as Appendix B, the mathematical expressions
of prescribed performance are given by the inequalities:

−ρsk(t) < esk(t) < ρsk(t), ∀k ∈ K, (5.15)
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∀t ∈ [t0,∞), where K = {x, y, z, φ, θ, ψ}, ρsk := ρsk(t) : [t0,∞)→ R>0 with

ρsk(t) = (ρsk,0 − ρsk,∞) exp(−lskt) + ρsk,∞, ∀k ∈ K, (5.16)

as in (2.31).
The proposed prescribed performance control protocol does not incorpo-

rate any information on the agents’ or the object’s dynamics or the external
disturbances and guarantees (5.15) for all t ∈ [t0,∞) and hence [t0, t0+δtj,j′ ],
which, by appropriately selecting ρsk(t), k ∈ K and given that A(q(t0)) ∈ πj ,
guarantees a representation singularity-free (i.e., θO(t) 6= π

2 , t ∈ [t0,∞))

transition πj
T−→ πj′ with time duration of δtj,j′ , as will be clarified in the

sequel.
As in Section 2.2.4, consider the following steps: Step I-a. Select the

corresponding functions ρsk as in (5.16) with

(i) ρsθ,0 = ρsθ(t0) = θ∗, ρsk,0 = ρsk(t0) = l0,∀k ∈ {x, y, z} ρsk,0 =
ρsk(t0) > ‖esk(t0)‖,∀k ∈ {φ, ψ},

(ii) lsk ∈ R>0,∀k ∈ K,

(iii) ρsk,∞ ∈ (0, ρsk,0),∀k ∈ K,

where θ∗ is a positive constant satisfying θ∗ + θ̄ < π
2 .

Step I-b. Introduce the normalized errors

ξs :=
[
ξsx , . . . , ξsψ

]>
:= ρ−1

s es,

where ρs := ρs(t) := diag{[ρsk ]k∈K} ∈ R6×6, as well as the transformed state
functions εs : (−1, 1)6 → R6, and signals rs : (−1, 1)6 → R6×6, with

εs := εs(ξs) :=
[
εsx , . . . , εsψ

]>
:=
[
ln
(

1+ξsx
1−ξsx

)
, . . . , ln

(
1+ξsψ
1−ξsψ

)]>
rs := rs(ξs) := diag{[rsk(ξsk)]k∈K} := diag

{[∂εsk
∂ξsk

]
k∈K

}
= diag

{[ 2

1− ξ2
sk

]
k∈K

}
and design the reference velocity vector vr : (−1, 1)6 × R≥0 → R6 with

vr := vr(ξs, t) := −gsJO
(
ηd(t) + ρsη (t)ξsη

)−1

ρs(t)
−1rs(ξs)εs,

where ρsη := ρsη(t) := diag{ρsφ , ρsθ , ρsψ}, ξsη := [ξsφ , ξsη , ξsφ ]>, and we
have further used the relation ξs = ρ−1

s (xO − xd) from (2.29) and (2.32).
Step II-a. Define the velocity error vector

ev :=
[
evx , . . . , evψ

]>
:= vO − vr,
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and select the corresponding positive performance functions ρvk := ρvk(t) :
R≥0 → R>0 with ρvk(t) := (ρvk,0 − ρvk,∞) exp(−lvkt) + ρvk,∞, such that
ρvk,0 = ‖ev(0)‖+ αb, lvk > 0 and ρvk,∞ ∈ (0, ρvk,0),∀k ∈ K, where αb is an
arbitrary positive constant.
Step II-b. Define the normalized velocity error

ξv :=
[
ξvx , . . . , ξvψ

]>
:= ρ−1

v ev,

where ρv := ρv(t) := diag{[ρvk ]k∈K}, as well as the transformed states
εv : (−1, 1)6 → R6 and signals rv : (−1, 1)6 → R6×6, with

εv := εv(ξv) :=
[
εvx , . . . , εvψ

]>
:=
[
ln
(

1+ξvx
1−ξvx

)
, . . . , ln

(
1+ξvψ
1−ξvψ

)]>
rv(ξv) := diag{[rvk(ξvk)]k∈K} := diag

{[∂εvk
∂ξvk

]
k∈K

}
= diag

{[ 2

1− ξ2
vk

]
k∈K

}
, (5.17)

and design the decentralized feedback control protocol for each agent i ∈ N
as ui : Si × (−1, 1)6 × R≥0, with

ui := ui(qi, ξv, t) := −gvJMi(qi)ρ
−1
v rv(ξv)εv(ξv), (5.18)

where gv is a positive constant gain and JMi
as defined in (2.24).

The control law (5.18) can be written in vector form:

u = U j
′

j := −gvG+
M (q)ρ−1

v rv(ξv)εv(ξv), (5.19)

where G+
M (q) as in (2.40), and the notation U j

′

j stands for the transition
from πj to πj′ .

The next theorem summarizes the results of this section.

Theorem 5.2. Consider N agents rigidly grasping an object with unknown
coupled dynamics (5.10) and A(q(t0)) ∈ πj , j ∈ {1, . . . , R} as well as |θ(t0)−
θj,j′(t0)| < θ∗. Then, the distributed control protocol (5.14)-(5.17) guarantees

that πj
T−→ πj′ with time duration δtj,j′ and all closed loop signals being

bounded, and thus establishes a transition relation between πj and πj′ for
the coupled object-agents system, according to Definition 5.10.

Proof. By following the proof of Theorem 2.2, we conclude that ξs(t) ∈
(−1, 1)6, ξv(t) ∈ (−1, 1)6, ∀t ∈ R≥0. Therefore, it holds that |esk(t)| <
ρsk(t),∀k ∈ K and thus |esk(t)| < l0,∀k ∈ {x, y, z}, t ∈ [t0,∞), since
ρsk,0 = l0,∀k ∈ {x, y, z}. Therefore, pO(q(t)) ∈ B(pj,j′(t), l0),∀t ≥ t0 and,
consequently, pO(q(t0 + δtj,j′)) ∈ B(pcπj′ , l0), since pj,j′(t0 + δtj,j′) = pcπj′ .
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Moreover, since pO(q(t)) ∈ B(pj,j′(t), l0), we deduce that B(pO(q(t)), L̂) ⊂
B(pj,j′(t), l0 + L̂) and invoking (5.11) and (5.12), we conclude that Sq(t) ⊂
πj ∪ πj′ ,∀t ∈ [t0, t0 + δtj,j′ ] ⊂ [t0,∞), and therefore a transition relation
with time duration δtj,j′ is successfully established. Finally, according to the
proof of Theorem 2.2, it holds |θO(t)| < π

2 , ∀t ≥ t0 and hence representation
singularities are provably avoided.

High-Level Timed Plan Generation

The second part of the proposed solution is the derivation of a high-level
plan that satisfies the given MITL formula Φ and can be generated using
standard techniques from automata-based formal verification methodologies.

Thanks to our proposed control law that allows the transition πj
T−→ πj′

for all πj ∈ Π with πj′ ∈ D(πj) in a predefined time interval δtj,j′ , we can
abstract the motion of the coupled object-agents system as a finite Weighted
Transition System (WTS) [? ]

T = {Π,Π0,
T−→,Ψ,L, γT },

where

• Π is the set of states defined in Section 5.4.1,

• Π0 ⊂ Π is a set of initial states,

• T−→⊆ Π×Π is a transition relation according to Definition 5.10.

• Ψ and L are the atomic propositions and the labeling function, respec-
tively, as defined in Section 5.4.1, and

• γT : (
T−→) → R≥0 is a map that assigns to each transition its time

duration, i.e., γT (πj
T−→ πj′) = δtj,j′ .

Therefore, by designing the switching protocol U
rj+1
rj (t) from (5.19):

Urj+1
rj (t) = −gvG+

M (q(t))ρv(t)
−1rv(ξv(t))εv(ξv(t)),∀t ∈ [tj , tj + δtrj ,rj+1

),

j ∈ N, with (i) t1 = 0, (ii) tj+1 = tj + δtrj ,rj+1 and (iii) rj ∈ {1, . . . , R},
∀j ∈ N, we can define the timed run of the WTS as the infinite sequence
rWT S := (πr1 , t1)(πr2 , t2) . . . , where πr1 ∈ Π0 with A(q(0)) ∈ πr1 , πrj ∈
Π, rj ∈ {1, . . . , R} and tj are the corresponding time stamps such that
A(q(tj)) ∈ πrj ,∀j ∈ N. Every timed run r generates the timed word
wWT (r) := (L(πr1), t1)(L(πr2), t2) . . . over Ψ where L(πrj ), j ∈ N, is the
subset of the atomic propositions Ψ that are true when A(q(tj)) ∈ πrj .
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Figure 5.19: The aerial robots employed in the simulation rigidly grasping
an object.

(a)

(b)

Figure 5.20: Illustration of the initial workspace and pose of the system
object-agents in the V-REP environment (a) and in top view (b). The red
cells imply obstacle regions whereas the green cells are the goal ones.

The given MITL formula Φ is translated into a Timed Büchi Automaton
Atφ [? ] and the product Ap = T ⊗ Atφ is built [? ]. The projection of the
accepting runs of Ap onto T provides a timed run rWT of T that satisfies
φ; rWT has the form rWT = (πr1 , t1)(πr2 , t2) . . . , i.e., an infinite1 sequence
of regions πrj to be visited at specific time instants tj (i.e., A(q(tj)) ∈ πrj )
with t1 = 0 and tj+1 = tj + δtrj ,rj+1

, rj ∈ {1, . . . , R},∀j ∈ N. More details
on the technique can be found in [? ? ? ].

The execution of rWT = (πr1 , t1)(πr2 , t2) . . . produces a trajectory q(t), t ∈
R≥0, with timed sequence st = (q(t1), t1)(q(t2), t2) . . . , with A(q(tj)) ∈
πrj ,∀j ∈ N. Following Definition 5.11, st has the timed behavior bt =

(ψ̆1, t1)(ψ̆1, t2) . . . with ψ̆j ∈ L(πrj ), for A(q(tj)) ∈ πrj ,∀j ∈ N. The latter
implies that st |= Φ and therefore that bt satisfies Φ. The aforementioned
discussion is summarized as follows:

Theorem 5.3. The execution of rWT = (πr1 , t1)(πr2 , t2) . . . of T that satis-

1It can be proven that if such a run exists, then there also exists a run that can be
always represented as a finite prefix followed by infinite repetitions of a finite suffix [? ].
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fies Φ guarantees a timed behavior st of the coupled object-agents system that
yields the satisfaction of Φ and provides, therefore, a solution to Problem
5.3.

5.4.3 Simulation Results

The validity of the proposed framework is verified through a simulation study
in the Virtual Robot Experimentation Platform (V-REP) [? ]. We consider
a rectangular rigid body of dimensions 0.025× 0.2× 0.025 m3 representing
the object that is rigidly grasped by two agents. Each agent i ∈ N = {1, 2}
consists of a quadrotor base {Bi} and a robotic arm of two revolute degrees
of freedom as depicted in Fig. 5.19. We consider that the quadrotor is
fully actuated, as mentioned in Section 5.4.1, and there exists an embedded
algorithm that translates the generalized force of the quadrotor base to the
actual motor inputs.

The initial conditions of the system are taken as pO(0) = [0, 0, 1.5]>m,
ηO(0) = [0, 0, 0]>rad. The workspace is partitioned into R = 16 regions,
with L̂ = 0.75 m and l0 = 0.5 m. Fig. 5.20 illustrates the aforementioned
setup at t = 0, from which it can be deduced that A(q(0)) ∈ π1. We fur-
ther define the atomic propositions Ψ = {“green1”, “green2”, “red”, “obs”},
representing goal (“green1”, “green2”) and obstacle (‘obs”) regions with
L(π5) = {“green1”},L(π14) = {“green2”},L(π6) = L(π10) = {“obs”} and
L(πj) = ∅, for the remaining regions.

We consider the MITL formula

Φ = (�[0,∞)¬“obs”) ∧ ♦[0,60](“green1” ∧ “green2”),

which describes the following behavior: the coupled system

1. must always avoid the obstacle regions,

2. must visit the greens region in the first 60 seconds.

By following the procedure described in Section 5.4.2, we obtain the accepting
timed run

rWT =(πr1 , t1)(πr2 , t2) · · · = (π1, 0)(π2, 6)(π3, 12)(π4, 18)(π5, 24)(π12, 30)

(π13, 36)(π14, 42)(π11, 48)(π12, 54)(π5, 60).

Regarding each transition πrj
T−→ πrj+1

, j ∈ {1, . . . , 10}, we choose δtrj ,rj′ =

6 s, prj ,rj′ (t) as in (5.13) and ηrj ,rj′ (t) = [0, 0, π4 sin(π3 (t − trj ))]>, where
trj = jδtrj ,rj′ = 6j plays the role of t0 for each transition. Regarding
the performance function parameters, we choose ρsk,0 = ρsk(trj ) = l0 =
0.5[m], lsk = 0.5, ρsk,∞ = lim

t→∞
ρsk(t) = 0.1 [m],∀k ∈ {x, y, z}, ρsk,0 =
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ρsk(trj ) = π
2 [rad], lsk = 0.5, ρs,k,∞ = lim

t→∞
ρsk(t) = π

12 r, ∀k ∈ {φ, θ, ψ},
ρvk,0 = ρvk(trj ) = 2|evk(trj )|+0.5, lvk = 0.5 and ρvk,∞ = lim

t→∞
ρvk(t) = 0.1,

k ∈ K, j ∈ {1, . . . , 10}. The control gains are chosen as gs = 1, gv = 10, and
the agents are set to contribute equally to the object motion.

The simulation results are depicted in Figs. 5.21-5.24. More specifically,
Fig. 5.21 depicts the timed transitions of the coupled object-agents system,
from which it can be deduced that pO(t) ∈ B(prj ,rj′ , l0) and therefore
Sq(t) ⊂ πrj ∪ πrj′ , ∀j ∈ {1, . . . , 10}. Moreover, Fig. 5.22 and 5.23 illustrate
the errors es(t) and ev(t) along with the performance functions ρs(t), ρv(t),
respectively, for all the transitions πrj → πrj′ , j ∈ {1, . . . , 10}. Finally, the
resulted control inputs τ1, τ2 for the two agents are shown in Fig. 5.24. A
video showing the aforementioned simulation paradigm can be found on
https://youtu.be/AiAt9NqL1jo.

5.5 Planning and Control for Multi-Robot-Object
Systems under Temporal Logic Formulas

The final section of this chapter considers the general case of a multi-robot-
object system, with N > 1 agents and M > 1 objects. Unlike the previous
section, the objects are now not assumed to be grasped in the starting
configuration. Moreover, temporal logic specifications are imposed both to
the robotic agents and the objects, whose behavior depends on the agent
actions.

5.5.1 Problem Formulation

Consider N > 1 robotic agents operating in a workspace W with M > 0
objects;W is a bounded open ball in 3D space, i.e.,W := B(0, r0), where r0 ∈
R>0 is the radius of W . The objects are represented by rigid bodies whereas
the robotic agents are fully actuated and consist of a fully actuated holonomic
moving part (i.e., mobile base) and a robotic arm, having, therefore, access
to the entire workspace. WithinW there exist K > 1 smaller spheres around
points of interest, which are described by πk := B̄(pπk , rπk), where pπk ∈ R3

is the center and rπk ∈ R>0 the radius of πk. We denote the set of all πk as
Π := {π1, . . . , πK} and KR := {1, . . . ,K}. Moreover, we introduce disjoint
sets of atomic propositions Ψi,Ψ

O
j , expressed as boolean variables, that

represent services provided to agent i ∈ N and object j ∈M := {1, . . . ,M}
in Π. The services provided at each region πk are given by the labeling

functions Li : Π → 2Ψi ,LOj : Π → 2ΨOj , which assign to each region
πk, k ∈ KR, the subset of services Ψi and ΨO

j , respectively, that can be
provided in that region to agent i ∈ N and object j ∈M, respectively. In

https://youtu.be/AiAt9NqL1jo


Planning and Control for Multi-Robot-Object Systems under Temporal Logic
Formulas 273

(a)

(b) (c)

Figure 5.21: (a): The overall desired object trajectory (with red), the actual
object trajectory (with black), the domain specified by B(prj ,rj′ (t), l0),∀j ∈
{1, . . . , 10} (with green), and the domain specified by B(pO(t), L̂) (with blue),
for t ∈ [0, 60] s. (b), (c): Illustration of the system at the final region at
t = 60s in the V-REP environment along with the ball B(pO(60), L̂). Since
pO ∈ B(prj ,rj′ (t), l0), the desired timed run is successfully executed.

addition, we consider that the agents and the object are initially (t = 0) in
the regions of interest πinit(i), πinitO(j), where the functions init : N → KR,
initO :M→KR specify the initial region indices.

The notation and modeling is identical to the one of the previous section
and of Chapter 2, which we briefly recap. For this section, we denote by
[zi]i∈A the stack column vector of the vectors/scalars zi, i ∈ A, where A is
an index set.

We denote by qi, q̇i ∈ Rni , with ni ∈ N,∀i ∈ N , the generalized joint-
space variables and their time derivatives for agent i. The overall joint
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Figure 5.22: The pose errors es(t) (with blue) along with the performance
functions ρs(t) (with red).

configuration is then q := [q>1 , . . . , q
>
N ]>, q̇ := [q̇>1 , . . . , q̇

>
N ]> ∈ Rn, with

n :=
∑
i∈N ni. In addition, the inertial position and Euler-angle orientation

of the ith end-effector, denoted by pEi = pEi(qi) : Rni → R3 and ηEi :=
ηEi(qi) : Rni → T, respectively, expressed in an inertial reference frame,
can be derived by the forward kinematics. The generalized velocity of
each agent’s end-effector vi = [ṗ>Ei , ω

>
Ei

]> ∈ R6 is given by vi = Ji(qi)q̇i,

where Ji = Ji(qi) : Rni → R6×ni is the geometric Jacobian matrix, ∀i ∈ N .
The matrix inverse of Ji is well defined in the set away from kinematic
singularities, Si := {qi ∈ Rni : det(Ji(qi)Ji(qi)

>) > 0}, ∀i ∈ N . The joint-
and task-space dynamics of each agent are

Bi(qi)q̈i + Cqi(qi, q̇i)q̇i + gqi(qi) = τi − Ji(qi)>hi (5.20a)

Mi(qi)v̇i + Ci(qi, q̇i)vi + gi(qi) = ui − hi, (5.20b)

with the standard dynamic terms (see previous chapters). Note again that
the terms of (5.20b) are only defined in Si, away from singular configurations.
Avoidance of such configurations is not explicitly taken account here. Note,
however, that the agents’ tasks consist of navigating as well as coopera-
tively transporting the objects to predefined points in the workspace. This
along with the fact that the agents consist of fully actuated moving bases
imposes a kinematic redundancy, which can be exploited to avoid kinematic
singularities.
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Figure 5.23: The velocity errors ev(t) (with blue) along with the performance
functions ρv(t) (with red).

We consider that each agent i, for a given qi, covers a spherical region
Ai := B̄i(ci(qi), ri) ⊂ R3 of constant radius ri ∈ R>0 that bounds its
volume for that given qi, where ci := ci(qi) : Rni → R3 is the center of the
spherical region (a point on the robotic arm), ∀i ∈ N ; Ai can be obtained
by considering the smallest sphere that covers the workspace of the robotic
arm, extended with the mobile base part. Moreover, we consider that the
agents have specific power capabilities, which for simplicity, we match to
positive integers ci > 0, i ∈ N , via an analogous relation.

Regarding the objects, we slightly change the notation with respect to
the previous chapters and denote by xOj := [(pOj )>, (ηOj )>]> ∈ M, vOj :=

[(ṗOj )>, (ωOj )>]> ∈ R12, ∀j ∈ M, the pose and generalized velocity of the
jth object’s center of mass. The object dynamic equations are given by the
standard Newton-Euler form:

ẋOj = JOj (xOj )vOj , (5.21a)

MO(ηOj )v̇Oj + CO(ηOj , ω
O

j )vOj + gO = hOj . (5.21b)

Similarly to the agents, each object’s volume is represented by the
spherical set Oj := Oj(pOj ) := B̄j(pOj , rOj ) ⊂ R3 of a constant radius rOj ∈ R>0,

∀j ∈M2.

2Different center might be considered to obtain less conservative spherical volume.
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Figure 5.24: The resulting control inputs τi = [f>Bi , µ
>
Bi
, ταi,1 , ταi,2 ] for i = 1

and i = 2; fBi , µBi , ταi are the quadrotor base forces and torques and the
manipulator torque commands, respectively.
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Similarly to (2.14), the coupled dynamics between an object j ∈M and
a subset V ⊆ N of agents that grasp it rigidly is given by

M̃V,j v̇
O

j + C̃V,jv
O

j + g̃V,j = GV,juV , (5.22)

where

M̃V,j := M̃V,j(xV,j) := MO +GV,jMVG
>
V,j

C̃V,j := C̃V,j(xV,j) := CO +GV,jMVĠ
>
V,j +GV,jCVG

>
V,j

g̃V,j := g̃V,j(xV,j) := gO +GV,jgV

GV,j := [(JO1,j)
>, . . . , (JO|V|,j)

>],

JOi,j ∈ R6×6, i ∈ V, is the object-to-agent Jacobian matrix (see (2.10)), and

xV,j is the overall state xV,j := [q>V , q̇
>
V , (x

O
j )>, (vOj )>]> ∈ SV × RnV+6 ×M,

where SV :=
∏
i∈V Si, and nV := |V|. The subscript V here corresponds to

the agents of the set V. We also use the following Lemma from Chapter 2
that is necessary for the following analysis.

Lemma 5.1. The matrices Bi(qi) and M̃V,j are symmetric and positive

definite and the matrices Ḃi − 2Cqi and
˙̃
MV,j − 2C̃V,j are skew symmetric,

∀i ∈ N , j ∈M,V ⊆ N .

Regarding the volume of the coupled agents-object system, we denote
by AOV,j := AOV,j(pOj ) := B̄(pOj , rV,j) ⊂ R3 the sphere centered at pOj with
constant radius rV,j ∈ R>0, which is large enough to cover the volume of
the coupled system in all configurations qV

3. This conservative formulation
emanates from the sphere-world restriction of the multi-agent navigation
function framework [? ? ]. In order to take into account other spaces, ideas
from [? ] could be employed or extensions of the respective works of [? ], [?
] to the multi-agent case could be developed.

Moreover, in order to take into account the introduced agents’ power
capabilities ci, i ∈ N , we consider a function Λ ∈ {True,False} that outputs
whether the agents that grasp an object are able to transport the object,
based on their power capabilities. For instance, Λ(mO

j , cV) = True, where
mO
j ∈ R>0 is the mass of object j and cV := [ci]i∈V , implies that the agents
V have sufficient power capabilities to cooperatively transport object j.

Next, we define the boolean functionsAGi,j : Rni×M→ {True,False}, i ∈
N , j ∈M, to denote whether agent i ∈ N rigidly grasps an object j ∈M at a
given configuration qi, x

O
j ; We also define AGi,0 : Rni ×MM → {True,False},

to denote that agent i does not grasp any objects, i.e., AGi,j(qi, xOj ) =

3rV,j can be chosen as the largest distance of the object’s center of mass to a point in
the agents’ volume over all possible qV (see previous section).
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False,∀j ∈M⇔ AGi,0(qi, x
O) = True, ∀i ∈ N , where xO := [xOj ]j∈M ∈MM .

Note also that AGi,`(qi, xO` ) = True, ` ∈ M ⇔ AGi,j(qi, xOj ) = False,∀j ∈
M\{`}, i.e., agent i can grasp at most one object at a time.

We also assume the existence of a procedure Ps that outputs whether
or not a set of non-intersecting spheres fits in a larger sphere as well as
possible positions of the spheres in the case they fit. More specifically, given
a region of interest πk and a number Ñ ∈ N of sphere radii (of agents and/or
objects) the procedure can be seen as a function Ps := [Ps,0,P>s,1]>, where

Ps,0 : RÑ+1
≥0 → {True,False} outputs whether the spheres fit in the region πk

whereas Ps,1 provides possible configurations of the agents and the objects
or 0 in case the spheres do not fit. For instance, Ps,0(rπ2

, r1, r3, r
O
1 , r

O
5 )

determines whether the agents 1, 3 and the objects 1, 5 fit in region π2,
without colliding with each other; (q1, q3, x

O
1 , x

O
5 ) = Ps,1(rπ2 , r1, r3, r

O
1 , r

O
5 )

provides a set of configurations such that A1(q1),A3(q3),O1(xO1 ),O5(xO5 ) ⊂
π2 and the pairwise intersections of the respective sets are empty. The
problem of finding an algorithm Ps is a special case of the sphere packing
problem [? ]. Note, however, that we are not interested in finding the
maximum number of spheres that can be packed in a larger sphere but,
rather, in the simpler problem of determining whether a set of spheres can
be packed in a larger sphere.

The following definitions address the transitions of the agents and the
objects between the regions of interest, as in the previous sections.

Definition 5.13. (Transition) Consider that Ai(qi(t0)) ⊂ πk, for some
i ∈ N , k ∈ KR, t0 ∈ R≥0, and

Ai(qi(t0)) ∩
(
Al(ql(t0)) ∪ Oj(pOj (t0)) ∪ AOV,`(pO` (t0))

)
= ∅, (5.23)

for all l ∈ N\{i}, j ∈ M, and any V ⊆ N\{i}, ` ∈ M such that
AGh,`(qh(t0), xO` (t0)) = True, ∀h ∈ V. Then, there exists a transition for
agent i from region πk to πk′ , k

′ ∈ KR, denoted as πk →i πk′ , if there exists a
finite tf ≥ t0 such that Ai(qi(tf )) ⊂ πk′ , Ai(qi(t)) ⊂ W , Ai(qi(t)) ∩ πm = ∅,
∀t ∈ [t0, tf ],m ∈ KR\{k, k′} and (5.23) holds for all t ∈ [t0, tf ].

Definition 5.14. (Grasping) Consider that Ai(qi(t0)) ⊂ πk, Oj(xOj (t0)) ⊂
πk, k ∈ KR for some i ∈ N , j ∈ M, t0 ∈ R≥0, and (5.23) holds. Then,

agent i grasps object j, denoted as i
g−→ j, if there exists a finite tf ≥ t0 such

that AGi,j(qi(tf ), pOj (tf )) = True, Ai(qi(t)) ⊂ πk, Oj(pOj (t)) ⊂ πk, k ∈ KR,
∀t ∈ [t0, tf ], and (5.23) holds for all objects except for j and all t ∈ [t0, tf ].

Definition 5.15. (Releasing) Consider thatAi(qi(t0)) ⊂ πk, Oj(pOj (t0)) ⊂
πk, k ∈ KR for some i ∈ N , j ∈M, t0 ∈ R≥0, with AGi,j(qi(t0), xOj (t0)) =
True, and (5.23) holding for all objects except for j. Then, agent i releases
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object j, denoted as i
r−→ j, if there exists a finite tf ≥ t0 such that

AGi,0(qi(tf ), xO(tf )) = True, Ai(qi(t)) ⊂ πk, Oj(pOj (t)) ⊂ πk, k ∈ KR,
t ∈ [t0, tf ], and (5.23) holding for all objects except for j and all t ∈ [t0, tf ].

Definition 5.16. (Transportation) Consider a nonempty subset of agents
V ⊆ N and an object j ∈M such that AGi,j(qi(t0), xOj (t0)) = True, ∀i ∈ V
and AOV,j(pOj (t0)) ⊂ πk for some k ∈ KR, t0 ≥ 0, with

AOV,j(pOj (t0)) ∩
(
Al(ql(t0)) ∪ O`(pO` (t0)) ∩ AOV′,j′(pOj′(t0))

)
= ∅, (5.24)

for all l ∈ N\V, ` ∈ M\{j}, and any V ′ ⊆ N\V, j′ ∈ M\{j} such
that AGh,j′(qh(t0), xOh (t0)) = True, ∀h ∈ V ′. Then, the team of agents V
transports the object j from region πk to region πk′ , k

′ ∈ KR, denoted as

πk
T−→V,j πk′ , if there exists a finite tf ≥ t0 such that AOV,j(pOj (tf )) ⊂ πk′ ,

AOV,j(pOj (t)) ⊂ W , AGi,j(qi(t), xOj (t)) = True, ∀i ∈ V , AOV,j(pOj (t))∩πm =
∅, ∀m ∈ KR\{k, k′}, t ∈ [t0, tf ], and (5.24) holding for all t ∈ [t0, tf ].

Loosely speaking, the aforementioned definitions correspond to specific
actions of the agents, namely transition, grasp, release, and transport. We
do not define these actions explicitly though, since we will employ directly
designed continuous control inputs τi, ui, as will be seen later. Moreover,
in the grasping/releasing definitions, we have not incorporated explicitly
collisions between the agent and the object to be grasped/released other
than the grasping point. Such collisions are assumed to be avoided.

Our goal is to control the multi-agent system such that the agents
and the objects obey a given specification over their atomic propositions
Ψi,Ψ

O
j ,∀i ∈ N , j ∈M. Given the trajectories qi(t), x

O
j (t), t ∈ R≥0, of agent

i and object j, respectively, their corresponding behaviors are given by the
infinite sequences

bi := (qi(t), ψ̆i) := (qi(ti,1), ψ̆i,1)(qi(ti,2), ψ̆i,2) . . . ,

bOj := (xOj (t), ψ̆Oj ) := (xOj (tOj,1), ψ̆Oj,1)(xOj (tOj,2), ψ̆Oj,2) . . . ,

with ti,`+1 > ti,` ≥ 0, tOj,`+1 > tOj,` ≥ 0,∀` ∈ N, representing specific time

stamps. The sequences ψ̆i, ψ̆
O
j are the services provided to the agent and

the object, respectively, over their trajectories, i.e., ψ̆i,` ∈ 2Ψi , ψ̆Oj,l ∈ 2ΨOj

with Ai(qi(ti,`)) ⊂ πki,` , ψ̆i,` ∈ Li(πki,`) and Oj(xOj (tOj,l)) ⊂ πkOj,l , ψ̆
O

j,l ∈
LOj (πkOj,l), ki,`, k

O

j,l ∈ KR,∀`, l ∈ N, i ∈ N , j ∈ M, where Li and LOj are the

previously defined labeling functions. The following Lemma then follows:

Lemma 5.2. The behaviors bi, b
O
j satisfy formulas Φi,ΦOj

if ψ̆i |= Φi and

ψ̆Oj |= ΦO
j , respectively.
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The control objectives are given as LTL formulas Φi,Φ
O
j over Ψi,Ψ

O
j ,

respectively, ∀i ∈ N , j ∈M. The LTL formulas Φi,Φ
O
j are satisfied if there

exist behaviors bi, b
O
j of agent i and object j that satisfy Φi,Φ

O
j . We are

now ready to give a formal problem statement consider in this section:

Problem 5.4. Consider N robotic agents and M objects in W subject to
the dynamics (5.20) and (5.21), respectively, not colliding at t = 0, and

q̇i(0) = 0, vOj = 0,Ai(qi(0)) ⊂ πinit(i),Oj(xOj (0)) ⊂ πinitO(j),∀i ∈ N , j ∈M,

Given the disjoint sets Ψi,Ψ
O
j , N LTL formulas Φi over Ψi and M LTL

formulas ΦO
j over ΨO

j , develop a control strategy that achieves behaviors
bi, b

O
j which yield the satisfaction of Φi,Φ

O
j ,∀i ∈ N , j ∈M.

Note that it is implicit in the problem statement the fact that the
agents/objects starting in the same region can actually fit without colliding
with each other. Technically, it holds that Ps,0(rπk , [ri]i∈{i∈N :init(i)=k},
[rOj ]j∈{j∈M:initO(j)=k}) = True, ∀k ∈ KR.

5.5.2 Problem Solution

Continuous Control Design

The first ingredient of our solution is the development of feedback control
laws that establish agent transitions and object transportations as defined
in Def. 5.13 and 5.16, respectively. Although the control protocols of
Sections 2.2.7, 2.2.8, 4.2.5 can be applied, we focus on an alternative design
that follows the concept of multi-robot navigation functions (see Appendix
C). Moreover, we do not focus on the grasping/releasing actions of Def.
5.14, 5.15 and we refer to some existing methodologies that can derive the
corresponding control laws (e.g., [? ],[? ]).

Assume that the conditions of Problem 5.4 hold for some t0 ∈ R≥0,
i.e., all agents and objects are located in regions of interest with zero
velocity. We design a control law such that a subset of agents performs
a transition between two regions of interest and another subset of agents
performs cooperative object transportation, according to Def. 5.13 and 5.16,
respectively. Let Z,V,G,R ⊆ N denote disjoint sets of agents corresponding
to transition, transportation, grasping and releasing actions, respectively,
with |Z| + |V| + |G| + |R| ≤ |N | and Az(qz(t0)) ⊂ πkz , Aν(qν(t0)) ⊂ πkν ,
Ag(qg(t0)) ⊂ πkg , Aρ(qρ(t0)) ⊂ πkρ , where kz, kν , kg, kρ ∈ KR, ∀z ∈ Z, ν ∈
V, g ∈ G, ρ ∈ R. Note that there might be idle agents in some regions, not
performing any actions, i.e., the set N\(Z ∪V ∪ G ∪R) might not be empty.

More specifically, regarding the transportation actions, we consider that
the set V consists of T̄ disjoint teams of agents, with each team consisting
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of agents that are in the same region of interest and aim to collaboratively
transport an object, i.e. V = V1 ∪ V2 ∪ . . .VT̄ , and Aν(qν(t0)) ⊂ πkVm ,∀ν ∈
Vm,m ∈ {1, . . . , T̄}, where kVm ∈ KR,∀m ∈ {1, . . . , T̄}. Let also S :=
{sV1

, sV2
, . . . , sVT̄ },X := {[xg]g∈G},Y := {[yρ]ρ∈R} ⊆ M be disjoint sets

of objects to be transported, grasped, and released, respectively. More
specifically, each team Vm in the set V will transport cooperatively object
sVm , m ∈ {1, . . . , T̄}, each agent g ∈ G will grasp object xg ∈ X and each
agent ρ ∈ R will release object yρ ∈ Y. Then, suppose that the following
conditions also hold at t0:

• AGρ,yρ(qρ(t0), xOyρ(t0)) = True,∀ρ ∈ R,

• AGz,0(qz(t0), xO(t0)) = True, ∀z ∈ Z,

• AGg,0(qg(t0), xO(t0)) = True,∀g ∈ G,

• AGν,sVm (qν(t0), xOsVm (t0)) = True, ∀ν ∈ Vm,m ∈ {1, . . . , T̄},

• AOVm,sVm (pOsVm (t0)) ⊂ πkVm , ∀m ∈ {1, . . . , T̄},

• Oxg (pOxg (t0)) ⊂ πkg ,∀g ∈ G,

• Oyρ(pOyρ(t0)) ⊂ πkρ ,∀ρ ∈ R,

which mean, intuitively, that the objects sVm , xg, yρ to be transported,
grasped, released, are in the regions πkVm , πkg , πkρ , respectively, and there
is also grasping compliance with the corresponding agents. By also assuming
that the agents do not collide with each other or with the objects (except for
the transportation/releasing task agents), we guarantee that the conditions
of Def. 5.13-5.16 hold.

In the following, we design τz and uν such that πkz →z πk′z and

πkVm
T−→Vm,sVm πk′Vm

, with k′z, k
′
νm ∈ KR,∀z ∈ Z,m ∈ {1, . . . , T̄}, as-

suming that (i) there exist appropriate ug and uρ that guarantee g
g−→ xg

and ρ
r−→ yρ in πkg , πkρ , respectively, ∀g ∈ G, ρ ∈ R and (ii) that the agents

and objects fit in their respective goal regions, i.e.,

Ps,0
(
rπk , [rz]z∈QZ,k , [rg]g∈QG,k , [rρ]ρ∈QR,k , [rVm,sVm ]m∈QV,k ,

[rOxg ]g∈QG,k , [r
O

yρ ]ρ∈QR,k

)
= True

(5.25)

∀k ∈ KR, where we define the sets: QZ,k := {z ∈ Z : k′z = k},QG,k := {g ∈
G : kg = k},QR,k := {ρ ∈ R : kr = k},QV,k := {m ∈ {1, . . . , T̄} : k′Vm = k},
that correspond to the indices of the agents and objects that are in region
k ∈ KR.
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Example 5.1. As an example, consider N = 6 agents, N = {1, . . . , 6},
M = 3 objects, M = {1, 2, 3} in a workspace that contains K = 4 regions
of interest, KR = {1, . . . , 4}. Let t0 = 0 and, according to Problem 5.4,
take init(1) = init(5) = 1, init(2) = 2, init(3) = init(4) = 3, and init(6) = 4,
i.e., agents 1 and 5 are in region πinit(1) = πinit(5) = π1, agent 2 is in re-
gion πinit(2) = π2, agents 3 and 4 are in region πinit(3) = πinit(4) = π3 and
agent 6 is in region πinit(6) = π4. We also consider initO(1) = 1, initO(2) =
2, initO(3) = 3 implying that the 3 objects are in regions π1, π2 and π3, re-
spectively. We assume that agents 1, 5 grasp objet 1, and agents 3, 4 grasp ob-
ject 3, i.e., AG1,1(q1(0), xO1 (0)) = AG5,1(q5(0), xO1 (0)) = AG3,3(q3(0), xO3 (0))
= AG4,3(q4(0), xO4 (0)) = AG2,0(q2(0), xO(0)) = AG6,0(q6(0), xO(0)) = True.
Agents 1 and 5 aim to cooperatively transport object 1 to π4, agent 2 aims
to grasp object 2, agents 3 and 4 aim to cooperatively transport object
3 to π1 and agent 6 aims to perform a transition to region π2. There-
fore, Z = {6}, T̄ = 2,V1 = {1, 5},V2 = {3, 4}, V = V1 ∪ V2 = {1, 5, 4, 3},
G = {2},R = ∅, sV1

= 1, sV2
= 2, S = {sV1

, sV2
} = {1, 2}, X = {x2} =

{2},Y = ∅. Moreover, the region indices kz, kν , kg, kr, kVm , k
′
z, k
′
Vm , z ∈ Z =

{6}, ν ∈ V = {1, 5, 4, 3}, g ∈ G = {2}, r ∈ R = ∅,m ∈ {1, 2}, take the form
k6 = 4, k1 = k5 = 1, k2 = 2, k3 = k4 = 3, kV1 = 1, kV3 = 3, k′6 = 2, k′V1

=
4, k′V2

= 1. Finally, the actions that need to be performed by the agents are

π1
T−→V1,1 π4, 2

g−→ 2, π3
T−→V2,3 π1 and π4 → π2.

Next, for each region πk, we compute from Ps a set of configurations for
the agents and objects in this region. More specifically,

([q?z ]z∈QZ,k , [q
?
g ]g∈QG,k , [q

?
ρ]ρ∈QR,k , [x

O?

sVm
]m∈QV,k , [x

O?

xg ]g∈QG,k , [x
O?

yρ ]ρ∈QR,k) =

Ps,1
(
rπk , [rz]z∈QZ,k , [rg]g∈QG,k , [rρ]ρ∈QR,k , [rVm,sVm ]m∈QV,k , [r

O

xg ]g∈QG,k ,

[rOyρ ]ρ∈QR,k

)
,

where we have used the notation of (5.25). Hence, we now have the goal
configurations for the agents Z performing the transitions as well as agents
V performing the cooperative transportations.

Following Section C.1, we define the error functions γz : Rnz → R≥0

with γz(qz) := ‖qz − q?z‖2, ∀z ∈ Z, and γVm : M → R≥0 as γVm(xOsVm ) :=

‖pOsVm − p
O?

sVm
‖2, where pO

?

sVm
is the position part of xO

?

sVm
.

Regarding the grasping agents g ∈ G, these are assumed to operate in the
sphere with the fixed center cg(qg) and radius rg. Regarding the releasing
agent ρ ∈ R and the respective objects yρ, ρ, these are assumed to operate
in the sphere with the fixed center cρ(qρ) and radius rρ.
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Based on the above, we define the following collision functions:

βi,l(qi, ql) := ‖ci(qi)− cl(ql)‖2 − (ri + rl)
2,∀i, l ∈ N\V, i 6= l,

βi,Oj (qi) := ‖ci(qi)− pOj ‖2 − (ri + rOj )2, ∀i ∈ N\V, j ∈M\(S ∪ Y)

βi,Vm(qi, x
O
sVm

) := ‖ci(qi)− pOsVm ‖
2 − (ri + rVm,sVm )2,

∀i ∈ N\V,m ∈ {1, . . . , T̄},

βVm,V`(x
O
sVm

, xOsV`
) := ‖pOsVm − p

O
sV`
‖2 − (rVm,sVm + rV`,sV` )2,

∀m, ` ∈ {1, . . . , T̄},m 6= `,

βVm,Oj (x
O
sVm

) := ‖pOsVm − p
O
j ‖2 − (rVm,sVm + rOj )2,

∀m ∈ {1, . . . , T̄}, j ∈M\(S ∪ Y),

βi,πk (qi) := ‖ci(qi)− pπk‖
2 − (ri + rπk )2, ∀i ∈ Z, k ∈ KR\{kz, k′z},

βVm,πk (xOsVm ) := ‖pOsVm − pπk‖
2 − (rVm,sVm + rπk )2,

∀m ∈ {1, . . . , T̄}, k ∈ KR\{kVm , k
′
Vm},

βi,W(qi) := (r0 − ri)2 − ‖ci(qi)‖2,∀i ∈ N\V

βVm,W(xOsVm ) := (r0 − rVm,sVm )2 − ‖pOsVm ‖
2, ∀m ∈ {1, . . . , T̄},

that incorporate collisions among the navigating agents, the navigating agents
and the objects, the transportation agents, the transportation agents and the
objects, the navigating agents and the undesired regions, the transportation
agents and the undesired regions, the navigating agents and the workspace
boundary, and the transportation agents and the workspace boundary,
respectively. Therefore, by following the procedure described in Section
C.1, we can form the total obstacle function G : RnZ ×M|S| → R≥0, nZ :=∑
z∈Z nz, and thus, define the navigation function [? ? ] ϕ : F → [0, 1] as

ϕ(qZ , x
O

S ) :=
γ(qZ , x

O
S )(

γ(qZ , xOS )κ +G(qZ , xOS )
) 1
κ

,

where qZ := [qz]z∈Z , xOS := [xOsVm ]m∈{1,...,T̄} ∈M|S|, γ(qZ , x
O
S ) :=

∑
z∈Z γz(qz)

+
∑
m∈{1,...,T̄} γVm(xOsVm

), F is a subset of RnZ ×MM where the collision

functions are positive, and κ > 0 is a positive gain used to derive the proof
correctness of ϕ [? ? ]. Note that, a sufficient condition for avoidance
of the undesired regions and avoidance of collisions and singularities is
ϕ(qZ , x

O
S ) < 1.

Next, we design the feedback control protocols τz : F × Rnz → R6, u` :
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F × S` × R6, ∀z ∈ Z, ` ∈ Vm,m ∈ {1, . . . , T̄} as follows:

τz = τz(qZ , x
O

S , q̇z) := gqz −∇qzϕ(qZ , x
O

S )−Kz q̇z, (5.26a)

u` = u`(qZ , x
O

S , q`, v
O

sVm
) :=

(
JO`,sVm

)−> {(
gO −

(
JOsVm

)>
∇xOsVm

ϕ(qZ , x
O

S )

− vOsVm
)}

+ g`, (5.26b)

where Kz = diag{kz} ∈ Rnz×nz , with kz > 0,∀z ∈ Z, is a constant positive
definite gain matrix. To characterize the solutions of the closed-loop system,
we consider the function

V :=ϕ(qZ , x
O

S ) +
1

2

∑
z∈Z

q̇>z Bz(qz)q̇z +
1

2

∑
m∈{1,...,T̄}

(
vOsVm

)>
M̃Vm,sVm v

O

sVm
.

Since no collisions occur and the robots and objects have zero velocity
at t0, we conclude that V0 := V (t0) = ϕ(qZ(t0), xOS (t0)) =: ϕ0 < 1. By
differentiating V and substituting (5.20), (5.22), we obtain

V̇ =
∑
z∈Z

{
∇qzϕ(qZ , x

O
S )>q̇z + q̇>z

(
τz − Cqz q̇z − gqz

)
+

1

2
q̇>z Ṁz q̇z

}
+

∑
m∈{1,...,T̄}

{
∇xOsVm

ϕ(qZ , x
O
S )>ẋOsVm +

(
vOsVm

)> ( ∑
`∈Vm

[JO`,sVm ]>u` − gO

−
∑
`∈Vm

[JO`,sVm ]>g` − C̃Vm,sVm
)

+
1

2

(
vOsVm

)> ˙̃
MVm,sVm v

O
sVm

}
,

where we have also used the fact that fz = 0,∀z ∈ Z, since the agents
performing transportation actions are not in contact with any objects. By
employing Lemma 5.1 as well as (5.21a), V̇ becomes:

V̇ =
∑
z∈Z

q̇>z

(
∇qzϕ(qZ , x

O
S ) + τz − gqz

)
+

∑
m∈{1,...,T̄}

(
vOsVm

)> ( ∑
`∈Vm

[JO`,sVm ]>(u` − g`)− gO + [JOsVm ]>∇xOsVm
ϕ(qZ , x

O
S )
)
,

and after substituting (5.26):

V̇ = −
∑
z∈Z

q̇zKz q̇z −
∑

m∈{1,...,T̄}

‖vOsVm ‖
2,

which is strictly negative unless q̇z = 0, vOsVm
= 0,∀z ∈ Z,m ∈ {1, . . . , T̄}.

Since JO`,sVm
is always non-singular, and J`(q`(t)) has full-rank by assumption

for the maximal solution, ∀` ∈ Vm,m ∈ {1, . . . , T̄}, the latter implies also
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that q̇` = 0, ∀` ∈ Vm,m ∈ Ṽ. Hence, V (t) ≤ V0 < 1, ∀t ∈ [t0, tmax), which
suggests that ϕ(qZ(t), xOS (t)) ≤ ϕ0 < 1 ∀t ≥ t0. Moreover, according to La
Salle’s Invariance Principle [? ], the system will converge to the largest
invariant set contained in the set where q̇z = 0, vOsVm

= 0,∀z ∈ Z,m ∈
{1, . . . , T̄}. We can also conclude that limt→∞ q̈z(t) = 0, v̇OsVm

= 0, which,

by employing (5.26), (5.20), (5.22), and the assumption of non-singular
JOsVm

, ∀t ∈ R≥0, implies that ∇qzϕ(qZ , x
O
S ) = 0, ∇xOsVm ϕ(qZ , x

O
S ) = 0,

∀z ∈ Z,m ∈ {1, . . . , T̄}. Since ϕ is a navigation function [? ], by setting κ
large enough, this condition is true only at the destination configurations
(i.e., where γ(qZ , x

O
S ) = 0) and a set of isolated saddle points, whose region

of attraction is a set of measure zero [? ? ]. Thus, the system converges to
the destination configuration from almost everywhere, i.e., ‖qz(t)− q?z‖ → 0
and ‖pOsVm (t) − pO

?

sVm
‖ → 0. Therefore, there exist finite time instants

tfz , tfm > t0, such that Az(qz(tfz)) ⊂ πk′z and AOVm,sVm (pOsVm (tfm)) ⊂
πk′Vm

, with inter-agent collision avoidance, ∀z ∈ Z,m ∈ {1, . . . , T̄}. Since

the actions g
g−→ xg, ρ

r−→ yρ are also performed, we denote as tfg , tfρ the
times that these actions have been completed, g ∈ G, ρ ∈ R. Hence, by
setting tf := max{max

z∈Z
tfz , max

m∈{1,...,T̄}
tfm ,max

g∈G
tfg ,max

ρ∈R
tfρ}, all the actions

of all agents will be completed at tf .

It should be noted that [? ] does not take into account static obstacles.
Since, however, the results are an extension of [? ], intuition suggests that
the results are valid for sufficiently distant obstacles (in our case, the regions
of interest).

High-Level Plan Generation

The second part of the solution is the derivation of a high-level plan that
satisfies the given LTL formulas Φi and ΦO

j and can be generated by using
standard techniques from automata-based formal verification methodologies.
Thanks to (i) the proposed control laws that allow agent transitions and

object transportations πk →i πk′ and πk
T−→V,j πk′ , respectively, and (ii) the

off-the-self control laws that guarantee grasp and release actions i
g−→ j and

i
r−→ j, we can abstract the behavior of the agents using a finite transition

system as presented in the sequel.

Definition 5.17. The coupled behavior of the overall system of all the
N agents and M objects is modeled by the transition system T S =
(Πs,Π

init
s ,→s,AG,Ψ,L,Λ, Ps, χ), where

1. Πs ⊂ Π̄ × Π̄O × ĀG is the set of states; Π̄ := Π1 × · · · × ΠN and
Π̄O := ΠO

1 × · · · ×ΠO

M are the set of states-regions that the agents and
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the objects can be at, with Πi = ΠO
j = Π,∀i ∈ N , j ∈M; AG := AG1×

· · ·×AGN is the set of boolean grasping variables introduced in Section
5.5.1, with AGi := {AGi,0} ∪ {[AGi,j ]j∈M},∀i ∈ N . By defining
π̄ := (πk1

, · · · , πkN ) , π̄O := (πkO1 , · · · , πkOM ), w̄ = (w1, · · · , wN ), with
πki , πkOj ∈ Π (i.e., ki, k

O
j ∈ KR,∀i ∈ N , j ∈M) and wi ∈ AGi,∀i ∈ N ,

then the coupled state πs := (π̄, π̄O, w̄) belongs to Πs, i.e., (π̄, π̄O, w̄) ∈
Πs if

a) Ps,0
(
rπk , [ri]i∈{i∈N :ki=k}, [r

O
j ]j∈{j∈M:kOj =k}

)
= True, i.e., the re-

spective agents and objects fit in the region, ∀k ∈ KR,

b) ki = kOj for all i ∈ N , j ∈ M such that wi = AGi,j = True, i.e.,
an agent must be in the same region with the object it grasps,

2. Πinit
s ⊂ Πs is the initial set of states at t = 0, which, owing to (i),

satisfies the conditions of Problem 5.4,

3. →s⊂ Πs × Πs is a transition relation defined as follows: given the
states πs, π̃s ∈ Π, with

πs :=(π̄, π̄O, w̄) := (πk1 , . . . , πkN , πkO1
, . . . , πkO

M
, w1, . . . , wN ),

π̃s :=(˜̄π, ˜̄πO, ˜̄w) := (πk̃1
, . . . , πk̃N , πk̃O1

, . . . , πk̃O1
, w̃1, . . . , w̃N ), (5.27)

a transition πs →s π̃s occurs if all the following hold:

a) @i ∈ N , j ∈M such that wi = AGi,j = True, w̃i = AGi,0 = True,

(or wi = AGi,0 = True, w̃i = AGi,j = True) and ki 6= k̃i, i.e.,
there are no simultaneous grasp/release and navigation actions,

b) @i ∈ N , j ∈ M such that wi = AGi,j = True, w̃i = AGi,0 =
True, (or wi = AGi,0 = True, w̃i = AGi,j = True) and ki =

kOj 6= k̃i = k̃Oj , i.e., there are no simultaneous grasp/release and
transportation actions,

c) @i ∈ N , j, j′ ∈M, with j 6= j′, such that wi = AGi,j = True and
w̃i = AGi,j′ = True (wi = AGi,j′ = True and w̃i = AGi,j′ = True),
i.e., there are no simultaneous grasp and release actions,

d) @j ∈ M such that kOj 6= k̃Oj and wi 6= AGi,j ,∀i ∈ N ( or w̃i 6=
AGi,j ,∀i ∈ N ), i.e., there is no transportation of a non-grasped
object,

e) @j ∈M,V ⊆ N such that kOj 6= k̃Oj and Λ(mO
j , cV) = False, where

wi = w̃i = AGi,j = True ⇔ i ∈ V, i.e., the agents grasping an
object are powerful enough to transfer it,
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4. Ψ := Ψ̄ ∪ Ψ̄O with Ψ̄ =
⋃
i∈N Ψi and Ψ̄O =

⋃
j∈MΨO

j , are the atomic
propositions of the agents and objects, respectively, as defined in
Section 5.5.1.

5. L : Πs → 2Ψ is a labeling function defined as follows: Given a state πs

as in (5.27) and ψ̆s :=
(⋃

i∈N ψ̆i

)⋃(⋃
j∈M ψ̆Oj

)
with ψ̆i ∈ 2Ψi , ψ̆Oj ∈

2ΨOj , then ψ̆s ∈ L(πs) if ψ̆i ∈ Li(πki) and ψ̆Oj ∈ LOj (πkOj ),∀i ∈ N , j ∈
M.

6. Λ and Ps as defined in Section 5.5.1.

7. χ : (→s) → R≥0 is a function that assigns a cost to each transition
πs →s π̃s. This cost might be related to the distance of the agents’
regions in πs to the ones in π̃s, combined with the cost efficiency of
the agents involved in transport tasks (according to ci, i ∈ N ).

Next, we form the global LTL formula Φ := (∧i∈NΦi) ∧ (∧j∈MΦO
j ) over

the set Ψ. Then, we translate Φ to a Büchi Automaton BA and we build the
product T̃ S := T S × BA. Using basic graph-search theory, we can find the
accepting runs of T̃ S that satisfy Φ and minimize the total cost χ. These
runs are directly projected to a sequence of desired states to be visited in
the T S. Although the semantics of LTL are defined over infinite sequences
of services, it can be proven that there always exists a high-level plan that
takes the form of a finite state sequence followed by an infinite repetition of
another finite state sequence. For more details on the followed technique,
the reader is referred to the related literature, e.g., [? ].

Following the aforementioned methodology, we obtain a high-level plan
as sequences of states and atomic propositions πpl := πs,1πs,2 . . . and ψ̌pl :=
ψ̌s,1ψ̌s,1 . . . |= Φ, which minimizes the cost χ, with

πs,` := (π̄`, π̄O,`, w̄`) ∈ Πs,∀` ∈ N,

ψ̌s,` :=
( ⋃
i∈N

ψ̌i,`

)⋃( ⋃
j∈M

ψ̌Oj,`

)
∈ 2Ψ,L(πs,`),∀` ∈ N,

where

• π̄` := πk1,`
, . . . , πkN,` , with ki,` ∈ KR,∀i ∈ N ,

• π̄O,` := πkO1,` , . . . , πkON,` , with kOj,` ∈ KR,∀j ∈M,

• w̄` := w1,`, . . . , wN,`, with wi,` ∈ AGi,∀i ∈ N ,

• ψ̌i,` ∈ 2Ψi ,Li(πki,`),∀i ∈ N ,

• ψ̌Oj,` ∈ 2ΨOj ,LOj (πkOj,`),∀j ∈M.
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The path πpl is then projected to the individual sequences of the regions
πkOj,1πkOj,2 . . . for each object j ∈M, as well as to the individual sequences of

the regions πki,1πki,2 . . . and the boolean grasping variables wi,1wi,2 . . . for
each agent i ∈ N . The aforementioned sequences determine the behavior of
agent i ∈ N , i.e., the sequence of actions (transition, transportation, grasp,
release or stay idle) it must take.

By the definition of L in Def. 5.17, we obtain that ψ̌i,` ∈ Li(πki,`), ψ̌Oj,` ∈
LOj (πkOj,`),∀i ∈ N , j ∈ M, ` ∈ N. Therefore, since Φ = (∧i∈NΦi) ∧
(∧j∈MΦOj

) is satisfied by ψ̌pl, we conclude that ψ̌i,1ψ̌i,2 . . . |= Φi and

ψ̌Oj,1ψ̌
O
j,2 . . . |= ΦO

j ,∀i ∈ N , j ∈M.

The sequences πki,1πki,2 . . . , ψ̌i,1ψi,2 . . . and πkOj,1πkOj,2 . . . , ψ̌
O
j,1ψ̌

O
j,2 . . .

over Π, 2Ψi and Π, 2ΨOj , respectively, produce the trajectories qi(t) and
xOj (t),∀i ∈ N , j ∈M. The corresponding behaviors are

bi = (qi(t), ψ̌i) = (qi(ti,1), ψ̌i,1)(qi(ti,2), ψ̌i,2) . . .

bOj = (xOj (t), ψ̌Oj ) = (xOj (tOj,1), ψ̌Oj,1)(xOj (tOj,2), ψ̌Oj,2) . . . ,

respectively, according to Section 5.5.1, with Ai(qi(ti,`)) ⊂ πki,` , ψ̌i,` ∈
Li(πki,`) and Oj(xOj (tOj,m)) ∈ πkOj,` , ψ̌

O

j,` ∈ LOj (πkOj,`). Thus, it is guaranteed

that ψ̌i |= Φi, ψ̌
O
j |= ΦO

j and consequently, the behaviors bi and bOj satisfy
the formulas Φi and ΦO

j , respectively, ∀i ∈ N , j ∈M. The aforementioned
reasoning is summarized in the next theorem:

Theorem 5.4. The execution of the path (πpl, ψpl) of T S guarantees behav-
iors bi, b

O
j that yield the satisfaction of Φi and ΦO

j , respectively, ∀i ∈ N , j ∈
M, providing, therefore, a solution to Problem 5.4.

Remark 5.3. Note that although the overall set of states of T S increases
exponentially with respect to the number of agents/objects/regions, some
states are not reachable, due to our constraints for the object transportation
and the size of the regions, reducing thus the state complexity.

5.5.3 Simulation Results

In this section we demonstrate our approach with computer simulations.
We consider a workspace of radius r0 = 30m, with K = 4 regions of
interest or radius rπk = 3.5m, ∀k ∈ KR, centered at pπ1

= [0, 0, 0]>, pπ2
=

[−14,−14, 0]>m, pπ3 = [20,−10, 0]>m, pπ4 = [−16, 15, 0]>, respectively
(see Fig. 5.25). Moreover, we consider two cuboid objects of bounding
radius rOj = 0.5m, and mass mO

j = 0.5kg, ∀j ∈ {1, 2}, initiated at xO1 (0) =

[−16, 15, 0.5, 0, 0, 0]> (m,rad), xO2 (0) = [−1.5, 0.2, 0.5, 0, 0, 0]> (m,rad),
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Figure 5.25: The initial workspace of the second simulation example, con-
sisting of 3 agents and 2 objects. The agents and the objects are indicated via
their corresponding radii.

which implies that O1(xO1 (0)) ⊂ π2, and O2(xO1 (0)) ⊂ π1. The considered
agents consist of a mobile base and a 2-dof rotational robotic arm. The
mobile base is rectangular with dimensions 0.5×0.5×0.2 m3 and mass 0.5kg,
and the two arm links have length 1m and mass 0.5kg each. The state vectors
of the agents are qi = [xci , yci , qi1 , qi2 ]> ∈ R4, q̇ = [ẋci , ẏci , q̇i1 , q̇i2 ]> ∈ R4,
where xci , yci are the planar position of the bases’ center of mass, and
qi1 , qi2 the angles of the arms’ joints. The geometric characteristics of the
considered agents lead to a bounding radius of ri = 1.25m, ∀i ∈ N . The
atomic propositions are Ψi = {“i-π1”, . . . , “i-π4”}, ∀i ∈ N , and ΨO =
{“Oj-π1”, . . . , “Oj-π4”}, ∀j ∈ M, indicating whether the agents/objects
are in the corresponding regions. The labeling functions are, therefore,
Li(πk) = {“i-πk”}, LOj (πk) = {“Oj-πk”}, ∀k ∈ KR, i ∈ N , j ∈ M. We test
two scenarios with N = 2, 3 agents, respectively. We generate the optimal
high-level plan for these scenarios and present two indicative transitions of
the continuous execution for the second case. The simulations were carried
out using Python environment on a laptop computer with 4 cores at 2.6GHz
CPU and 8GB of RAM memory.

1. We considerN = 2 agents with initial conditions q1(0) = [0.5m, 0, π4 rad,
π
4 rad]>, q2(0) = [18.5m, 11.5m, π4 rad, π4 rad]>, q̇i(0) = [0, 0, 0, 0]>,∀i ∈
{1, 2} which imply that A1(q1(0)) ⊂ π1, A2(q2(0)) ⊂ π3, and that no
collisions occur at t = 0. We also assume that AGi,0(qi(0), xO(0)) =
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Table 5.1: The agent actions for the discrete path of the first simulation
example

πs,` Actions πs,` Actions

πs,1 (−) πs,14 (π1
T−→{1,2},2 π2)

πs,2 (−, π3 →2 π1) πs,15 (1
r−→ 2, 2

r−→ 2)

πs,3 (1
g−→ 2, 2

g−→ 2) πs,16 (π2 →2 π4, π2 →2 π4)

πs,4 (π1
T−→{1,2},2 π4) πs,17 (1

g−→ 1, 2
g−→ 1)

πs,5 (π4
T−→{1,2},2 π1) πs,18 (π4

T−→{1,2},1 π1)

πs,6 (1
r−→ 2, 2

r−→ 2) πs,19 (π1
T−→{1,2},1 π4)

πs,7 (π1 →1 π2, π1 →2 π2) π?s,20 (−, 2
r−→ 1)

πs,8 (1
g−→ 1, 2

g−→ 1) π?s,21 (−, π4 →2 π3)

πs,9 (π2
T−→{1,2},1 π4) π?s,22 (−, π3 →2 π4)

πs,10 (1
r−→ 1, 2

r−→ 1) π?s,23 (−, 2
g−→ 1)

πs,11 (−, π4 →2 π3) π?s,24 (π4
T−→{1,2},1 π1)

πs,12 (π4 →2 π1, π3 →2 π1) π?s,25 (π1
T−→{1,2},1 π4)

πs,13 (1
g−→ 2, 2

g−→ 2)

>,∀i ∈ {1, 2}. We represent the agents’ power capabilities with the
scalars c1 = 2, c2 = 4 and construct the functions Λ(mO

1 , cV) = > if
and only if

∑
`∈V c` ≥ 5, with AG`,1 = > ⇔ ` ∈ V , and Λ(mO

2 , cV) = >
if and only if

∑
`∈V c` ≥ 6, with AG`,2 = > ⇔ ` ∈ V, i.e., the objects

can be transported only if the agents that grasp them have a sum of
capability scalars no less than 5 and 6, respectively. Regarding the
cost χ, we simply choose the sum of the distances of the transition
and transportation regions, i.e., given πs, π̃s as in (5.27) such that
πs →s π̃s, we have that

χ =
∑

i∈{1,2}

{‖pπki − pπk̃i ‖
2}+

∑
j∈{1,2}

‖pπ
kO
j

− pπ
k̃O
j

‖2}.

The LTL formula is taken as

(�¬“1-π3”) ∧ (�♦“2-π3”) ∧ (�♦“O1-π1”) ∧
�(“O1-π1”→©“O1-π4”) ∧ (♦“O2-π4”),

which represents the following behavior. Agent 1 must never go to
region π3, which must be visited by agent 2 infinitely many times,
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object 1 must be taken infinitely often to region π1, always followed by
a visit in region π4, and object 2 must be eventually taken to region
π4.

The resulting transition system T S consists of 560 reachable states
and 7680 transitions and it was created in 3.19 sec. The Büchi au-
tomaton BA contains 7 states and 29 transitions and the product T̃ S
contains 3920 states and 50976 transitions. Table 5.1 shows the actions
of the agents for the derived path, which is the sequence of states
πs,1πs,2 . . . ...(π

?
s,20, . . . , π

?
s,25)ω, where the states with (?) constitute

the suffix that is run infinitely many times. Loosely speaking, the
derived path describes the following behavior: Agent 2 goes first to π1

to grasp and transfer object 2 to π4 and back to π1 with agent 1. The
two agents then navigate to π2 to take object 1 to π4. In the following,
after agent 2 goes to π3, they both go to π1 to transfer object 2 to π2.
Then, they navigate to π4 to transfer object 1 to π1 and back. Finally,
the actions that are run infinitely many times consist of agent 2 going
to from π4 to π3 and back, and transferring object 1 to π1 and π4

with agent 1. One can verify that the resulting path satisfies the LTL
formula. Note also that the regions are not large enough to contain
both agents and objects in a grasping configuration, which played an
important role in the derivation of the plan. The time taken for the
construction of the product T̃ S and the derivation of the path was
2.79 sec.

2. We now consider N = 3 agents with q1(0), q2(0), as in the first
case, q3(0) = [−14, 15, π4 ,

π
4 ]>([m, rad]) implying A3(q3(0)) ∈ π4, with

AG3,0(qi(0), xO(0)) = >, c3 = 3, and no collisions occurring at t = 0.
The functions Λ and χ are the same as in the first case. The formula
in this scenario is

(�¬“1-π3”) ∧ (�♦“2-π3”) ∧ (�♦“O1-π1”) ∧
�(“O1-π1”→ ♦“O1-π4”) ∧ (�♦“O2-π3”),

which represents the following behavior. Agent 1 must never visit
region π3, which must be visited infinitely many times by agent 2,
object 1 must be taken infinitely many times to region π1, eventually
followed by a visit in region π4, and object 2 must be taken infinitely
many times to region π2.

The resulting transition system T S consists of 3112 reachable states
and 154960 transitions and it was created in 100.74 sec. The Büchi
automaton BA contains 9 states and 49 transitions and the prod-
uct T̃ S contains 28008 states and 1890625 transitions. Table 5.2
shows the agent actions for the derived path as the sequence of states
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Figure 5.26: The transition πs,1 →s πs,2 (a), that corresponds to the
navigation of the agents π1 →1 π2, π3 →2 π1, π4 →3 π1.

πs,1πs,2 . . . ...(π
?
s,10, π

?
s,11)ω. In this case, the three agents navigate first

to regions π2, π1, and π1, respectively, and agents 2 and 3 take object
2 to π3. Next, agent 3 goes to π2 to transfer object 1 to π1 and then
π4 with agent 1. The latter transportations occur infinitely often. The
time taken for the construction of the product T̃ S and the derivation
of the path was 4573.89 sec. It is worth noting the exponential increase
of the computation time with the simple addition of just one agent,
which can be attributed to the centralized manner of the proposed
methodology. The necessity, therefore, of less computational, decen-
tralized schemes is evident and constitutes the main focus of our future
directions.

Next, we present the continuous execution of the transitions πs,1 →s

πs,2, and πs,3 →s πs,4 for the second simulation scenario. More specif-
ically, Fig. 5.26 depicts the navigation of the three agents π1 →1 π2,
π3 →2 π1, and π4 →3 π1, that corresponds to πs,1 →s πs,2, with gains
Kz = diag{0.01, 0.01, 0.01}, ∀z ∈ {1, 2, 3}. Moreover, Fig. 5.27 depicts

the transportation of object 2 by agents 2 and 3, i.e., π1
T−→{2,3} π3, that

corresponds to πs,3 →s πs,4.
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Figure 5.27: The transition πs,3 →s πs,4 (b), that corresponds to the

transportation π1
T−→{2,3} π3.

5.6 Conclusion

This chapter presented hybrid control strategies for multi-agent systems
and multi-agent-object systems under complex specifications expressed as
temporal logic formulas. We considered firstly multi-agent teams of aerial
vehicles and mobile manipulators with uncertain dynamics, by providing
local agent abstractions as well local paths that satisfy the respective agents’
LTL formulas. Secondly, we incorporated specifications of unactuated objects
of the environment. Based on the previous chapters, we designed appropriate
timed abstractions for a single object grasped by two agents in a partitioned
workspace, and designed a timed path for it to follow, satisfying its timed
specifications, expressed as MITL formulas. Next, we devised a hybrid
control scheme for a system comprised of multiple robotic agents and objects
that have local LTL formulas over a set of regions of interest in the workspace.
We provided a multi-agent-object abstraction as well as a path that satisfies
the local specifications.
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Table 5.2: The agent actions for the discrete path of the second simulation
example

πs,` Actions

πs,1 (−)

πs,2 (π1 →1 π2, π3 →2 π1, π4 →3 π1)

πs,3 (−, 2 g−→ 1, 3
g−→ 2)

πs,4 (−, π1
T−→{2,3},2 π3,)

πs,5 (−,−, 3 r−→ 2)

πs,6 (−,−, π3 →3 π2)

πs,7 (1
g−→ 1, 3

g−→ 1)

πs,8 (π2
T−→{1,3},1 π1,−)

πs,9 (π1
T−→{1,3},1 π4,−)

π?s,10 (π4
T−→{1,3},1 π1,−)

π?s,11 (π1
T−→{1,3},1 π4,−)



Chapter 6

Single-Agent Extensions

This final chapter considers some additional problems for single-agent systems.
Firstly, we consider the optimal motion planning of a single robot in a
workspace with obstacles, under time temporal constraints. Unlike Section
5.4, we do not resort to a complete partition of the workspace, making thus
the proposed algorithm more efficient. Moreover, a novel reconfiguration
scheme guarantees that the obtained path is asymptotically optimal.

Secondly, we integrate adaptive control methodologies with sampling-
based motion planning for high-dimensional complex systems, such as robotic
manipulators. In particular, a standard adaptive control scheme is developed
that compensates for the uncertain Lagrangian dynamics of the system and
allows tracking of a predefined trajectory within certain bounds. These
bounds are then passed to a RRT-variant planner that outputs a feasible
collision-free geometric path to follow.

Finally, we develop an extension of the standard Prescribed Performance
Control methodology (see Appendix B) that guarantees compliance with
funnel constrains as well as asymptotic stability. The developed scheme ap-
plies for control-affine 2nd-order systems with completely unknown dynamic
terms.

6.1 Introduction

The first part of this chapter deals with robot motion planning under
timed temporal constraints in an obstacle-cluttered workspace. As already
discussed in the previous chapters, temporal logic-based motion planning has
gained significant attention in recent years, since it provides a fully automated
correct-by-design control synthesis approach for autonomous robots. An
attribute that makes the problem both more interesting and challenging is
the incorporation of time constraints in the temporal specification, as done
in Section 5.4.

In this case, however, we do not fully partition the workspace and take
into account the environment obstacles via a continuous feedback control

295
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scheme proposed in [? ]. The latter guarantees timed collision-free naviga-
tion and allows thus the discretization of the robot motion as a weighted
transition system among a predefined set of regions of interest, as in Sections
5.2 and 5.5. Subsequently, we employ formal verification techniques to derive
a plan that satisfies the untimed specification and recast the assignment of
the transition times as a convex optimization problem thereby achieving
satisfaction of the timed specification. The transition times are recalcu-
lated after each transition, incorporating newly acquired information, and
resulting in decreased control effort. In that sense, the proposed scheme is
asymptotically optimal with respect to the robot control effort.

The second part of the chapter focuses on the motion planning problem of
complex high-dimensional systems (e.g., robotic manipulators) with dynamic
uncertainties in obstacle-cluttered environments. In particular, we integrate
sampling-based motion planning and adaptive control techniques to provide
a computationally efficient framework that navigates the system to a desired
goal while provably avoiding obstacles and compensating for the uncertain
dynamics.

For complex systems in high-dimensional spaces, closed-form feedback
control fails to guarantee global solutions, and randomized planning has been
introduced to overcome the respective scalability issues of standard motion
planners (e.g., A∗); [? ? ? ] introduce the notions of probabilistic roadmaps
(PRM) and random trees (RRT, EST), respectively, which constitute effi-
cient and probabilistically complete solutions to multiple- and single-query,
respectively, high-dimensional motion planning problems. The intuition
behind these algorithms is the addition of random sampled states of the free
space to a discrete graph/tree, promoting the search of the unexplored free
space.

Furthermore, although the initial works derive geometric solutions in
the configuration space, trees have been extended to kinodynamic planning,
where the robot dynamics ẋ = f(x, t, u) are taken into account [? ? ?
? ]. In these algorithms, the robot dynamics are simulated forward in
time, possibly by randomly sampling inputs, in order to find a feasible
path. Except for the randomized inputs, the incremental step as well as the
duration of this forward simulation are often also chosen randomly. In high
dimensional spaces, this randomness might require excessive tuning of the
aforementioned parameters in order to find a solution in a reasonable amount
of time. Along the lines of PRM, [? ] and [? ] introduce the notion of LQR-
trees, which constitute trees of trajectories that probabilistically cover the
state space. In that way, every controllable initial condition belongs to the
region of attraction (funnel) of a trajectory and is thus driven to the goal via
local linearization of the dynamics and optimal feedback control. Dynamics
linearization and reachability sets were also recently used to develop an
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optimal kinodynamic algorithm, namely R3T [? ].
A potential drawback of the aforementioned algorithms on kinodynamic

motion planning is their strong dependence on the robot dynamics, which
in general might be uncertain/unknown. The accurate identification of the
dynamic models of real robots is a very tedious and often ineffective procedure.
Therefore, the robot model used in standard forward simulation-based
kinodynamic algorithms might deviate from the actual dynamics, outputting
hence paths that might be colliding with obstacles or difficult to be realized
by the actual robotic system. Similar to the LQR-trees, [? ] proposes an
algorithm that builds trees of funnels based on the (known) bounds of model
disturbances, restricted however to polynomial robot dynamics. Planning
under uncertainty has been also considered in a stochastic framework and
via belief trees [? ? ? ? ]. These approaches, however, usually deal with
linearized dynamics, and/or propagate the uncertainties on the planning
horizon, constraining thus excessively the free space.

In this chapter, we propose a two-layer framework that integrates “in-
telligent” feedback control protocols with geometric motion planning for
high-dimensional Lagrangian holonomic systems (e.g., robotic manipulators).
Firstly, motivated by the difficulty of measuring accurately the robotic sys-
tem’s dynamical parameters (like masses, and moments of inertia) as well as
potential external disturbances, we design a feedback control scheme that
does not use any information on these parameters/disturbances. The control
scheme is a variation of standard adaptive control design, and aims at achiev-
ing tracking of a given trajectory for the robot, which is assumed to obey
2nd-order dynamics. The tracking of the trajectory is achieved within cer-
tain bounds that stem from the aforementioned uncertainties/disturbances.
These bounds create an implicit funnel around the trajectory, which can be
further shrunk by appropriate tuning of the control parameters, the latter
being a standard procedure in adaptive control design. This funnel is then
incorporated in a RRT-like algorithm, which outputs a path connecting
an initial configuration to the goal. The construction of the RRT and the
employed control protocol guarantee that the robot will follow the derived
path without colliding with the workspace obstacles. In that way, by us-
ing appropriate feedback control, the proposed methodology “relieves” the
sampling-based motion planner of the robot dynamics and their uncertainties,
hence the problem of constructing a path becomes purely geometrical. The
motion planner relies only on the performance of the control layer, encoded in
the aforementioned bounds. Similar ideas were pursued in [? ] and [? ]; [? ],
however, just provides a general idea of interfacing the planning and control
layers, without elaborating on a particular systematic control technique,
while [? ] considers mainly predictive controllers for linear systems, without
avoiding the forward simulation of the available system model. The proposed
framework exhibits the following important characteristics: 1) The robot
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dynamics are not forward simulated and hence they are decoupled from the
motion planner. Consequently, even though a 2nd-order system is considered,
the motion planner is purely geometrical and depends on the geometry of
the configuration space as well as the bounds of the robot uncertainties. 2)
We do not resort to linearization of the dynamics and computation of basins
of attraction around the output trajectories, since the designed feedback
control protocol applies directly to the nonlinear model. Finally, the pro-
posed algorithm is expected, in practice, to exhibit lower complexity than
standard kinodynamic planning algorithms, since it is purely geometrical
and does not simulate any differential equations. The proposed methodol-
ogy is validated using a UR5 robotic manipulator in V-REP environment [? ].

The third part of this chapter deals with the problem of asymptotic
stability subject to funnel constraints for a class of 2nd-order uncertain
systems, which have been mostly studied through robust and adaptive
control, as well as neural network/fuzzy logic control [? ? ]. There exists
a variety of works achieving both asymptotic and “practical” (ultimately
bounded errors) stability under the presence of model uncertainties (e.g.,
[? ? ? ? ? ? ? ? ? ? ? ? ? ]). The majority of the related
works that achieve asymptotic stability assume parametric uncertainty of
the underlying dynamics, and employ standard adaptive control techniques
to compensate for them. Neural network approximations and fuzzy logic
controllers have been also extensively used (e.g., [? ? ? ? ]), being
valid, however, only in certain compact sets of the state space, and possibly
yielding complex structures. Asymptotic stability subject to parametric and
structural uncertainties is guaranteed in [? ] under a set of initial conditions,
where gain tuning and growth conditions on the unknown terms are assumed.
The same property is achieved in [? ], where the controller uses partial
information of the input matrix, as well as gain tuning.

A well-studied special instance of adaptive control is funnel control, where
the output of the system is confined to a predefined funnel [? ? ? ]. It is
a model-free control scheme of high-gain type, with numerous applications
during the last years. Examples include chemical reactors [? ], robotic
manipulation [? ] (and Section 2.2.4), vehicle platooning [? ? ], temporal
logic planning (see Section 5.4), and multi-agent systems [? ? ? ] (and also
Section 3.2). The intuition behind funnel control is the incorporation of an
adaptive gain in the control scheme, which increases (in absolute value) as
the system’s output reaches the funnel’s boundary. In that way, the system’s
output is “pushed” to always remain inside the funnel. Funnel control has
been developed for both linear (e.g., [? ]) and nonlinear systems (e.g., [? ? ?
]), involving parametric (e.g., [? ]) as well as structural (e.g., [? ]) dynamic
uncertainties, for a wide class of systems. A funnel bang-bang controller for
SISO systems was developed in [? ].
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An important property that most related funnel-control works fail to
achieve is that of asymptotic stability subject to unknown nonlinear dynamics.
Traditional funnel control guarantees only confinement of the system output
in a prespecified funnel, and thus the closest property to asymptotic stability
that can be achieved is that of “practical stability”, where the funnel
converges arbitrarily close to zero. The latter, however, might yield undesired
large inputs due to the small funnel values, and can be problematic in real-
time systems. On the other hand, with potential guarantees of asymptotic
stability, the funnel is not needed to converge close to zero, and can be used
in order to encode just transient constraints for the system. Asymptotic
tracking subject to transient constraints has been considered in several works
[? ? ? ? ]; [? ? ? ] consider linear systems (LTI and double integrators),
whereas [? ] assumes known model structure, with the uncertainties being
only parametric; Along with the funnel confinement objective, finite-time
stability has been also considered in [? ] for a Lagrangian-dynamics model.
One can conclude that the aforementioned works cannot be extended in a
straightforward manner to nonlinear systems where the dynamic terms have
both parametric and structural uncertainties. In addition, a class of systems
for which funnel control has not been taken into account in the related works
is the non-smooth type, i.e., systems with discontinuous right-hand side.
Such models are motivated by real-time systems, where several dynamic
terms (e.g., friction) can be accurately modeled by discontinuous functions
of the state.

The third part of this chapter considers the asymptotic tracking control
problem subject to transient constraints imposed by a predefined funnel for
a class of MIMO systems satisfying a loose set of assumptions. The control
design combines adaptive and discontinuous control techniques and its region
of attraction is independent of the system (unknown) dynamics, and relies
on the initial funnel condition. If the latter is a design parameter, the results
can be rendered global. It is worth noting that asymptotic stability has not
been guaranteed in the related literature for such systems under the mild
considered assumptions.

6.2 Reconfigurable Motion Planning and Control
in Obstacle Cluttered Environments under
Timed Temporal Tasks

We first tackle the problem of single-robot motion planning in workspace with
obstacles under time temporal constraints. We develop a novel reconfigurable
control scheme that achieves asymptotic optimality of the derived paths.



300 Single-Agent Extensions

6.2.1 Problem Formulation

Consider a robotic agent operating in an open bounded subset W of the
2-dimensional Euclidean space. In addition, the workspace is populated with
m ∈ N connected, closed sets {Oi}i∈J , indexed by the set J := {1, . . . ,m},
representing obstacles. Accordingly, we define the free space as

F :=W\
⋃
i∈J

Oi,

Remark 6.1. To facilitate the exposition, we assume that all the data
describing the workspace are known a priori. The analysis remains the same
for the case of initially unknown workspaces where obstacles are discovered
along the way.

The agent is assumed to be a point1 described by the position variable
x ∈ R2 which is governed by the single integrator dynamics,

ẋ = u, u ∈ R2. (6.1)

Moreover, similarly to the previous sections, we consider that there exist
K points of interest in the free space, denoted by cπk ∈ F , for every
k ∈ KR := {1, . . . ,K}, with Π := {cπ1

, . . . , cπK}, that correspond to certain
properties of interest (e.g., gas station, obstacle region, repairing area, etc.)
These properties of interest are expressed as boolean variables via the finite
set of atomic propositions Ψ. The properties satisfied at each point are
provided by the labeling function L : Π→ 2Ψ, which assigns to each point
cπk , k ∈ KR, the subset of the atomic propositions that hold true in that
point.

Since, in practice, the aforementioned properties shared by a point of
interest are naturally inherited to some neighborhood of that point we define
for each k ∈ KR, the region of interest πk corresponding to the point of
interest cπk as the set

πk := B̄(cπk , rπk) ∩ F , rπk ∈ R>0.

We also let πW := F\(∪k∈KRπk) be the subset of the free space outside the

regions of interest. We define thus the set Π̃ := {πk}k∈KR ∪ {πW} as well as

the corresponding labeling function as L̃ : Π̃ → 2Ψ, with L(cπk) = {p} ⇔
L̃(πk) = {p}, ∀k ∈ KR, and L̃(πW) = ∅. The agent is assumed to be in a
region πk, k ∈ KR, in πW , simply when x ∈ πk and x ∈ πW , respectively.
We assume that, for all k ∈ KR, the location of the points cπk as well as the
radii rπk are known.

1Treating a robot with volume can be achieved by initially “transferring” its volume
to the other workspace entities (e.g., obstacles) and subsequently considering it as a point.
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We make the following standard assumptions [? ] regarding the geometry
of the workspace and the regions of interest.

Assumption 6.1. The collection of sets comprised of all obstacles and
regions of interest is pairwise disjoint.

The aforementioned assumption simply states that the obstacles/regions
of interest are sufficiently away from each other as well as the workspace
boundary.

As already mentioned, we are interested in defining timed temporal
formulas over the atomic propositions Ψ, and hence, over the regions of
interest Π of F . To that end, we need to discretize the system using a finite
set of states. We will achieve that by guaranteeing timed transitions between
the regions of interest in Π and by building a well-defined timed transition
system among them. We first need the following definition regarding the
transitions of the agent.

Definition 6.1. Assume that x(tk) ∈ F , for a tk ∈ R≥0, i.e., the agent is
either in a region πk, for some k ∈ KR, or in πW . Then, given δ ∈ R>0, there
exists a timed transition to π`, ` ∈ KR, denoted as πk → π` (or πW → π`),
if there exists a time-varying feedback control law u : F × [tk, t`]→ R2, with
t` ≥ tk + δ, such that the solution x of the closed loop system (6.1) satisfies
the following:

1. x(t) ∈ πl, for all t ∈ [tk + δ, tl),

2. x(t) ∈ F , for all t ∈ [tk, t`],

3. x(t) 6∈ πm, for all m ∈Ms, t ∈ [tk, t`],

where Ms := KR\{k, `} if x(tk) ∈ πk and Ms := KR\{`} if x(tk) ∈ πW .

Intuitively, according to 6.1, the agent has to transit between two regions
πk, π` (or πW and π`), while avoiding all other regions of interest, obstacles,
as well as the workspace boundary. In what follows, we sometimes use

πk
δ−→ π` instead of πk → π` to emphasize the transition time δ. We have

included the space outside the regions πW to account for initial conditions
that might satisfy x(tk) /∈ ∪k∈KRπk. Next, we define the behavior of the
agent, in order to formulate the problem of timed specifications.

Definition 6.2. Consider an agent trajectory x : [t0,∞) → F of (6.1),
where t0 ∈ R≥0. Then, a timed behavior of x is the infinite sequence b :=

(x(t1), ψ̆1, t1)(x(t2), ψ̆0, t2) . . . , where t1t2 . . . is a time sequence according

to Def. F.5 of Appendix F, x(t0) ∈ Π̃, x(tl) ∈ πjl , jl ∈ KR,∀l ∈ N, and

ψ̆l = L(πjl) ⊆ 2Ψ, i.e., the subset of atomic propositions that are true when
x(tj) ∈ πjl ,∀l ∈ N.
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The specifications in this section are expressed via a Metric Interval
Temporal Logic (MITL) formula Φ (see Appendix F for more details),
although other timed variants could be used. The timed behavior b satisfies
a timed formula Φ if and only if bψ := (ψ̆0, t0)(ψ̆1, t1) . . . |= Φ.

We are now ready to state the problem addressed in this section.

Problem 6.1. Consider a robot with dynamics governed by (6.1), operating
in the workspace W, with initial position x(0) ∈ F . Given a timed formula

Φ over Ψ and a labeling function L̃, develop a control strategy that results
in a solution x : [0,∞)→ F , which achieves a timed behavior b that yields
the satisfaction of Φ.

6.2.2 Problem Solution

In this section we present the proposed solution, which consists of two layers:
(i) a tuning-free continuous control law that guarantees the navigation of
the agent to a desired point from all obstacle-collision-free configurations,
and (ii) a discrete time plan over the regions of interest for the robot to
follow, which employs formal verification and optimization techniques and is
updated on-line.

Motion Controller

The first part of the proposed solution is the design of a control protocol
such that a transition to a region of interest is established, according to Def.
6.1. Assume, therefore, that x(tk) ∈ F , and more specifically, x(tk) ∈ πk
(x(tk) ∈ πW) for some tk ∈ R≥0 and k ∈ KR. Given δ ∈ R>0, we wish to
find a time-varying state-feedback control law u : F× [tk, t`], with t` ≥ tk+δ,

such that πk
δ−→ π` (πW

δ−→ π`). To that end, we first redefine the free
space as

F :=W\
( ⋃
i∈J
Oi ∪

⋃
m∈Ms

πm

)
,

so that regions of interest that shall not be crossed during the transition are
regarded as obstacles.

Following the previous work [? ], the tuple (x(tk), cπl , δ) constitutes a
well-defined instance of the Prescribed Time Scale Navigation Problem [? ,
Problem 1] in F . Theorem 2 of the aforementioned work suggests that the
construction of the required feedback law u : F × [tk, t`] → R2 reduces to
the problem of smoothly transforming the free space F to a topologically
equivalent, yet geometrically simpler, space.
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More specifically, we require a diffeomorphism T : F → P where P is a
point world [? ]; an open disk modulo a finite set with cardinality equal
to the number of obstacles and regions of interest |J |+ |Ms|. Under the
prevailing Assumption 6.1, [? , Theorem 1] provides a computationally
efficient method to determine the space P and the mapping T.

This allows us to apply the conclusions of [? , Theorems 1, 2] which yield
a feedback law u : F × [tk, t`]→ R2 such that the closed-loop system satisfies
the properties of 6.1 therefore establishing the existence of the required
timed transition. More details can be found in [? ].

High-Level Plan Generation

The second part of our solution is the derivation of a high-level timed
plan over the regions of interest, which satisfies the given timed formula Φ.
This plan will be generated using standard techniques from automata-based
formal verification and optimization methodologies. Thanks to the proposed
control law of the previous section that allows the transitions in the set Π̃
in predefined time intervals, we can abstract the motion of the robotic agent
as a finite transition system T := {Π̃, Π̃0,−→,Ψ, L̃, γ}, where Π̃ is the set

of states defined in Section 6.2.1, Π̃0 ∈ Π̃ is the initial state, −→:= Π̃× Π̃
is a transition relation according to Def. 6.1, Ψ and L̃ are the atomic
propositions and the labeling function, respectively, as defined in Section
6.2.1, and γ : (−→)→ R>0 is a cost associated with each transition. More
specifically, we consider as cost the distance the agent has to cover from a
region πk (or πW) to a region π`. However, this cost is highly dependent on
the initial robot configuration and the number and position of the obstacles
between the initial and the goal regions, and cannot be computed explicitly.
Therefore, we initially set γ(πk → π`) = ‖ck − c`‖, γ(πk → πk) = 0, and
γ(πW → πk) = γ(πk → πW) = ‖ck − x(0)‖, for all k, ` ∈ KR with k 6= `,
and proceed with the derivation of the timed plan as a timed sequence of
regions in Π.

Firstly, the timed formula Φ over the atomic propositions Ψ is translated
to the TBA At = (Q,Q0,CL,Ψ, E, F ) (see Appendix F for more details)
using off-the-shelf tools [? ]. Secondly, we calculate the product Büchi
Automaton AP as AP := T ⊗ At = (S, S0,−→P , FP , γP), where

• S = Π̃×Q,

• S0 = Π̃×Q0,

• −→P⊂ S×Φ(CL)×2C×S gives the set of edges; e := (s, g, R, s′) ∈−→P ,
with s := (π, q), s′ := (π′, q′) ∈ S if and only if (i) (q, g, R,L(π), q′) ∈ E
and (ii) q = q′, (π, π′) ∈−→.
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• FP ⊆ Π̃ × F with s := (π, q) ∈ FP if and only if q ∈ F and
(s,Φ(CL), R, S) ∈ E for some state in S, i.e., there is always a transi-
tion from s, for all the the possible valuations of the clocks CL.

• γP : (−→∗P)→ R>0, with γP((s, g, R, s′)) = γ(π → π′), where (−→∗P
) := {((π, q), g, R, (π′, q′)) ∈−→P : π 6= π′)}.

We use the abbreviation s
I−→ s′ for (s, g, R, s′) ∈−→P , where I := {g,R}.

Note that the product AP consists of a finite number of states, and therefore
we can employ graph-search techniques to find the optimal timed path, with
respect to the cost γP , from the initial states S0 to the accepting states FP ,
which will satisfy the given timed formula Φ [? ]. This path will contain
a finite prefix — a finite sequence of states to be visited — and a infinite
suffix — a specific sequence of states to be visited infinitely many times
[? ? ]. Moreover, note that the motion controller developed in Section
section 6.2.2 can guarantee the safe navigation among two regions of interest
in any predefined time interval.

By viewing AP as a graph, we can find a path that starts at the initial
states S0 and traverses an accepting state in FP infinitely many times. Such
a path has the form

s̄p1

I1,2−−→ s̄p2

I2,3−−→ . . .
IL−1,L−−−−→ s̄pL

IL,L+1−−−−→(
s̄pL+1

IL+1,L+2−−−−−−→ . . .
IL+Z−1,L+Z−−−−−−−−→ s̄pL+Z

)ω
Here, s̄pj , for j ∈ {1, . . . , L+ Z}, denotes the sequence of states

s̄pj := (πpj , qj1)
Ij1,2−−−→ . . .

Ij(`j−1),`j−−−−−−−→ (πpj , qj`j ),

with πpj ∈ Π̃, qjι ∈ Q, for j ∈ {1, . . . , L + Z}, ι ∈ {1, . . . , `j}, and `j ∈
{1, . . . , |S|}. Moreover, q(j+1)1

= qj`j , q(L+Z)`(L+Z)
= q(L+1)1

and

Ij,j+1 :=
{
gj,j+1, Rj,j+1

}
, Ijι,ι+1

:=
{
gjι,ι+1 , Rjι,ι+1

}
,

indicating the corresponding guards and reset maps, for j ∈ {1, 1, . . . , L+
Z − 1}, ι ∈ {1, . . . , `j − 1}. The transition set IL+Z,L+1 is defined similarly.
Loosely speaking, the path consists of consecutive (at most |S|) transitions

of the form (πj , qjι)
(·)−→ (πj , qj(ι+1)

) among states in At, where πj is fixed,

and transitions of the form (πpj , qj`j )
(·)−→ (πp(j+1)

, q(j+1)1
) among the states

of T , where q(j+1)1
= qj`j is fixed.
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Note that we have not yet associated any time intervals with the tran-

sitions (πpj , qj`j )
(·)−→ (πp(j+1)

, q(j+1)1
), which correspond to physical transi-

tions among the regions of interest. We do that now by using the transition
guards gj,j+1, gjι,ι+1

. More specifically, consider the transitions

(πpj , qj1)
Ij1,2−−−→ (πpj , qj2)

Ij2,3−−−→ . . .
Ij(`j−1),`j−−−−−−−→ (πpj , qj`j )

Ij,j+1−−−−→ (πpj+1 , q(j+1)1),

that encode the physical transition from πpj to πpj+1 in AP . The inter-
section of the respective guards gj,j+1, gjι,ι+1 , ι ∈ {1, . . . , `j−1}, provides a
time interval of the form Ij,j+1 ∈ {[a, b], [a, b), (a, b], (a, b), [a,∞), (a,∞)},
with a, b ∈ Q>0, b > a, such that, tj,j+1 ∈ Ij,j+1 ⇒ tj,j+1 |= gj,j+1, tj,j+1 |=
gjι,ι+1

, for ι ∈ {1, . . . , `j−1}, where tj,j+1 is the time duration of the naviga-

tion πj
tj,j+1−−−−→ πj+1. Note that Ij,j+1 might be a function of the previous

transition duration tj−1,j .
Since Ij,j+1 is, in general, an infinite set, and we have, thus, infinitely

many choices for tj,j+1, we propose a procedure for assigning the time
durations tj,j+1, for each j ∈ {1, L + Z,−1}, and tL+Z,L+1. In particular,
we formulate the transition times assignment as a convex optimization
problem. To that end, let tp := [t1,2, . . . , tL+Z−1,L+Z , tL+Z,L+1]> ∈ RL+Z+1

>0

be the concatenation of the transition times constituting the variable of the
following optimization problem:

minimize
tp

L+Z∑
j=1

(
γ(πpj → πpj+1

)

tj,j+1

)
+
γ(πpL+Z

→ πpL+1
)

tj,j+1
, (6.2a)

subject to tj,j+1 ∈ Ij,j+1, for all j ∈ {1, L+ Z,−1}, (6.2b)

tL+Z,L+1 ∈ IL+Z,L+1. (6.2c)

Note that the objective function is a convex function of tp and the constraints
can be expressed as linear inequalities on the problem variables. Thus, the
above optimization problem is convex and can be efficiently solved using off-
the-shelf software. The choice of this particular cost function is motivated
by the following two observations: (i) the time assigned to a transition
is an increasing function of the transition cost, and (ii) brief transition
times are penalized. Furthermore, the imposed constraints guarantee the
satisfaction of the formula provided that transitions are executed within the
specified transition times. We also report empirical evidence from numerical
simulations suggesting that reduction in control effort is achieved.

After solving the aforementioned optimization problem and obtaining the
time durations tp, the robot performs the first transition using the motion
controller presented in section 6.2.2 where δ is taken equal to the correspond-

ing transition time. Once the transition πpj
tj,j+1−−−−→ πpj+1 is completed, the
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corresponding transition cost γ(πj → πj+1) is updated by being set equal to
the length of the integral curve of the closed-loop system for the duration
of the transition. The updated value of the transition cost is in some sense
more accurate than the initial estimate based on the Euclidean distance
since the existence of obstacles can potentially obstruct the straight line
path between two regions of interest.

Having acquired this new information the associated optimization prob-
lem can be solved to acquire new values for the transition times. We note
that after each transition the constraints of the optimization problem are
altered. In particular, the TBA of the formula has to be shifted forward
by an amount of time equal to the last performed transition which induces
a change in the guards and, therefore, to the optimization problem con-
straints. We assume that the time needed for solving the optimization
problem is short enough so that satisfaction of the formula is not jeopardized.
This assumption is reasonable enough primarily owing to the problem’s
low computational complexity and, secondarily, the fact that the previously
computed values of the transition times are a good prior for initiating the
numerical solver. Nevertheless, computational overhead can be accounted
for in the constraints by allocating the required time, or optimization could
be performed en route to the next region of interest with the transition times
adjusted in an any-time fashion.

6.2.3 Simulation Results

To demonstrate the proposed scheme, we consider a task and motion planning
problem for a robot operating in a planar office environment. In particular,
we consider three points of interest and therefore have Π = {cπk}k∈KR ,
where KR = {1, 2, 3}. The corresponding regions of interest πk = B̄(cπk , r),
where rπk = 0.2 for k ∈ KR, define the set Π = {πk}k∈KR . The set of atomic

prepositions is Ψ = Π̃ and the labeling function L : Π → 2Ψ is defined as
πk 7→ {πk}, k ∈ KR. The scenario setting is illustrated in Figure 6.1.

We require that the robot “always visits each region of interest at
least once every 120 time units” which is equivalent to the MITL formula
Φ =

∧
k∈KR

(
�♦[0, 120]πk

)
. The robot is initially located at cπ1 ∈ π1 and,

therefore, the infinitely repeating cycle of transitions π1
t1,2(1)−−−−→ π2

t2,3(1)−−−−→
π3

t3,1(1)−−−−→ π1
t1,2(2)−−−−→ . . . with appropriately assigned transition times is an

accepting run. Let t : 0, 1, . . .→ Q3
>0, κ 7→ [t1,2(κ), t2,3(κ), t3,1(κ)]> which is

defined recursively as follows: t(0) := [0, 0, 0]>, then assuming t(κ) is defined
for some κ ∈ N0,

t(κ+ 1) := (U>3 )κ
[

1 0 0
0 0 0
0 0 0

]
Uκ3 t̂(κ) + (U>3 )κ

[
0 0 0
0 1 0
0 0 1

]
Uκ3 t(κ),
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where U3 :=

0 1 0
0 0 1
1 0 0

 is the upper shift matrix and t̂(κ) is the solution of

the optimization problem (6.2) under the following constraints:1 0 0
1 1 0
1 1 1

Uκ3 t̂(κ) ≤

120
120
120

−
0 1 1

0 0 1
0 0 0

Uκ3 t(κ).

The motion controller results in collision-free trajectories (Figure 6.1), and
by performing each transition time in the time derived from the optimization
procedure results in a run that satisfies the formula Φ (see bottom of
Figure 6.2). Finally, it is worth noting that the transition times converge in
just a few steps as illustrated on the top part of Figure 6.2 and the overall
control effort per suffix execution is reduced (Table 6.1).

Table 6.1: Control Effort per Suffix Execution

Cycle 1 2 3 4 5∫
‖u(x(τ), τ)‖2 dτ 8.06 7.67 7.67 7.65 7.66

6.3 Sampling-based Motion Planning for
Uncertain High-dimensional Systems via
Adaptive Control

We turn now our attention to the motion planning problem for uncertain
high-dimensional systems, such as robotic manipulators. We integrate
sampling-based motion planning techniques with intelligent adaptive control
methodologies to tackle the problem of uncertain dynamics and collision-free
navigation.

6.3.1 Problem Formulation

Consider a robotic system with state (q, q̇) ∈ T × Rn ⊂ R2n, n ∈ N,
representing its positions and velocities. Usual robotic structures (e.g.,
robotic manipulators) might consist of translational and rotational joints,
which we define here as qtr ∈ Rntr and qr ∈ [0, 2π)nr , respectively, with
ntr+nr = n, and hence T :=Wtr× [0, 2π)nr , whereWtr is a closed subset of
Rntr . Without loss of generality, we assume that q = [q>tr, q

>
r ]>. We consider

that the equations of motion of the robot obey the standard 2nd-order
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π1

π2

π3

Figure 6.1: Workspace overview. The red discs correspond to the three
regions of interest. The plotted paths are the resulting trajectories from the
first out of the five executions of the suffix.

Lagrangian dynamics (2.1)

B(q)q̈ + Cq(q, q̇)q̇ + gq(q) + dq(q, q̇, t) = τ, (6.3)

with the various terms as in (2.1). We assume here that d(·) is continuous
and uniformly bounded by a known bound d̄ as ‖d(t)‖ ≤ d̄, ∀t ≥ 0 We
remind the reader that the dynamical terms B(q), C(q, q̇), g(q) of (6.3)
depend on the dynamical parameters of the robot, i.e., its mass and moment
of inertia. These parameters are assumed to be unknown, and hence they
cannot be used in the planning and control modules. The same applies to
the function d(·). Nevertheless, as will be shown later, having satisfying
estimates for these terms renders the planning module for the robot less
conservative in terms of collision checking.

We consider that the robot operates in a workspace W ⊂ R3 filled with
obstacles occupying a closed set O ⊂ R3. We denote the set of points
that consist the volume of the robot at configuration q as A(q) ⊂ R3. The
collision-free space is defined as the open set Afree := {q ∈ T : A(q)∩O = ∅}.
Our goal is to achieve safe navigation of the robot to a predefined goal
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Figure 6.2: (top) The transition times calculated before each transition; filled
marks correspond to actually used transition times. (bottom) The resulting
timed run of the transition system.

region Qg ⊂ Afree from an initial configuration q(0) ∈ Afree via a path
qp : [0, σ]→ Afree satisfying qp(0) = q(0) and qp(σ) ∈ Qg, for some positive
σ.

The problem we consider is the following:

Problem 6.2. Given q(0)) ∈ Afree and Qg ⊂ Afree, respectively, design a
control trajectory u : [0, tf ] → Rn, for some finite tf > 0, such that the
solution q∗(t) of (6.3) satisfies q∗(t) ∈ Afree, ∀t ∈ [0, tf ], and q∗(tf ) ∈ Qg.

The feasibility of Problem 6.2 is established in the following assumption.

Assumption 6.2. There exists a (at least twice differentiable) path qp :
[0, σ]→ Afree such that qp(0) = q(0) and qp(σ) ∈ Qg.

6.3.2 Problem Solution

We present here the proposed solution for Problem 6.2. Our methodology
follows a two-layer approach, consisting of a robust trajectory-tracking
control design and a higher-level sampling-based motion planner. Firstly,
we use an adaptive control protocol that compensates for the uncertain
dynamical parameters of the robot and forces the system to evolve in a
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funnel around a desired trajectory, whose size depends on the initial estimates
of the dynamical parameters and the bound of the external disturbances.
Secondly, we develop a geometric sampling-based motion planner that uses
this funnel to find a collision free trajectory from the initial to the goal
configuration. Intuitively, the robust control design helps the motion planner
procedure, which does not have to take into account the complete dynamics
(6.3).

Control Design

We first recap the dynamics linear parameterization with respect to the
aforementioned unknown parameters, denoted by θ ∈ Rl, l ∈ N. More
specifically, similarly to Chapter 2, it holds that

B(a)d+ C(a, b)c+ g(a) = Y (a, b, c, d)θ, (6.4)

∀a ∈ T, b, c, d ∈ R3n, where Y (·) is a matrix independent of θ. Let qd :=
[q>d,tr, q

>
d,r]
> : [0, tf ] → T be a reference trajectory, with qd,tr ∈ Rntr and

qd,r ∈ [0, 2π)nr being its translational and rotational parts, respectively.
Such a trajectory will be the output of the sampling-based motion planning
algorithm that will be developed in the next section. We wish to design the
control input τ of (6.3) such that q(t) converges close to qd(t), despite the
uncertainty in θ. We show how such a design can be used in the motion
planning of a robotic system with dynamical uncertainties by developing a
suitable variant of a standard adaptive control scheme.

We start by defining the appropriate error metric between q = [q>tr, q
>
r ]>

and qd = [q>d,tr, q
>
d,r]
>, which represents their distance. Regarding the

translational part, we define the standard Euclidean error etr := qtr −
qd,tr. For the rotation part, however, the same error er := qr − qd,r does
not represent the minimum distance metric, since qr evolves on the nr-
dimensional sphere, and its use might cause conservative or infeasible results
in the planning layer. Hence, unlike standard adaptive control schemes for
robotic manipulators, which drive the Euclidean difference er(t) to zero (e.g.,
[? ? ]), we use the chordal metric dC(x, y) := 1− cos(x, y) ∈ [0, 2], ∀x, y ∈
[0, 2π), or d̄C(x, y) :=

∑
j∈{1,...,`} dC(xj , yj) for vectors x = [x1, . . . , x`], y =

[y1, . . . , y`] ∈ [0, 2π)`. Nevertheless, note that rotational joints subject to
upper and/or lower mechanical limits evolve in R rather than the unit circle
and should hence be included in qtr instead of qr.

We are now ready to define a suitable distance metric for T as follows:
for x := [x>tr, x

>
r ]>, y := [y>tr, y

>
r ]> ∈ T we define dT as

dT(x, y) := ‖xtr − ytr‖2 + d̄C(xr, yr).

Note, however, that the chordal metric induces a limitation with respect to
tracking on the unit sphere. Consider dC(qrj , qd,rj ) = 1 − cos(erj ), where
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we further define erj := qrj − qd,rj as the jth element of er, j ∈ {1, . . . , nr}.
Differentiation yields

ḋC(qrj , qd,rj ) = sin(erj )ėrj , ∀j ∈ {1, . . . , nr},
which is zero when erj = 0 or erj = π. The second case is an undesired
equilibrium, which implies that the point erj = 0 cannot be stabilized from
all initial conditions using a continuous controller. This is an inherent
property of dynamics on the unit sphere due to topological obstructions ([?
]). In the following, we devise a control scheme that, except for driving q(t)
to qd(t), guarantees that erj (t) 6= π, ∀t ∈ (0, tf ], provided that erj (0) 6= 0,
∀j ∈ {1, . . . , nr}. To do that, we define the mapping

H(x, y) :=

[
tan

(
x1 − y1

2

)
, . . . , tan

(
xnr − ynr

2

)]>
∈
(
−π

2
,
π

2

)nr
(6.5)

for vectors x = [x1, . . . , xnr ]
>, y = [y1, . . . , ynr ]

> ∈ [0, 2π)nr , as well as the
signal ηr := H(qr, qd,r). Note that ηr is not defined when erj = π for some
j ∈ {1, . . . , nr}, which we exploit in the control design.

We define first the reference signals for q̇tr, q̇r as αq := [α>tr, α
>
r ]>, with

αtr := −Ktretr + q̇d,tr, (6.6a)

αr :=

 αr1...
αrnr

 :=

 q̇d,r1 − kr1 cos
( er1

2

)
sin
( er1

2

)
...

q̇d,rnr
− krnr cos

( ernr
2

)
sin
( ernr

2

)
 , (6.6b)

where Ktr ∈ Rntr×ntr is a symmetric positive definite gain matrix, and
krj > 0 are positive gain constants, ∀j ∈ {1, . . . , nr}. Define also the
associated velocity error

evq := q̇ − αq,
and the estimate θ̂ ∈ Rl of θ, as well as the error eθ := θ̂ − θ ∈ Rl.

Let now Rj be defined as

Rj :=

{
[0, π) if erj (0) ∈ [0, π),

(π, 2π] if erj (0) ∈ (π, 2π),

and design the control law as τ :Wtr ×R1 × . . .Rnr ×R6 ×Rl → Rn, with

τ = τ(ex, evq , θ̂) := Yαθ̂ −Kvevq − ex, (6.7)

where Yα := Y (q, q̇, αq, α̇q), with Y (·) as given in (6.4), the signal ex is
defined as

ex :=

[
etr,

tan(
er1
2 )

cos(
er1
2 )

2 , . . . ,
tan
( ernr

2

)
cos
( ernr

2

)2

]>
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and Kv ∈ Rn×n is a symmetric and positive definite gain matrix. Moreover,
design the evolution of θ̂ as

˙̂
θ = −Γ

(
1

kv
Y >α evq + σθ θ̂

)
, (6.8)

with any initial condition θ̂(0) ∈ Rl, kv := λmin(Kv), and Γ ∈ R`×` being a
symmetric positive definite gain matrix, and σθ a positive constant. Note
that the control law (6.7) is well-defined when ex ∈ Rj , since erj 6= π,
∀j ∈ {1, . . . , nr}.

The correctness of the aforementioned control scheme is proven in the
subsequent theorem.

Theorem 6.1. Consider the dynamics (6.3), a reference trajectory qd :
[0, tf ]→ T, as well as the constant

V0 :=
1

2
‖etr(0)‖2 + ‖ηr(0)‖2 +

1

2kv
evq (0)>B(q(0))evq (0) +

1

2
eθ(0)>Γ−1eθ(0),

Then, if erj (0) 6= π, ∀j ∈ {1, . . . , nr}, the control protocol (6.7)-(6.8) guar-
antees that

‖etr(t)‖ ≤ ētr := max

{
2V0,

√
dx
ktr

}
, ‖ηr(t)‖ ≤ η̄r := max

{
V0,

√
dx
kr

}
,

(6.9a)

∀t ∈ [0, tf ], where dx is a positive constant satisfying dx ≥ d̄2

2k2
v

+ σθ
2 ‖θ‖2,

and ktr := λmin(Ktr), kr := min{kr1 , . . . , krnr }. Moreover, it holds that
erj (t) 6= π, ∀j ∈ {1, . . . , nr}, and all closed-loop signals remain bounded, for
all t ∈ [0, tf ].

Proof. Let xR := [e>tr, η
>
r , e

>
vq , eθ]

> and consider the candidate Lyapunov
function

V (xR) :=
1

2
‖etr‖2 + ‖ηr‖2 +

1

2kv
e>vqB(q)evq +

1

2
e>θ Γ−1eθ,

Since erj (0) 6= π, V (xR(0)) is bounded by a constant V (xR(0)) ≤ V̄ .
Differentiation of V yields

V̇ =e>tr(q̇tr − q̇d,tr) +
∑

j∈{1,...,nr}

tan
(
erj
2

)
cos
(
erj
2

)2 (q̇rj − q̇d,rj ) +
1

kv
e>vq (τ − Cq q̇

− gq − d) +
1

2kv
e>vq Ḃevq −

1

kv
e>vqBα̇q + e>θ Γ−1 ˙̂

θ,
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which, by substituting q̇ = evq + αq, becomes

V̇ =− e>trKtretr − η>r Krηr +
1

2kv
e>vq Ḃevq −

1

kv
e>vqCqevq+

1

kv
e>vq (τ + ex −Bα̇q − Cqαq − gq − d) + e>θ Γ−1 ˙̂

θ,

where Kr := diag{kr1 , . . . , krnr }. By using the skew symmetric property of

Ḃ − 2C and the dynamics’ linear parameterization (6.4), we obtain

V̇ =− e>trKtretr − η>r Krηr +
1

kv
e>vq (u+ ex − Yαθ − d) + e>θ Γ−1 ˙̂

θ,

and by substituting τ and
˙̂
θ, as well as using ‖d(·)‖ ≤ d̄,

V̇ ≤− e>trKtretr − η>r Krηr −
1

kv
e>vqKvevq +

1

kv
e>vqYαeθ +

1

kv
‖evq‖d̄−

1

kv
e>θ Y

>
α evq − σθe>θ θ̂

≤− e>trKtretr − η>r Krηr −
1

kv
e>vqKvevq +

1

kv
‖evq‖d̄− σθe>θ θ̂

≤− ktr‖etr‖2 − kr‖ηr‖2 − ‖evq‖2 +
1

kv
‖evq‖d̄− σθ‖eθ‖2 − σθe>θ θ.

Next, by using the identity αβ ≤ 1
2α

2 + 1
2β

2, ∀α, β ∈ R, we obtain

V̇ ≤− ktr‖etr‖2 − kr‖ηr‖2 −
1

2
‖evq‖2 −

σθ
2
‖eθ‖2 +

d̄2

2k2
v

+
σθ
2
‖θ‖2

≤− ktr‖etr‖2 − kr‖ηr‖2 −
1

2
‖evq‖2 −

σθ
2
‖eθ‖2 + dx.

Therefore, V̇ is negative when ‖etr‖ ≥
√

dx
ktr

, or ‖ηr‖ ≥
√

dx
kr

, or ‖evq‖ ≥
√

2dx, or ‖eθ‖ ≥
√

2dx
σθ

and hence we conclude that there exists a finite T

such that the state is ultimately bounded as

xR(t) ∈ Ωx :=

{
xR ∈ R2n+` : ‖etr(t)‖ ≤

√
dx
ktr

, ‖ηr(t)‖ ≤
√
dx
kr
,

‖evq (t)‖ ≤
√

2dx, ‖eθ(t)‖ ≤
√

2dx
σθ

}

for all t ≥ T . Since, outside Ωx it holds that V̇ < 0, we obtain that
x /∈ Ωx ⇒ V (x(t)) ≤ V0 := V (x(0)), ∀t ≥ 0, i.e., ‖etr(t)‖ ≤ 2V0, ‖ηr(t)‖ ≤
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V0, ∀t ≥ 0. Therefore, we conclude that ‖etr(t)‖ ≤ max{2V0,
√
dx/ktr},

‖ηtr(t)‖ ≤ max{2V0,
√
dx/kr}, ∀t ≥ 0. Finally, since V (t) remains bounded

∀t ∈ [0, tf ], we conclude that all the closed loop signals remain bounded and
cos(erj (t)) 6= π, ∀t ∈ [0, tf ], j ∈ {1, . . . , nr}.

Note that the disturbance term d(·) prohibits the system from achiev-
ing asymptotic convergence, i.e., limt→∞(q(t) − qd(t)) = 0. Nevertheless,
Theorem 6.1 establishes a funnel around the desired trajectory qd where
the state q(t) will evolve in. This funnel will be used as clearance in the
motion planner of the subsequent section to derive a collision-free path
to the goal region. Note however, that this funnel cannot be accurately
known by the user/designer, since V0 cannot be accurately known (the terms
B(q(0)) and eθ(0) contain the unknown terms θ). Lower and upper bounds
of θ can be obtained, however, since these involve mass and moments of
inertia, which can be estimated by the geometry and the material of the
links/motors. Hence, one can obtain an upper bound on V0. On the same
note, a conservative estimate of dx, appearing in (6.9), can be obtained by
estimating an upper bound of d(·) (e.g., by testing suitable trajectories on
the robot) and using the aforementioned upper bound of θ. Therefore, we
can obtain an overestimate of the bounds in (6.9), which will be used in
the motion planner of the next section. These bounds can be tightened by
appropriate tuning of the gain constants, as elaborated in the next remark.

Remark 6.2. The collision-free geometric trajectory qd of the motion
planner will connect the initial condition q(0) to the goal and hence it
is reasonable to enforce qd(0) = q(0). By also reasonably assuming that
q̇(0) = 0, V0 from Theorem 6.1 becomes V0 = 1

2kv
q̇d(0)B(q(0))q̇d(0) +

1
2eθ(0)>Γ−1eθ(0), which can be rendered arbitrarily small by choosing large
values for the control gains kv and Γ. In the same vein, choosing large

values for kv, ktr, and kr shrinks the constants
√

dx
ktr

and
√

dx
kr

, respectively.

Therefore, the size of the funnel dictated by (6.9) can become smaller by
appropriate gain tuning. This will lead to less conservative solutions for the
motion planner of the next section, as will be clarified in the next subsection.
Nevertheless, it should be noted that too large gains might result in excessive
control inputs that cannot be realized by the actuators in realistic systems.
Finally, note that the incorporation of kv in the adaptation law (6.8), which
is not common in standard adaptive control techniques, has been included
to create an extra degree of freedom for reducing the value of V0. This,
along with the tracking using the chordal metric dC for the rotation part,
constitute the differences of the proposed control scheme with respect to
standard adaptive control for uncertain robotic systems.
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6.3.3 Motion Planner

We describe here the construction of the sampling-based motion planner,
referred to as Bounded-RRT or B-RRT, that drives the robot from an initial
state to the goal, which follows similar steps as the standard geometric RRT
algorithm. Before presenting the algorithm, we define the extended-free
space, which will be used to integrate the results from the feedback control
of the previous subsection. In order to do that, we define first the open
polyhedron as

P(q, δ) := {y = [y>tr, y
>
r ]> ∈ T : ‖ytr − qtr‖ < δtr, ‖H(yr, qr)‖ < δr}, (6.10)

for q = [q>tr, q
>
r ]> ∈ T and δ = (δtr, δr) ∈ R2, where H(·) is the metric

introduced in (6.5). We define now the δ-extended free space Āfree(δ) :=
{q ∈ T : Ā(q, δ) ∩ O = ∅}, where Ā(q, δ) :=

⋃
x∈P(q,δ)A(x). Note that

Āfree((δ1tr , δ1r )) ⊆ Āfree((δ2tr , δ2r )) if δ1tr ≥ δ2tr and/or δ1r ≥ δ2r .
Remark 6.3. Since Afree is open, there exist positive constants δtr, δr such
that Qg ⊂ Āfree((δtr, δr)) and the feasible path qp from Assumption 6.2
satisfies qp(ν) ∈ Āfree((δtr, δr)), ∀ν ∈ [0, σ].

The control scheme of the previous subsection guarantees that the robot
can track a trajectory within the bounds (6.9). In other words, given a
desired trajectory signal qd : [t0, tf ]→ T, the control algorithm (6.7) - (6.8)
guarantees that q(t) ∈ Āfree((ētr, η̄r)), ∀t ∈ [t0, tf ], with ētr, η̄r as defined in
(6.9). Hence, the motion planner developed here takes that into account by
producing trajectories that belong to the extended free space Āfree((ētr, η̄r))

2.
The respective algorithm is presented in Algorithm 2. It is a variant of the
standard RRT algorithm. The main difference, which constitutes the key
point of the algorithm, is the procedure that aims to find a collision-free
trajectory from a node on the tree towards the sampled point. In particular,
the sampling of new nodes-points as well as the collision checker of the path
between two nodes are carried out with respect to the extended free space
Āfree((ētr, η̄r)). Moreover, the motion planner does not need to integrate
the system dynamics (6.3) with sampled input values in order to design a
feasible and collision-free robot trajectory. Instead, we use the established
evolution funnel to design a collision-free trajectory for the robot, without
involving the dynamics. This implies that the motion planner is purely
geometrical.

The functions that appear in Algorithm 2 are the following:

• Sample(i): Samples qrand from a uniform distribution in the extended
free space Āfree((ētr, η̄r)), where ētr, η̄r are the constants from (6.9)

2We keep the same notation (ētr, η̄r), although only upper bounds of these values can
be actually estimated and hence used by the planner
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Algorithm 2 B-RRT

1: procedure TREE
2: V ← {q(0)}; E ← ∅; i← 0
3: while i < Ns do
4: G ← (V, E);
5: qrand ← Sample(i); i← i+ 1;
6: qnearest ← Nearest(G, qrand);
7: qnew ← Steer(qnearest, qrand);
8: if ObstacleFree(qnearest, qnew) then
9: V ← V ∪ {qnew}; E ← E ∪ {(qnearest, qnew)};

that define the funnel polyhedron P(qd(t), (ētr, η̄r)) (see (6.10)) around
a reference trajectory qd(t) that q(t) can evolve in.

• Nearest(G, q): Finds the node qnearest in the tree such that dT(qnearest, q)
= minz∈V dT(z, q).

• Steer(q, z): Computes a point qnew lying on the straight line from
z to q such that dT(q, qnew) = ε, where ε is a tuning constant that
represents the incremental distance from q to qnew.

• ObstacleFree(q, z): Checks whether the path XLine : [0, σ] → T, for
some positive σ, from q to z is collision free with respect to the extended
free space, i.e., check whether q′ ∈ Āfree((ētr, η̄r)), ∀q′ ∈ XLine.

The difference hence of B-RRT with respect to the standard RRT algo-
rithm is the use of the extended free space Āfree((ētr, η̄r)) in the procedures
of sampling new points (function Sample) and checking collisions of the path
between two nodes (function ObstacleFree). As stated before, this stems from
the control design of the previous section, which guarantees that the robot
trajectory will evolve in Āfree((ētr, η̄r)) with respect to a desired trajectory
qd.

We briefly describe now the B-RRT algorithm. The tree G = (V, E) to
be constructed is initialized in line 2, with the node set V initialized to
the system’s initial configuration q(0), and the respective edge set E to the
empty set. The algorithm samples then a point qrand in the extended free
space Āfree((ētr, η̄r)). Then the nearest neighbor qnearest, in terms of dT, is
found in the tree (line 7), and a new point qnew on the line between qnearest

and qrand is computed; qnew can be chosen such that dT(qnearest, qnew) = ε,
according to a predefined incremental distance ε ([? ]). If the line segment
between qrand and qnew belongs to the extended free space Āfree((ētr, η̄r)),
then the respective node qnew and edge {qnearest, qnew} are added to the
tree (lines 9-11). After the execution of the algorithm, a standard search
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algorithm can be employed to find the sequence of edges that lead from
q(0) to Qg. Moreover, note that the bounds in (6.9) concern (at least twice)
continuously differentiable trajectories. Therefore, the resulting solution
path, which is formed by the concatenation of the respective edges in the
tree, has to be converted to a such a trajectory. This procedure might
modify the initial path that was checked for collisions, and hence the smooth
version should be re-checked for collisions in Āfree((ētr, η̄r)). Subsequently,
the resulting smooth (at least twice cont. different.) path is endowed with
time constraints to derive a timed trajectory qd : [0, tf ] → Āfree((ētr, η̄r)),
for some tf > 0, which is given as the desired trajectory input to the control
protocol designed in the previous section. The actual trajectory of the
system q(t) is guaranteed to track qd(t) in the funnel defined by ētr, η̄r.
Since these bounds are taken into account in the design of the trajectory
qd by Algorithm 2, the system will remain collision free. Note also that tf
and hence the velocity of the formed trajectory qd is chosen by the user.
Therefore, the robot can execute the respective path in a predefined time
interval.

The probabilistic completeness of the algorithm is stated in the next
theorem.

Theorem 6.2. Under Assumption 6.2 and for sufficiently high gains kv, ktr,
kr, as introduced in eq. (6.6), (6.7) and (6.8), Algorithm 2 is probabilistically
complete.

Proof. Assumption 6.2 and Remark 6.3 imply that there exist positive δtr
and δr and (at least) one twice differentiable path qp : [0, σ]→ Āfree((δtr, δr))
connecting q0 and Qg. As stated in Remark 6.2, by increasing the values of
the control gains kv, ktr, kr, one can decrease the constants ētr, η̄tr from eq.
(6.9) such that ētr < δtr, η̄r < δr. Hence, Qg satisfies Qg ⊂ Āfree((δtr, δr)) ⊂
Āfree((ētr, η̄r)) and the feasible path satisfies qp(ν) ∈ Āfree((δtr, δr)) ⊂
Āfree((ētr, η̄r)), ∀ν ∈ [0, σ], which guarantees the feasibility of Algorithm 2.

Next, by following similar arguments with Lemma 2 of [? ], one can prove
that for any q ∈ Āfree((ētr, η̄r)) and ε > 0, it holds that limi→∞ P(Di,q < ε),
where Di,q is the random variable associated with the minimum distance of
the tree G to the point q (in terms of dT) after iteration i, and P denotes the
probability. Hence, the vertices V of G converge to the sampling distribution
in Āfree((ētr, η̄r)), which is assumed to be uniform. Therefore, since qp lies
in Āfree((ētr, η̄r)), a subset of V converges to it and the proof follows.

6.3.4 Collision Checking in Āfree(ētr, η̄r)

Collision checking for points q ∈ T in variants of the standard RRT algorithm
is performed by checking whether q belongs toAfree or not. For a line segment
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XLine connecting two nodes of V , the latter is usually discretized into a finite
set of points, which are checked separately for collision (e.g., [? ? ]). Another
approach is to consider an over-approximation of the convex hull of the points
that form XLine ([? ]). In our case, however, we are interested in checking for
collisions in the extended free space Āfree(ētr, η̄r). Recall that the proposed
feedback control scheme guarantees that q(t) ∈ P(qd(t), (ētr, η̄r)) for any
trajectory qd(t), formed by the several line segments XLine that connect the
nodes in V sampled in Algorithm 2. Therefore, checking whether the points
qs ∈ XLine belong to Afree is not sufficient. That is, for each such point
qs ∈ XLine, one must check whether z ∈ Afree, ∀z ∈ P(qs, (ētr, η̄r)), which is
equivalent to checking if qs ∈ Āfree(ētr, η̄r). There are two procedures that
one can use for that. Firstly, for each qs, a finite number of points z can
be sampled from a uniform distribution in P(qs, (ētr, η̄r)) and separately
checked for collision. Then, for a sufficiently high number of such samples,
and assuming a certain “fat”-structure of the workspace obstacles (e.g., there
are no long and skinny obstacles such as wires, cables and tree branches,
etc., see ([? ]) for more details), this approach can be considered to be
complete, i.e., the resulting path will belong to the extended free space Afree.
Secondly, we calculate the limit poses of each link of the robot, based on the
lower and upper bounds by the joints that affect it, as defined by (ētr, η̄r).
Subsequently, we compute the convex hull of these limit poses, which is
expanded by an appropriate constant to yield an over-approximation of the
swept volume of the potential motion of the link, as described in [? ]. The
resulting shape is then checked for collisions for each link separately.

6.3.5 Experimental Results

This section presents experimental results for a UR5 robot, which consists of
6 rotational degrees of freedom (see Fig. 6.3), using the V-REP environment
([? ]). We assume that the first joint is free to move on the unit circle, i.e.,
qr1 ∈ [0, 2π), whereas the rest of the joints are restricted to [−π, π] to avoid
problematic configurations. We consider that the robot end-effector has to
sequentially navigate from its initial configuration q0 = [0, 0, 0, 0, 0, 0]> rad
to the following four target points (depicted in Fig. 6.3):

• Target 1: T1 = [−0.15,−0.475, 0.675]> m and orientation [π2 , 0, 0]> rad,
which yields the configuration q1 = [−0.07,−1.05, 0.45, 2.3, 1.37,−1.33]>

rad.

• Target 2: T2 = [−0.6, 0, 2.5]> m and orientation [0,−π2 ,−π2 ]> rad,
which yields the configuration q2 = [1.28, 0.35, 1.75, 0.03, 0.1,−1.22]>

rad.
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Figure 6.3: A UR5 robotic arm in an obstacle-cluttered environment with 4
targets.

• Target 3: T3 = [−0.025, 0.595, 0.6]> m and orientation [−π2 , 0, π]> rad,
which yields the configuration q3 = [−0.08, 0.85, −0.23, 2.58, 2.09,
−2, 36]> rad.

• Target 4: T4 = [−0.525,−0.55, 0.28]> m and orientation [π, 0,−π2 ]>

rad, which yields the configuration q4 = [−0.7, −0.76, −1.05, −0.05,
−3.08, 2.37]> rad.

Regarding the collision checking in Āfree(ētr, η̄r) of the B-RRT algorithm,
we check a finite number of samples around each point of the resulting
trajectory qd for collision. We run B-RRT with 10 and 50 such samples
and we compared the results to a standard geometric RRT algorithm in
terms of time per number of nodes. The results for 30 runs of the algorithms
are given in Fig. 6.4 for the four paths, in logarithmic scale. One can
notice that the average nodes created do not differ significantly among the
different algorithms. As expected, however, B-RRT requires more time than
the standard geometric RRT algorithm, since it checks the extra samples
in Āfree(ētr, η̄r) for collision. One can also notice that the time increases
with the number of samples. However, more samples imply greater coverage
of Āfree(ētr, η̄r) and hence the respective solutions are more likely to be
complete with respect to collisions.

Since, in contrast to the standard geometric RRT, B-RRT implicitly
takes into account the robot dynamics through the designed tracking control
scheme and the respective extended free space Āfree(ētr, η̄r), we compare the
results to a standard kinodynamic RRT algorithm that simulates forward
the robot dynamics, assuming known dynamical parameters. In particular,
we run the algorithm only for the first two joints, with initial and goal
configurations at (0, 0) and (− π

18 ,
π
4 ) rad, respectively, and keep the other

joints fixed at 0. For the forward simulation of the respective dynamics
we choose a sampling step of 10−3 sec and total simulation time 30 sec for
each constant control input. The termination threshold distance is set to
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0.25 (with respect to the distance dT), i.e., the algorithm terminates when
the forward simulation reached a configuration closer than 0.25 units to the
goal configuration. The results for 10 runs of the algorithm are depicted in
Fig. 6.5, which provides the execution time and number of nodes created in
logarithmic scale. Note that, even for this simple case (planning for only two
joints), the execution time is comparable to the B-RRT case of 50 samples
in the fourth path scenario q3 → q4. As pointed out before, this is justified
by the fact that the inputs are randomized as well as the complex dynamics
of the considered robotic system. Hence, one concludes the necessity of
an efficient technique that still takes into the robotic dynamics, which is
given by our two-layer framework, combining an appropriately designed
RRT planner with an “intelligent” feedback control algorithm that also
compensates for the uncertain dynamics.
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Figure 6.4: Box plots showing the execution time (top) and the nodes
(bottom) created of the three algorithms (in logarithmic scale) for the four
paths (organized in two groups of two (left and right)); “+’ indicate the
outliers.

Next, we illustrate the motion of the robot through the four target
points via the control design of Section 6.3.2. For each sub-path (qi → qi+1,
∀i ∈ {0, 1, 2, 3}) we fit a smooth timed trajectory qid(t), ∀i ∈ {0, . . . , 3} on the
generated nodes, whose total time duration depends on the distance between
successive nodes. The estimates of the masses and inertias of the robot
links and rotors, composing θ̂, were initialized at 60% of the actual values.
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Figure 6.5: Box plots showing the execution time (a) and number of nodes
(b) created for the kinodynamic RRT in logarithmic scale (for the first two
joints and the path (0, 0)→ (− π

18
, π

4
)).

Morever, in view of (6.9), we aim to impose an upper bound of 0.1 rad for
each |qrj − qid,j |, ∀j ∈ {1, . . . , 6}, i ∈ {0, . . . , 3}. To that end, we choose the
control gains as kr1 = · · · = kr6 = 0.005, Kv = diag{[35, 65, 45, 20, 10, 0.5]},
and Γ = 50diag{θ̂(0)}. The results are depicted in Fig. 6.6 (a), which shows
the error values erj (t) = erj (t) − qid,rj (t), ∀j ∈ {1, . . . , 6}, and all paths

i ∈ {0, . . . , 3}. One can verify that the error values stay always bounded
in the region (−0.1, 0.1) rad, achieving thus the desired performance. For

(a) (b)

Figure 6.6: The error values erj (t) = erj (t) − qid,rj (t) for the adaptive
controller (a) and the PID one (b).

comparison purposes, we also simulate a PID controller of the form

τ = −K1ex −K2(q̇ − q̇d)−K3

∫
ex(ν)dν,

where K1 = diag{100, 1000, 1000, 100, 1, 1}, and K2 = K3 = I6 are positive
definite gain matrices. The errors erj (t) = erj (t)− qid,rj (t), ∀j ∈ {1, . . . , 6},
for the four paths i ∈ {0, . . . , 3} are shown in Fig. 6.6 (b). Note that they
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exceed the interval (−0.1, 0.1), which defined the clearance in the B-RRT
algorithm, jeopardizing hence the actual trajectory of the robot. A video
illustrating the robot trajectory using the two control laws can be found
here: https://youtu.be/y7bCoUoTlPA.

6.4 Asymptotic Tracking of Nonsmooth
Feedback Stabilizable Unknown Systems
with Prescribed Transient Response

Finally, inspired by funnel-based techniques and the PPC methodology [? ],
we propose in this section a novel control scheme that achieves asymptotic
stability while complying with funnel constraints, for a 2nd-order control
affine uncertain and possibly non-smooth system.

6.4.1 Problem Formulation

We consider the asymptotic tracking control problem subject to transient
constraints imposed by a predefined funnel. The consider systems are MIMO
systems of the form

ẋ1 = x2, (6.11a)

ż = Fz(x, z, t), (6.11b)

ẋ2 = F (x, z, t) +G(x, z, t)u, y = x1 (6.11c)

where z ∈ Rnz , x := [x>1 , x
>
2 ]> ∈ R2n, with xj := [xj1 , . . . , xjn ]> ∈ Rn,

∀j ∈ {1, 2}, are the system’s states, y := [y1, . . . , yn]> ∈ Rn is the system’s
output, which is required to track a desired trajectory yd(t), and F : R2n+nz×
[t0,∞) → Rn, Fz : R2n+nz × [t0,∞) → Rnz G : R2n+nz × [t0,∞) → Rn×n
are unknown vector fields, not necessarily continuous everywhere. We assume
that x is available for measurement, whereas z is not. In fact, the dynamics
governing z is called dynamic uncertainty and represents unmodeled dynamic
phenomena that potentially affect the closed-loop response. The assumptions
on the system dynamics are restricted to local essential boundedness and
measurability as well as controllability conditions on G and internal stability
of z, without considering any uniform boundedness/growth condition or
model approximation:

Assumption 6.3. The maps (x, z) 7→ F (x, z, t) : R2n+nz → Rn, (x, z) 7→
G(x, z, t) : R2n+nz → Rn, (x, z) 7→ Fz(x, z, t) : R2n+nz → Rnz are Lebesgue
measurable and locally essentially bounded for each fixed t ∈ [t0,∞), uni-
formly in t, and the maps t 7→ F (x, z, t) : [t0,∞)→ Rn and t 7→ G(x, z, t) :

https://youtu.be/y7bCoUoTlPA
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[t0,∞) → Rn are Lebesgue measurable and uniformly bounded for each
fixed (x, z) ∈ R2n+nz , by unknown bounds.

Assumption 6.4. The matrix

G̃(x, z, t) := G(x, z, t) +G(x, z, t)>

is positive definite, ∀(x, z, t) ∈ R2n+nz × [t0,∞), i.e., λmin(G̃(x, z, t)) > 0,

where λmin(G̃(x, z, t)) is its unknown minimum eigenvalue.

Assumption 6.5. There exists a sufficiently smooth function Uz : Rnz →
R≥0 and class K∞ functions γ

z
(·), γ̄z(·), γz(·) such that γ

z
(‖z‖) ≤ Uz(z) ≤

γ̄z(‖z‖), and (
∂Uz
∂z

)>
Fz(x, z, t) ≤ −γz(‖z‖) + πz(x, t),

where x 7→ πz(x, t) : R2n → R≥0 is continuous and class K∞ for each fixed
t ∈ [t0,∞), and t 7→ πz(x, t) : [t0,∞)→ R≥0 is uniformly bounded for each
fixed x ∈ R2n.

Assumption 6.6. The state x is available for measurement.

Assumption 6.7. The desired trajectory and its derivatives are bounded
by finite and unknown constants ȳd,0, ȳd,1 > 0, i.e., ‖yd(t)‖ < ȳd,0 ≤ ȳd,
‖yd(t)‖ < ȳd,1 ≤ ȳd, ∀t ∈ [t0,∞), where ȳd := max{ȳd,0, ȳd,1}.

Note that Assumption 6.4 is a sufficient controllability condition and
Assumption 6.5 suggests that z is input-to-state practically stable with
respect to x, t implying stable zero (internal) dynamics [? ].

6.4.2 Problem Solution

The control objective is the asymptotic output tracking of a desired bounded
trajectory yd := [y1,d, . . . , yn,d] : [t0,∞) → Rn, with bounded derivatives,
as stated in Assumption 6.7. Moreover, as discussed before, we aim at
imposing a certain predefined behavior for the transient response of the
system. More specifically, motivated by funnel control techniques (Appendix
B, [? ? ? ]), given n predefined funnels, described by the smooth functions
ρpi : [t0,∞) → [ρ

pi
, ρ̄pi ] ⊂ R>0, where ρ

pi
, ρ̄pi ∈ R>0 are positive lower

and upper bounds, respectively, we aim at guaranteeing that3 −ρpi(t) >
yi(t)−yi,d(t) > ρpi(t), ∀t ∈ [t0,∞), given that −ρpi(t0) > yi(t0)−yi,d(t0) >
ρpi(t0), ∀i ∈ {1, . . . , n}. These functions can encode maximum overshoot or

3The analysis can be extended to non-symmetric funnels.
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convergence rate properties. Note that, compared to the majority of the
related works on funnel control (e.g., [? ? ? ],[? ]), we do not require
arbitrarily small final values limt→∞ ρpi(t), which would achieve convergence
of yi(t)− yi,d(t) arbitrarily close to zero, since one of the objectives is actual
asymptotic stability. In this section, the problem statement is as follows:

Problem 6.3. Consider the system (6.11) and let a desired trajectory
yd : [t0,∞)→ Rn as well as n prescribed funnels, described by ρpi : [t0,∞)→
[ρ
pi
, ρ̄pi ], ∀i ∈ {1, . . . , n}. Design a control protocol u ∈ Rn such that

1. limt→∞(yi(t)− yi,d(t)) = 0, ∀i ∈ {1, . . . , n}

2. −ρpi(t) > yi(t)− yi,d(t) > ρpi(t), ∀i ∈ {1, . . . , n}, t ∈ [t0,∞),

and all closed loop signals remain bounded.

Our solution to Problem 6.3 is based on the PPC error transformation,
which converts the constrained error behavior −ρpi(t) > yi(t) − yi,d(t) >
ρpi(t) to an unconstrained one. More specifically, we define the errors

ep :=
[
ep1 , . . . , epn

]>
:= y − yd, (6.12)

as well as the error transformations εpi ∈ R according to:

epi = ρpiT (εpi), ∀i ∈ {1, . . . , n}, (6.13)

where T : R → (−1, 1) is a smooth, strictly increasing analytic function,
with T (0) = 0. Since T is increasing, the inverse mapping T−1 : (−1, 1)→ R
is well-defined, and it holds that

lim
ζ→−∞

T (ζ) = −1, lim
ζ→+∞

T (ζ) = 1 (6.14a)

and hence, if εpi remains bounded in a compact set, the desired funnel
objective −ρpi(t) < epi(t) < ρpi(t) is achieved, ∀i ∈ {1, . . . , n}. We further
require that

|ζ| <
∣∣∣∣∂T−1(ζ)

∂ζ
T−1(ζ)

∣∣∣∣ , ∀ζ ∈ (−1, 1). (6.15)

A possible choice that satisfies the aforementioned specifications is T (ζ) =
exp(ζ)−1
exp(ζ)+1 .

From (6.13), we obtain

εpi = T−1

(
epi
ρpi

)
, (6.16)
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which, after differentiation, becomes

ε̇pi =
rpi
ρpi

(
x2i − ẏi,d −

ρ̇piepi
ρpi

)
,

or, in stack vector form,

ε̇p = rpρ
−1
p

(
x2 − ẏd − ρ̇pρ−1

p ep
)
, (6.17)

where εp := [εp1
, . . . , εpn ]>, rpi := ∂T−1(ζ)

∂ζ

∣∣
ζ=

epi
ρpi

, rp := diag{rp1
, . . . , rpn},

and ρp := diag{ρp1
, . . . , ρpn}. Due to the increasing property of T (·), it

holds that rp is positive definite, and thus in order to render ε̇p negative a
straightforward choice for a desired value for x2 is

x2,d := ẏd + ρ̇pρ
−1
p ep − kprpεp, (6.18)

where kp ∈ R>0 is a positive and constant scalar gain. Since, however, x2

is not the system’s input, we follow a backstepping-like methodology and
define the error

ev :=
[
ev1

, . . . , evn
]>

:= x2 − x2,d. (6.19)

Next, we proceed in a similar manner and define a funnel for each evi ,
i ∈ {1, . . . , n}, described by the functions ρvi : [t0,∞) → [ρ

vi
, ρ̄vi ] ⊂ R>0,

where ρ
vi
, ρ̄vi ∈ R>0 are the positive lower and upper bounds, respectively,

with the constraint ρvi(t0) > |evi(t0)|, i ∈ {1, . . . , n}. Note that evi(t0) =
x2(t0)−x2,d(t0) can be calculated at t = t0 since it is a function of the state,
the funnel functions and the desired trajectory profile. Then, we define the
open set

Du,t :={(x, t) ∈ R2n × [t0,∞) : ρp(t)
−1ep ∈ (−1, 1)n, ρv(t)−1ev ∈ (−1, 1)n},

(6.20)

and design the control law u : Du,t → Rn as

u =− kv2
ρ−1
v

(
kv3
‖rpεp‖+ kv4

d̂
)
sv − kv1

ρ−1
v rvεv (6.21)

where

sv :=

{
rvεv
‖rvεv‖ , if ‖rvεv‖ 6= 0,

0, otherwise,

ρv := diag{ρv1
, . . . , ρvn}, εv := [εv1

, . . . , εvn ]>, εvi := T−1
(
evi
ρvi

)
, rv :=

diag{rv1 , . . . , rvn}, rvi := ∂T−1(ζ)
∂ζ

∣∣
ζ=

evi
ρvi

, kvi ∈ R>0, i ∈ {1, . . . , 4} are posi-

tive constant scalar gains, and d̂ is an adaptive variable gain, subject to the
constraint d̂(t0) ≥ 0, and dynamics
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˙̂
d = γd‖rvεv‖, (6.22)

where γd ∈ R>0 is a positive constant gain.

Remark 6.4. The control design procedure follows closely the prescribed
performance backstepping-like methodology of Section 2.2.4, 3.2, introduced
in [? ]. The desired signals and control laws there consist only of proportional
terms with respect to the transformed errors εp, εv, i.e., −kprpεp and
−kv1ρ

−1
v rvεv in (6.18) and (6.21), respectively, which are guaranteed to be

ultimately bounded. In this work, we incorporate (a) the extra terms in (6.18)
that would render (6.17) exponentially stable, and (b) the discontinuous
term in (6.21), which, as will be shown in the sequel, enforces convergence
of the transformed errors to zero, guaranteeing thus asymptotic stability.
This is achieved without requiring the funnel functions to converge to zero.
However, one can still set the prescribed funnel to converge arbitrarily close
to zero, achieving thus a predefined convergence rate.

Remark 6.5. Note that no information regarding the dynamic model is
incorporated in the control protocol (6.12)-(6.22). All the necessary signals
consist of the funnel terms ρp, ρv and of known functions of the state and
the desired trajectory yd. Furthermore, no a-priori gain tuning is needed
and, as the next theorem states, the solution of Problem 6.3 is guaranteed
from all initial conditions that satisfy −ρpi(t0) > yi(t0)− yi,d(t0) > ρpi(t0),

∀i ∈ {1, . . . , n}. As will be revealed subsequently, the adaptive gain d̂
compensates the unknown dynamic terms, which are proven to be bounded
due to the confinement of the state in the prescribed funnels.

The correctness of the control protocol (6.12)-(6.22) is shown in the next
theorem.

Theorem 6.3. Consider a system subject to the dynamics (6.11), Assump-
tions 6.3-6.7, as well as a desired trajectory yd and funnels as described in
Problem 6.3 satisfying −ρpi(t0) > yi(t0)− yi,d(t0) > ρpi(t0), ∀i ∈ {1, . . . , n}.
Then the control protocol (6.12)-(6.22) guarantees the existence of at least
one local Filippov solution of the closed-loop system (6.11)-(6.21) that solves
Problem 6.3. Moreover, every such local solution can be extended to a global
solution and all closed-loop signals remain bounded, for all t ≥ t0.

Proof. The intuition of the subsequent proof is as follows: We first show
the existence of at least one Filippov solution of the closed loop system in
Du,t for a time interval It ⊆ [t0,∞). Next, we prove that for any of these
solutions, the state remains bounded in I by bounds independent of the
endpoint of I. Hence, the dynamic terms of (6.11) are also upper bounded

by a term, which we aim to compensate via the adaptation gain d̂.
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We start by defining some terms that will be used in the subsequent
analysis:

Mp := max
i∈{1,...,n}

{ρ̄pi} mp := min
i∈{1,...,n}

{ρ
pi
}

Mṗ := max
i∈{1,...,n}

{sup
t≥t0
{|ρ̇pi |}} Mv := max

i∈{1,...,n}
{ρ̄vi}

mv := min
i∈{1,...,n}

{ρ
vi
} λ := λmin

(
ρ−1
v G̃(x, z, t)ρ−1

v

)
β̄ := (kv2

kv4
λ)
−1

rp := inf
ζ∈(−1,1)

∂T−1(ζ)

∂ζ
.

Note that all the aforementioned terms are strictly positive. In particular,
λ is strictly positive due to the definition of the funnels ρv and Assump-
tion 6.4, and rp is strictly positive due to the strictly increasing property

of T (·) and hence of T−1(·). Moreover, in view of (6.14), it holds that

arg infζ∈(−1,1)
∂T−1(ζ)

∂ζ ∈ (−1, 1).

By employing (6.21), (6.22), we can write the closed loop system

ẋ1 = x2, (6.23a)

ż ∈ K[Fz](x, z, t), (6.23b)

ẋ2 ∈ K[F ](x, z, t) + K[G](x, z, t)K[u](x, t), (6.23c)

˙̂
d = γd‖rvεv‖, (6.23d)

where K[F ](x, z, t), K[G](x, z, t), K[u](x, t) are the Filippov regularizations
(see (A.5)) of the respective terms. For u specifically, K[u](x, t) is formed
by substituting the term sv with its reguralized term, which is Sv = rvεv

‖rvεv‖
if ‖rvεv‖ 6= 0, and Sv ∈ (−1, 1)n otherwise. Note that, in any case, it

holds that (rvεv)>Sv = ‖rvεv‖. Define now x̃ := [x>, z>, d̂] ∈ R2n+nz+1 and
consider the open set Dc := {(x̃, t) ∈ R2n+nz+1 × [t0,∞) : (x, t) ∈ Du,t}.
Since ρpi(t0) > |epi(t0)| and ρvi(t0) > |evi(t0)|, ∀i ∈ {1 . . . , n}, the set Dc
is nonempty. Moreover, since T (·), and hence its derivative, are analytic,
their zero sets have zero measure [? ] and thus the right hand-side of (6.23)
is Lebesgue measurable and locally essentially bounded in x̃ over the set
{x̃ : (x̃, t) ∈ Dc}, and Lebesgue measurable in t over the set {t : (x̃, t) ∈ Dc}.
Hence, according to Prop. A.1 of Appendix A, for each initial condition
(x̃(t0), t0) ∈ Dc, there exists at least one Filippov solution x̃(t) of (6.23),
defined in It := [t0, tmax), where tmax > t0 such that (x̃(t), t) ∈ Dc, ∀t ∈ It.
By applying (6.16), we conclude the existence of the respective Filippov
solutions εp(t), εv(t) ∈ Rn, ∀t ∈ It. Let now x̃(t0) denote the initial condition
of the system (6.23) satisfying (x̃(t0), t0) ∈ Dc and consider the family of
Filippov solutions starting from x̃(t0) denoted by the set X. Note that,



328 Single-Agent Extensions

although not explicitly stated, tmax and It might be different for each solution
in X. We aim to prove that all εp(t), εv(t) are bounded and converge to zero,
for all x̃(t) ∈ X.

In view of the definition of Dc (see also (6.20)), for all x̃(t) ∈ X it holds
that

|epi(t)| < ρ̄pi , (6.24a)

|evi(t)| < ρ̄vi , (6.24b)

∀t ∈ It, where ρ̄pi and ρ̄vi are the upper bounds of ρpi(t) and ρvi(t),
respectively, ∀i ∈ {1, . . . , n}. Consider now the Lyapunov function Vp :=
1
2‖εp‖2, for which it holds, in view of (6.17), (6.18), (6.19), and (6.24b)

V̇p =ε>p rpρ
−1
p (x2 − ẏd − ρ̇pρ−1

p ep)

=− kpε>p rpρ−1
p rpεp + ε>p rpρ

−1
p ev < −

kp
Mp
‖rpεp‖2 +

Mv

mp
‖rpεp‖,

∀t ∈ It. Hence, we conclude that V̇p < 0 when ‖rpεp‖ > MvMp

kpmp
. Since

rpi is positive definite, ∀i ∈ {1, . . . , n}, the latter is equivalent to ‖εp‖ >
MvMp

kpmprp
⇒ V̇p < 0. Hence, we conclude that all x̃(t) ∈ X satisfy

‖εp(t)‖ ≤ ε̄p := max

{
‖εp(t0)‖, MvMp

kpmprp

}
.

Since ε̄p is finite, it holds that T (ε̄p) < 1 and hence |T (εpi(t))| ≤ T (ε̄p) <
1, ∀i ∈ {1, . . . , n}, t ∈ It. Moreover, since T (·) and T−1(·) are smooth,

the derivative ∂T−1(ζ)
∂ζ approaches infinity only when ζ → ±1. Therefore,

in view of the definition of rpi in (6.17), we conclude the existence of a
finite r̄p > 0 such that ‖rp(t)‖ ≤ r̄p, ∀t ∈ It. Next, (6.13) implies that
‖ep(t)‖ ≤ ēp := MpT (ε̄p)

√
n, ∀t ∈ It. Hence, we conclude that ‖x2,d(t)‖ ≤

x̄2,d := ȳd +
Mṗ

mp
ēp + kpr̄pε̄p, ∀t ∈ It, where ȳd is the uniform bound of the

desired trajectory, introduced in Assumption 6.7. We also conclude that
‖x1(t)‖ ≤ x̄1 := ēp + ȳd, ∀t ∈ It. In addition, by employing x2 = ev + x2,d

and (6.24b), we conclude that ‖x2(t)‖ < x̃2 := Mv
√
n+ x̄2,d, ∀t ∈ It. Finally,

by differentiating x2,d, employing the smoothness and boundedness of ρp
and its derivatives, the smoothness of T (·), the boundedness of ÿd(t) as well
as the aforementioned bounds, we can conclude the existence of a bound v̄d

such that ‖ẋ2,d(t)‖ ≤ v̄d, ∀t ∈ It.
Furthermore, the boundedness of x(t) and Assumption 6.5 imply the

existence of a positive finite constant z̄ such that ‖z(t)‖ ≤ z̄, ∀t ∈ It. Hence,
since F (x, z, t) is Lebesgue measurable and locally essentially bounded in
R2n+nz and ‖x1(t)‖ ≤ x̄1 < ∞, ‖x2(t)‖ < x̃2 < ∞, ‖z(t)‖ ≤ z̄, ∀t ∈ It,
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there exists some positive F̄ , such that ‖F (x(t), z(t), t)‖
a.e.
≤ F̄ , ∀t ∈ It, and

hence, for each (x, z), since K[F ] is formed by the convex closure of F , it
holds that maxζ∈K[F ](x(t),z(t),t){ζ} ≤ F̄ , ∀t ∈ It and x̃(t) ∈ X. Note that,
in view of the aforementioned discussion, F̄ depends solely on the initial
conditions and the parameters of the funnel functions. Define now the finite
constant term db ∈ R>0 as

db :=
β̄

mv

(
F̄ + v̄d +Mṗ

√
n
)
. (6.25)

Note that the term in the parenthesis of (6.25) is an upper bound for the term
‖F (x(t), z(t), t)− ẋ2,d(t)− ρ̇v(t)ρv(t)−1ev(t)‖, for all x̃(t) ∈ X and almost
all t ∈ It.

Define also the signal d̃ := d̂−db, where d̂ is the adaptive gain introduced
in (6.21). Consider now the function

Vv(ε̃) :=ᾱVp +
β̄

2
‖εv‖2 +

1

2γd
d̃2,

where ε̃ := [ε>p , ε
>
v , d̃]>, and ᾱ > 0 is a positive constant to be defined;

Vv(ε̃) satisfies W1(ε̃) ≤ Vv(ε̃) ≤ W2(ε̃), for W1(ε̃) := min
{
ᾱ
2 ,

β̄
2 ,

1
2γd

}
‖ε̃‖2

and W2(ε̃) := max
{
ᾱ
2 ,

β̄
2 ,

1
2γd

}
‖ε̃‖2. Then, according to Lemma A.2 of

Appendix A, V̇v(ε̃(t))
a.e.∈ ˙̃

V v(ε̃(t)) with

˙̃
V v :=

⋂
ξ∈∂Vv(ε̃)

ξ>K
[
˙̃ε
]

Since Vv(ε̃) is continuously differentiable, its generalized gradient reduces to

the standard gradient and thus it holds that
˙̃
V v = ∇V >v K

[
˙̃ε
]
, where ∇Vv =

[ᾱε>p , β̄ε
>
v ,

1
γd
d̃]>. After using (6.11), (6.21), (6.22), and x2 = x2,d + ev, one

obtains

˙̃
V v ⊂ W̃s :=− ᾱkpε>p rpρ−1

p rpεp + ᾱε>p rpρ
−1
p ev − β̄kv1ε

>
v rvρ

−1
v K[G](x, t)ρ−1

v rvεv

+ d̃‖rvεv‖+ β̄ε>v rvρ
−1
v

(
K[F ](x, t)− ẋ2,d − ρ̇vρ−1

v ev
)

− β̄kv2ε
>
v rvρ

−1
v K[G](x, t)ρ−1

v Sv

(
kv3‖rpεp‖+ kv4 d̂

)
.

Note that, since d̂(t0) ≥ 0, (6.22) implies that d̂(t) ≥ 0, ∀t ∈ It. Moreover,

since the Filippov regularization (A.5) is defined as a closed set and
˙̃
V v ⊂ W̃s,

it holds that max
ζ∈ ˙̃
V v
{ζ} ≤ max

ζ∈W̃s
{ζ}. By substituting G = G+G>

2 +
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G−G>
2 and employing the skew-symmetry of the second term, we obtain in

view of Assumption 6.4 and the definition of db in (6.25):

max
ζ∈ ˙̃
V v

{ζ} ≤ max
ζ∈W̃s

{ζ} ≤ − ᾱ kp
Mp
‖rpεp‖2 − kv1

β̄λ‖rvεv‖2 − kv2
kv4

β̄λ‖rvεv‖d̂−

kv2kv3 β̄λ‖rvεv‖‖rpεp‖+ d̃‖rvεv‖+ ‖rvεv‖d+ ᾱ‖ε>p rpρ−1
p ev‖,

for all solutions x̃(t) ∈ X. By setting ζ = T (εvi) in (6.15), we obtain
|T (εvi)| ≤ |rviεvi | and hence by employing evi = ρviT (εvi), i ∈ {1, . . . , n},
we obtain that

ᾱ‖ε>p rpρ−1
p ev‖ ≤ ᾱ

Mv

mp
‖rpεp‖‖rvεv‖.

Therefore, by setting ᾱ :=
kv2kv3mpβ̄λ

Mv
, employing db = d̂− d̃, and in view of

the fact that β̄ = (kv2kv4λ)−1, we obtain

max
ζ∈ ˙̃
V v

{ζ} ≤ − ᾱ kp
Mp
‖rpεp‖2 − kv1

β̄λ‖rvεv‖2 =: −W (ε̃),

∀t ∈ It, x̃(t) ∈ X, where W is continuous and positive semi-definite on R2n+1,
since rv and rp are positive definite. Hence, we conclude that ζ ≤ −W (ε̃),

∀ζ ∈ ˙̃
V v(ε̃(t)), ∀t ∈ It and all x̃(t) ∈ X. Choose now any finite ra > 0

and let ca < min‖ε̃‖=raW1(ε̃). Note that all the conditions of Theorem
A.6 in Appendix A are satisfied and hence, all Filippov solutions starting
from ε̃(t0) ∈ Ωf := {ε̃ ∈ B(0, ra) : W2(ε̃) ≤ ca} are bounded and remain in
Ωf , ∀t ∈ It. Moreover, tmax = ∞, implying that It = [t0,∞) and it also
holds that limt→∞ ‖εp(t)‖ = 0 and limt→∞ ‖εv(t)‖ = 0, which, in view of
the increasing property of T (·) and the fact that T (0) = 0, implies that
limt→∞ ‖ep(t)‖ = 0 and limt→∞ ‖ev(t)‖ = 0. Notice that Zeno behavior is
avoided since tmax =∞.

Note that ra, and hence ca, can be arbitrarily large allowing any finite ini-
tial condition ε̃, which implies any (x̃(t0), t0) ∈ Dc. In addition, it holds that

‖ε̃‖2 ≤ c̃ := (max{ ᾱ2 ,
β̄
2 ,

1
2γd
})−1ca, which implies the boundedness of ‖εp‖,

‖εv‖ and d̃ by
√
c̃. Therefore, we conclude that ‖d̂(t)‖ ≤ d̄ := db+

√
c̃, ∀t ∈ It.

Moreover, by employing (6.13), we conclude that |ρvi(t)−1evi(t)| ≤ T (
√
c̃) <

1, and hence |evi(t)| ≤ MvT (
√
c̃) ⇒ ‖x2(t)‖ ≤ x̄2 := MvT (

√
c̃)
√
n + x̄2,d,

∀t ∈ It. Therefore, we conclude that all solutions are bounded in compact

sets ∀t ∈ It, which means that u, and
˙̂
d, as designed in (6.21) and (6.22),

respectively, remain also bounded, ∀t ∈ It.

Remark 6.6. Note that no boundedness assumptions or growth conditions
are needed for the vector fields F (x, z, t) and G(x, z, t). In particular, the



Asymptotic Tracking of Nonsmooth Feedback Stabilizable Unknown Systems
with Prescribed Transient Response 331

effect of F (x, z, t) is canceled by the introduced adaptive signal d̂, which
increases according to (6.22). It is proved, nevertheless, that this adaptive
signal remains bounded. Moreover, the response of the system is solely deter-
mined by the funnel functions ρpi and ρvi , isolated from the system dynamics
and the control gains selection. Nevertheless, we note that appropriate gain
tuning might be needed to suppress chattering in real life scenarios. Similarly,
note that the region of attraction (initial conditions) of (εp, εv) = (0, 0) is
independent from the system dynamics and the control gain selection and
depends only on the choice of the funnel functions ρpi , ∀i ∈ {1, . . . , n}. In
particular, if ρpi(t0) are design parameters, we can always choose them such
that −ρpi(t0) < epi(t0) < ρpi(t0), ∀i ∈ {1, . . . , n}, which renders the result
global. In fact, the choice limt→t+0

1
ρpi (t0) = 0, ∀i ∈ {1, . . . , n} [? ] is not

excluded from our control scheme and does not restrict the initial condition
y(t0). Moreover, noise can be taken into account in the measurement of x2,
i.e., consider that x2 + n(x, t) is available for measurement, where n(x, t)
is an unknown noise signal with appropriate continuity and boundedness
properties. By redefining ev = x2 + n(x, t) − x2,d and including the time
derivative of n(x, t) in (6.25), the analysis still holds. Note, however, that in
this case it can only be deduced that limt→∞(x2(t) + n(x, t)− x2,d(t)) = 0
and hence x2(t) does not necessarily converge to x2,d(t).

Remark 6.7. Since funnel control traditionally guarantees confinement of
the state in the desired funnel, a common practice is to tune the funnel to
converge to arbitrarily small values, achieving thus “practical stability”, i.e.,
the state converging arbitrarily close to zero. Note that, in our case, the
funnel functions ρpi , ρvi , are not required to decrease to values arbitrarily
close to zero, yet asymptotic stability is still achieved. In fact, the proposed
control schemes can be used to achieve merely asymptotic stability results
without any funnel constraints, if the latter is not required. More specifically,
given the initial errors epi(t0), we can use the proposed control protocols
by employing any constant values ρpi > |epi(t0)|, ∀i ∈ {1, . . . , n}. Finally,
the proposed control scheme can be extended to systems of the form ẋi =
ẋi+1, i ∈ {1, . . . , k − 1}, ẋk = F (x, z, t) +G(x, z, t)u for some k > 0, where

the funnel constraints are set for the combined signal
∑
j∈{1,...,k−1} e

(k)
p .
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6.4.3 Simulation Results

We consider here the simulation of two inverted pendulum connected by a
spring and a damper [? ], with dynamics:

J1ẍ11
= gs sin(x11

)− 1

4
Fs cos(x11

− θf )− Tf1
+ u1

J2ẍ12
= 1.25gs sin(x12

) +
1

4
Fs cos(x12

− θf )− Tf2
+ σf (t)u2,

where Fs := 150(ds − 1
2 ) + ḋs is the force between the connection points of

the spring and damper at the pendulums, and

ds :=

√
1

4
+

1

4
(sin(x11 − x12)) +

1

8
(1− cos(x12 − x11))

is the distance between these connection points; θf is defined as

θf := tan−1

( 1
4 (cos(x12

)− cos(x11
))

1
2 + 1

4 (sin(x1)− sin(x2))

)
and Tf1

, Tf2
are friction terms on the motors evolving according to Tfi :=

τfi + τ̇fi + ẋ1i , with

τ̇fi = ẋ1i −
|ẋ1i |

1 + exp

(
−
∣∣∣ ẋ1i

0.1

∣∣∣2)
The time varying signal σf (t) is taken as:

σf (t) =

{
1 if t ∈ [0, 3) ∪ [3.5,∞),

0.5 if t ∈ [3, 3.5)

modeling a loss of effectiveness of the second motor when t ∈ [3, 3.5). We also
choose gs = 9.81 as the gravity constant and J1 = 0.5, J2 = 0.625. The initial
conditions are t0 = 0, x(0) = [0, 0, 0, 0]> (rad, rad/s), τf1

(0) = τf2
(0) = 0

and the desired trajectory yd = [2 cos(t), π2 − 2 sin(t)]> rad. The prescribed
funnel functions are chosen as ρpi(t) = 2.5 exp(−0.1t) + 2.5, ∀i ∈ {1, 2},
which converge to 2.5. We also choose ρvi(t) = (‖ev(0)‖1−2) exp(−0.1t)+2.5,
as well as the gains kp = 10, kv1 = 2 · 103, kv2 = 0.1, kv3 = 0.025, kv4 = 0.05,
and γd = 50. The simulation results are depicted in Figs. 6.7-6.10 for
t ∈ [0, 60] sec. More specifically, Fig. 6.7 depicts the errors ep(t), ev(t)
along with the performance functions ρp(t), ρv(t). One can conclude that
ep(t) and ev(t) not only respect their imposed funnels but also converge
asymptotically to zero, without the need of arbitrarily small values for
limt→∞ ρp(t) and limt→∞ ρv(t). This can be verified also by Fig. 6.8, which
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Figure 6.7: The evolution of the errors ep(t) (top), ev(t) (bottom), depicted
with blue, along with the performance functions ρp(t), ρv(t), depicted with
red, ∀t ∈ [0, 60] sec.

depicts the evolution of the transformed errors εp(t), εv(t), ∀t ∈ [0, 60] sec,
and shows their asymptotic convergence to zero. Finally, Figs. 6.9 and 6.10
illustrate the inputs u(t) as well as the adaptation signal d̂(t), ∀t ∈ [0, 60] sec.

One can conclude the convergence of d̂(t) to a constant value as well as
the boundedness of the control input u(t), as was proved in the theoretical
analysis.

6.5 Conclusion

This chapter presented planning and control algorithms for single-agent
systems. Firstly, we developed a hybrid algorithm for the planning of a
robotic system under timed temporal logic formulas in an obstacle-cluttered
workspace. By using previous results, we guaranteed the collision-free
timed navigation leading to a timed abstraction of the system. A high-level
planner and a novel optimization technique provided the timed path that
satisfy the specification and is asymptotically optimal via reconfiguration.
Secondly, we turned our attention to the motion planning of high-dimensional
uncertain systems (e.g., robotic manipulators). We developed a two-layer
framework by integrating adaptive control techniques and sampling-based
motion planning. The closed-loop system provably navigated to a desired
goal while avoiding collisions and compensating for the dynamic uncertainties.
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Figure 6.8: The evolution of the transformed errors εp(t), εv(t), ∀t ∈
[0, 60] sec.
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Figure 6.9: The evolution of the control inputs u(t) = [u1(t), u2(t)]>, ∀t ∈
[0, 60] sec.
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Figure 6.10: The evolution of the adaptation signal d̂(t), ∀t ∈ [0, 60] sec.

Finally, we developed a control scheme that guarantees asymptotic stability
for an uncertain 2nd-order system, while complying to funnel constraints,
by integrating adaptive and discontinuous control methodologies.





Chapter 7

Summary and Future Research
Directions

This chapter summarizes the content of the thesis and provides potential
future research directions.

7.1 Summary

In Chapter 2, we proposed a set of control algorithms for the cooperative
manipulation of rigid objects. We tackled first the case of rigid grasping con-
tacts, and developed closed-form adaptive control algorithms, compensating
for uncertainty in the dynamic parameters of the object and the agents, and
Nonlinear Model Predictive Control schemes, taking into account constraints
such as obstacle avoidance and input saturation. A Prescribed Performance
Control methodology has been also developed to achieve prescribed transient
and steady-state response for the object. Secondly, we considered the case of
rolling contacts, for which we developed novel centralized and decentralized
control algorithms that guarantee agents-object contact maintenance, along
with object reference tracking.

In Chapter 3, we tackled the problem of multi-agent formation and
its relation to rigid cooperative manipulation. Firstly, we developed a
robust model-free decentralized control scheme for the formation control of
a tree-graph multi-agent system with prescribed transient and steady-state
response, subject to collision and connectivity constraints. Secondly, we
associated rigid cooperative manipulation schemes to multi-agent rigidity
theory. We related the grasp matrix of the former to the rigidity matrix
of the latter and we used that to derive novel conditions for the internal
force-free cooperative manipulation.

In Chapter 4 we considered the problems of multi-agent navigation
and leader-follower coordination subject to collision and/or connectivity
constraints as well as uncertain dynamics. We first developed an adaptive
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control protocol for the problem of single-agent navigation in an obstacle-
cluttered environment with uncertain dynamics under almost all initial
conditions. This was extended to a prioritization-based decentralized scheme
for multi-agent systems. Secondly, we proposed a novel adaptive control
scheme for the leader-follower coordination, that is, navigation of a leader
agent to a predefined pose, while guaranteeing collision avoidance and
connectivity maintenance. Finally, we designed an adaptive control protocol
for the collision avoidance among ellipsoidal agents using a novel distance
metric for 3D ellipsoids.

In Chapter 5 we used previous continuous control schemes to derive
appropriate discrete abstractions and synthesize controllers for the satis-
faction of complex tasks expressed as temporal logic formulas. We first
considered local tasks for multi-agent systems, such as UAVs and robotic
manipulators, and then we focused on cases where unactuated objects have
their own specifications. We considered discretizations both using predefined
regions of interest as well as a full workspace partition. Collision avoidance
was taken into account to define safe transitions among the discrete states.
Linear and Metric Interval Temporal Logic formulas were applied and control
synthesis was performed using standard automata-based formal verification
techniques.

In Chapter 6 we developed extension algorithms for single-agent problems.
Firstly, we considered the motion planning problem of a single agent in
an obstacle-cluttered environment under timed temporal tasks. By using
previous results on safe timed navigation, we developed an algorithm that
guarantees the satisfaction of the timed specification as well as asymptotically
optimal performance in terms of energy efficiency. Secondly, we addressed
the problem of motion planning of high-dimensional complex systems in
obstacle-cluttered environments with uncertain dynamics. We integrated
adaptive control techniques with sampling-based motion planning algorithms
to develop a two-layer framework that guarantees the safe navigation of the
system to its goal. Finally, we developed a novel model-free adaptive control
scheme that guarantees asymptotic stability of a class of nonlinear systems
while respecting predefined funnel constraints.

7.2 Future Research Directions

Regarding the cooperative manipulation schemes of Chapter 2, a strong
assumption is that the agents operate away from kinematic singularities
(except for the NMPC frameworks). Future directions can aim at addressing
this issue and guarantee singularity avoidance. Moreover, grasp reconfigura-
tion that allows more modular schemes is a promising direction, as well as
fault-tolerant extensions of the current schemes. Finally, real-time experi-
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ments with robotic agents with soft fingertip-type end-effectors should be
attempted.

Regarding Chapter 3, future efforts can aim at extending the developed
formation control scheme to more general multi-agent graph structures as
well as taking into account collisions among all the agents. Moreover, one can
notice that the control law for provably achieving zero internal forces in the
rigid cooperative manipulation scheme, depending on the multi-agent rigidity
matrix, is centralized. Therefore, one might aim at extending the proposed
algorithm to a decentralized scheme as well as considering compliant grasping
contacts. Real-time experiments should be also conducted to showcase the
validity of the proposed conditions.

Regarding the multi-agent coordination of Chapter 4, future works can
address less conservative solutions for the multi-agent collision-free navigation.
This can be also attempted by using the proposed leader-follower scheme
and appropriate prioritization. Sampled inter-agent communication should
be also used to resemble more realistic scenarios. Regarding the proposed
ellipsoidal collision avoidance problem, one drawback that is required to be
tackled in future works is the fact that the scheme interferes with the main
assigned tasks, potentially causing them to fail (local minima scenarios).

Regarding Chapter 5, future directions are needed towards the general-
ization of the proposed multi-agent schemes to incorporate timed temporal
specifications. Regarding the multi-agent-object hybrid scheme that is based
on region-of-interest discretization, a decentralized extension must be con-
sidered. Moreover, failure of transition executions can be taken into account
via plan reconfiguration. Finally, future works should also focus on real-time
experiments to further validate the proposed frameworks.

Finally, regarding Chapter 6, future works are required to focus mainly
at extending the proposed frameworks to multi-agent schemes, as well as
incorporation of input saturation constraints.

As a final remark, another interesting topic of research is the consideration
of delays in the multi-agent communication, as well as the sampled feedback
and control realization, which have been neglected in this thesis.





Appendix A

Dynamical Systems

This Appendix provides preliminary background on the theory of dynamical
systems. We consider both smooth and non-smooth systems.

A.1 Lipschitz Continuous Systems

We start with defining standard results on the existence of solutions of
ODEs.

Consider the initial value problem:

ẋ = h(x, t), x(t0) ∈ Ω, (A.1)

with h : Ω× [t0,∞)→ Rn where Ω ⊂ Rn is a non-empty open set containing
the origin, and t0 ∈ R≥0.

Definition A.1. [? ] A solution x(t) of the initial value problem (A.1) is
maximal if it has no proper right extension that is also a solution of (A.1).

Theorem A.1. [? ] Let h : Ω̄ := Ω× [t0,∞)→ Rn from (A.1) satisfy the
following conditions:

1. For every x ∈ Rn, the function t → h(x, t) defined on Ωx := {t :
(x, t) ∈ Ω̄} is measurable. For every t ∈ R≥0, the function x→ h(x, t)
defined on Ωt := {x : (x, t) ∈ Ω̄} is continuous.

2. For every compact K ⊂ Ω̄, there exist constants CK , LK such that

‖h(x, t)‖ ≤ CK ,
‖h(x, t)− h(y, t)‖ ≤ LK‖x− y‖,

∀(x, t), (y, t) ∈ K.

Then the initial value problem (A.1) with h : Ω̄ → Rn and some x0 ∈ Ω,
has a unique and maximal solution x : [t0, tmax)→ Rn, with tmax > t0 and
(x(t), t) ∈ Ω̄,∀t ∈ [t0, tmax).
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Note that the second condition imposed in the aforementioned theorem
is a locally Lipschitz condition.

Theorem A.2. [? ] Let the conditions of Theorem A.1 hold in Ω̄ and let
x(t), t ∈ [t0, tmax) be a maximal solution of the initial value problem (A.1).
Then, either tmax =∞ or

lim
t→t−max

(
‖x(t)‖+

1

dS((x(t), t), ∂Ω̄)

)
=∞,

where dS : Rn × 2R
n

is the distance of a point x ∈ Rn to a set A, defined as
dS(x,A) := inf

y∈A
{‖x− y‖}.

Definition A.2. The origin x = 0 is the equilibrium point for (A.1) if

h(0, t) = 0,∀t ∈ [t0,∞)

We next provide the comparison function definitions, necessary for the
stability classification of the equilibrium point.

Definition A.3. ([? ? ]) A continuous function α : [0, a) → R≥0 is said
to belong to class K, if it is strictly increasing and α(0) = 0. It is said to
belong to class K∞ if a =∞ and limr→∞ α(r) =∞.

Definition A.4. ([? ? ]) A continuous function β : [0, a)× R≥0 → R≥0 is
said to belong to class KL, if:

• For each fixed s, β(r, s) ∈ K with respect to r.

• For each fixed r, β(r, s) is decreasing with respect to s and lims→∞ β(r, s) =
0.

It is said to belong to class KL∞ if, in addition, for each fixed s, the mapping
β(r, s) belongs to class K∞ with respect to r.

Now we can characterize the equilibrium point of (A.1) with respect to
its stability.

Definition A.5. ([? ? ]) The equilibrium point x = 0 of (A.1) is

• uniformly stable, if there exists a class K function γ(·) and a positive
constant c independent of t0, such that

‖x(t)‖ ≤ γ(‖x(t0)‖),∀t ≥ t0, ‖x(t0)‖ < c, (A.2)

• uniformly asymptotically stable, if there exists a class KL function
β(·, ·) and a positive constant c independent of t0, such that

‖x(t)‖ ≤ β(‖x(t0)‖, t− t0),∀t ≥ t0, ‖x(t0)‖ < c, (A.3)
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• exponentially stable, if (A.3) is satisfied with β(r, s) = kr exp(−αs),
k, α ∈ R≥0,

• globally uniformly stable, if (A.2) is satisfied with γ ∈ K∞ for any
initial state x(t0) and Ω = Rn,

• globally uniformly asymptotically stable, if (A.3) is satisfied with
β ∈ KL∞ for any initial state x(t0),

• globally exponentially stable, if (A.3) is satisfied for any initial state
x(t0) and with β(r, s) = kr exp(−αs), k, α ∈ R≥0.

The main Lyapunov stability theorem is then formulated as follows:

Theorem A.3. ([? ? ]) Let x = 0 be an equilibrium point of (A.1). Let
V : Ω× [t0,∞)→ R≥0 be a continuously differentiable function such that,
∀t ≥ t0, x ∈ Ω,

γ1(‖x‖) ≤ V (x, t) ≤ γ2(‖x‖),
∂V

∂t
+
∂V

∂x
h(x, t) ≤ −γ3(‖x‖).

Let r ∈ R such that B(0, r) ⊂ Ω. Then, the equilibrium point x = 0 of (A.1)
is

• uniformly stable, if γ1 and γ2 are class K functions on [0, r) and
γ3(·) ≥ 0 on [0, r),

• uniformly asymptotically stable, if γ1, γ2, and γ3 are class K functions
on [0, r),

• exponentially stable, if γi(ρ) = kiρ
α on [0, r), ki α ∈ R>0, ∀i ∈

{1, 2, 3},

• globally uniformly stable, if Ω = Rn, γ1 and γ2 are class K∞ functions,
and γ3(·) ≥ 0 on R≥0,

• globally uniformly asymptotically stable if Ω = Rn, γ1 and γ2 are class
K∞ functions, and γ3 is a class K function on R≥0,

• globally exponentially stable, if Ω = Rn, γi(ρ) = kiρ
α on R≥0, ki

α ∈ R>0, ∀i ∈ {1, 2, 3},

We provide next standard invariance results for time-invariant and time-
varying systems.
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Theorem A.4. (LaSalle [? ? ]) Let Ω ⊂ Rn be a positive invariant
non-empty set of the time-invariant ODE ẋ = hI(x), where hI : Ω→ Rn is
continuous and satisfies condition 2 of Theorem (A.1). Let V : Ω→ R≥0 be

a continuously differentiable function V (x) such that V̇ (x) ≤ 0, ∀x ∈ Ω. Let
E := {x ∈ Ω : V̇ (x) = 0}, and let M be the largest invariant set contained
in E. Then, every bounded solution x(t) starting in Ω converges to M as
t→∞.

Lemma A.1. (Barbalat [? ? ]) Let φ : R→ R be a uniformly continuous

function on [0,∞). Suppose that limt→∞
∫ t

0
φ(τ)dτ exists and is finite. Then,

lim
t→∞

φ(t) = 0.

We conclude the results for smooth systems with the standard ultimate
boundedness theorem.

Theorem A.5. ([? ? ]) Let x = 0 be an equilibrium point of (A.1). Let
V : Ω× [t0,∞)→ R be a continuously differentiable function such that

γ1(‖x‖) ≤ V (x) ≤ γ2(‖x‖)
∂V

∂t
+
∂V

∂x
h(x, t) ≤ −W (x),∀‖x‖ ≥ µ > 0,

∀t ≥ 0, x ∈ Ω, where γ1, γ2 are class K functions and W is a continuous
positive definite function. Take r > 0 such that B(0, r) ⊆ Ω and suppose
that µ < γ−1

2 (γ1(r)). Then, there exist a class K∞ function γ3 and for every
initial state x(t0) satisfying ‖x(t0)‖ ≤ γ−1

2 (γ1(r)), there exists a T ≥ 0 such
that

‖x(t)‖ ≤ γ3(‖x(t0)‖),∀ t0 ≤ t ≤ T,
‖x(t)‖ ≤ γ−1

1 (γ2(µ)),∀t > T.

Moreover, if Ω = Rn and γ1 belongs to class K∞, then the aforementioned
result holds for any initial state x(t0), with no restriction on how large µ is.

Note that the aforementioned results also apply for the case where x
evolves in a manifold, by changing the ‖ · ‖ metric to the respective manifold
one.

A.2 Systems with Discontinuous
Right-Hand-Side

This section provides some equivalent results for non-smooth systems.
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Consider the following differential equation with a discontinuous right-
hand side:

ẋ = h(x, t), (A.4)

where h : Ω × [t0,∞) → Rn, Ω ⊂ Rn, is Lebesgue measurable and locally
essentially bounded, uniformly in t. The Filippov regularization of f is
defined as [? ]

K[f ](x, t) :=
⋂
δ>0

⋂
µ(N̄)=0

co(f(B(x, δ)\N̄), t), (A.5)

where
⋂
µ(N̄)=0 is the intersection over all sets N̄ of Lebesgue measure zero,

and co(E) is the convex closure of a set E. We are interested in the Filippov
solutions of (A.4):

Definition A.6 ([? ]). A function x : [t0, t1)→ Rn, with t1 > t0, is called
a Filippov solution of (A.4) on [t0, t1) if x(t) is absolutely continuous and
if, for almost all t ∈ [t0, t1), it satisfies ẋ ∈ K[h](x, t), where K[h](x, t) is the
Filippov regularization of h(x, t).

The existence of Filippov solutions is given next.

Proposition A.1 ([? ]). Let ẋ ∈ K[h](x, t), where K[h](x, t) is the Filippov
regularization of h(x, t). Let also h(x, t) be measurable and locally essentially
bounded in x over Ω, and measurable in t over [t0,∞). Then, there exists a
Fillipov solution x : [t0, t1)→ Rn of (A.4).

We next provide the definitions for regular functions and generalized
gradients.

Definition A.7 ([? ]). Given a function h : Rm → Rn, the right directional
derivative of h at x ∈ Rm in the direction of v ∈ Rm is defined as

f ′(x, v) := lim
t→0+

f(x+ tv)− f(x)

t
.

Additionally, the generalized directional derivative of h at x in the direction
of v is defined as

fo(x, v) := lim
y→x

sup
t→0+

f(x+ tv)− f(y)

t
.

Definition A.8 ([? ]). A function h : Rm → Rn is said to be regular at
x ∈ Rm if for all v ∈ Rm, the right directional derivative of h at x in the
direction of v exists and f ′(x, v) = fo(x, v).



346 Dynamical Systems

Definition A.9 ([? ]). For a function V : Rn × [t0,∞)→ R that is locally
Lipschitz in (x, t), define the generalized gradient of V at (x, t) by

∂V (x, t) := co {lim∇V (x, t) : (xi, ti)→ (x, t), (xi, ti) /∈ ΩV } ,

where ΩV is the set of measure zero where the gradient of V is not defined.

Lemma A.2 ([? ]). Let x(t) be a Filippov solution of (A.4) and V :
Ω × [t0, t1) → R be a locally Lipschitz, regular function. Then V (x(t), t)
is absolutely continuous, V̇ (x(t), t) = ∂

∂tV (x(t), t) exists almost everywhere

(a.e.), i.e., for almost all t ∈ [t0, t1), and V̇ (x(t), t)
a.e∈ ˙̃

V (x(t), t), where

˙̃
V :=

⋂
ξ∈∂V (x,t)

ξ>
[

K[f ](x, t)
1

]
.

Finally, we provide the main invariance and stability result for the
non-smooth type (A.4).

Theorem A.6 ([? ]). For the system given in (A.4), let Ω ⊂ Rn be an
open and connected set containing x = 0 and suppose that f is Lebesgue
measurable and x 7→ f(x, t) is essentially locally bounded, uniformly in
t. Let V : Ω × [t0, t1) → R be locally Lipschitz and regular such that
W1(x) ≤ V (x, t) ≤W2(x), ∀t ∈ [t0, t1), x ∈ Ω, and

z ≤ −W (x(t)), ∀z ∈ ˙̃
V (x(t), t), t ∈ [t0, t1), x ∈ Ω,

where W1 and W2 are continuous positive definite functions and W is a
continuous positive semi-definite on Ω. Choose r > 0 and c > 0 such
that B̄(0, r) ⊂ Ω and c < min‖x‖=rW1(x). Then for all Filippov solutions
x : [t0, t1) → Rn of (A.4), with x(t0) ∈ D := {x ∈ B̄(0, r) : W2(x) ≤ c}, it
holds that t1 =∞, x(t) ∈ Ω, ∀t ∈ [t0,∞), and limt→∞W (x(t)) = 0.

A.3 Reduction Principle

Consider now the autonomous time-invariant version of (A.1)

ẋ = hI(x), (A.6)

where hI : Ω→ Rn is sufficiently smooth, and x = 0 is an equilibrium point,
i.e., hI(0) = 0. Let A := ∂hI

∂x

∣∣
x=0

be the respective Jacobian matrix with n+

eigenvalues with positive real part, n− eigenvalues with negative real part,
and n0 eigenvalues with zero real part. Let T c denote the linear (generalized)
eigenspace of A corresponding to the union of the n0 eigenvalues on the
imaginary axis. The next theorem provides the center manifold existence
around the equilibrium point.
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Theorem A.7 ([? ]). There is a locally defined smooth n0-dimensional
invariant manifold W c(0) of (A.6) that is tangent to T c at x = 0.

System (A.6) can be written as

u̇ = Bu+ g(u, v), (A.7a)

v̇ = Cv + h(u, v), (A.7b)

where u ∈ Rn0 , v ∈ Rn++n, B ∈ Rn0×n0 is a matrix with all its n0 eigenvalues
on the imaginary axis, while C ∈ R(n++ni)×(n++ni) has no eigenvalue on the
imaginary axis. The functions g and h have Taylor expansions starting with
at least quadratic terms. The center manifold W c of system (A.7) can be
locally represented as a graph of a smooth function V (·) as W c = {(u, v) :
v = V (u)}.

Theorem A.8 ([? ]). System (A.7) is locally topologically equivalent near
the origin to the system

u̇ = Bu+ g(u, V (u)),

v̇ = Cv





Appendix B

Funnel Control

This Appendix provides preliminary background on funnel control and in
particular, Prescribed Performance Control (PPC).

Funnel control describes the behavior where the output of the system is
confined to a predefined funnel, as depicted in Fig. B.1. A special instance
of funnel control, which this thesis focuses on, is Prescribed Performance
Control, proposed in [? ], and describes the behavior where a tracking error
e : [t0,∞)→ R, with t0 ∈ R≥0, evolves strictly within a predefined region
that is bounded by certain functions of time, achieving prescribed transient
and steady-state performance. The mathematical expression of prescribed
performance is given by the inequalities:

− ρL(t) < e(t) < ρU (t), ∀t ≥ t0,

where ρL(t), ρU (t) are smooth and bounded functions of time satisfying
lim
t→∞

ρL(t) > 0 and lim
t→∞

ρU (t) > 0, called performance functions.

Although the functions ρL(t), ρU (t) can be any bounded functions, it is
usually preferred to be decaying functions. A particular interesting instance
is the choice of the exponential performance functions ρi(t) := (ρi,0 −
ρi,∞) exp(−lit) + ρi,∞, with ρi,0, ρi,∞, li ∈ R>0, i ∈ {U,L}, appropriately
chosen constants, the terms ρL,0 := ρL(0), ρU,0 := ρU (0) are selected such
that ρU,0 > e(0) > ρL,0 and the terms ρL,∞ := lim

t→∞
ρL(t), ρU,∞ := lim

t→∞
ρU (t)

represent the maximum allowable size of the tracking error e(t) at steady
state, which may be set arbitrarily small to a value reflecting the resolution
of the measurement device, thus achieving practical convergence of e(t) to
zero. Moreover, the decreasing rate of ρL(t), ρU (t), which is affected by
the constants lL, lU in this case, introduces a lower bound on the required
speed of convergence of e(t). Therefore, the appropriate selection of the
performance functions ρL(t), ρU (t) imposes performance characteristics on
the tracking error e(t).

The systems considered are general nonlinear systems of the form

ẋ = f(x, t) + g(x, t)u
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where f, g : Rn × [t0,∞) → Rn are unknown functions satisfying certain
continuity and controllability properties. We describe briefly the control
design as well as the intuition behind it. Firstly, given a desired signal xd

and an error e = x− xd ∈ Rn, as well as a choice of performance functions
ρj(t), for each component j ∈ {1, . . . , n}, we define the normalized error

ξ := [ξ1, . . . , ξn]> := P−1e,

where P := diag{[ρi]i∈{1,...,n}}, as well as the transformation ε : (−1, 1)n →
Rn, with

ε :=
[
ln
(

1+ξ1
1−ξ1

)
, . . . , ln

(
1+ξn
1−ξn

)]>
.

Intuitively, in order to guarantee ξ ∈ (−1, 1)n, we need to guarantee that ε
is bounded. This is attempted via the choice of control law

u = −kP−1 ∂ε

∂ξ
ε,

which acts as a barrier function, i.e., it increases to infinity as ξ approaches
the boundary of (−1, 1)n. Local existence of solutions guarantees that
there exists a maximal time τ > t0 such that ξ(t) ∈ (−1, 1)n, ∀t ∈ [t0, τ).
Differentiating thus the well-defined (for t ∈ [t0, τ)) Lyapunov function
candidate V := 1

2‖ε‖2 yields

V̇ =ε>
∂ε

∂ξ

>
P−1(f(x, t)− kg(x, t)P−1 ∂ε

∂ξ
ε− ẋd − Ṗ ξ)

≤− kε> ∂ε
∂ξ

>
P−1g(x, t)P−1 ∂ε

∂ξ
ε+

∥∥∥∥P−1 ∂ε

∂ξ
ε

∥∥∥∥∥∥∥f(x, t)− ẋd − Ṗ ξ
∥∥∥ .

By assuming Lipschitz f(·, t), uniform bounded f(x, ·), and positive definite
g(x, t), we use the boundedness of ξ(t) ∈ (−1, 1)n, ∀t ∈ [t0, τ) to conclude
that the second term above is bounded by a constant F̄ , ∀t ∈ [t0, τ). Hence

it turns out that V̇ < 0 when
∥∥∥∂ε∂ξ ε∥∥∥ > F

kλmin(g(x,t)) , from which we can

conclude the ultimate boundedness of ε(t) in a compact set, and hence that
τ =∞.
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Figure B.1: Illustration of funnel control, where the error e(t) is confined in
the prescribed funnel defined by the functions ρL(t), ρU (t).





Appendix C

Navigation Functions

This Appendix provides preliminary background on navigation functions.
Navigation functions, initially proposed in [? ] for single-point-sized

robot navigation, are real-valued maps realized through cost functions, whose
negated gradient field is attractive towards the goal configuration (referred
to as the good or desirable set) and repulsive with respect to the obstacles
set (referred to as the bad set which we want to avoid). We provide here a
brief overview of the multi-agent versions introduced in [? ] and [? ].

C.1 Multirobot Navigation Functions (MRNFs)

Consider N ∈ N spherical robots, with center qi ∈ Rn, n ∈ N, and radius
ri ∈ R>0, i.e., B̄(qi, ri), i ∈ N , operating in an open spherical workspace
W := B(0, r0) of radius r0 ∈ R>0. Each robot has a destination point
qdi ∈ Rn, i ∈ N , and qd := [q>d1

, . . . , q>dN ]>. Let F ⊂ Rn be a compact
connected analytic manifold with boundary. A map ϕ : F → [0, 1] is a
Multirobot Navigation Function (MRNF) if

1. It is analytic on F ,

2. It has only one minimum at qd ∈ Int(F ),

3. Its Hessian at all critical points is full rank,

4. lim
q→∂F

= 1 > ϕ(q′), ∀q′ ∈ Int(F ),

where q := [q>1 , . . . , q
>
N ]> ∈ RNn. The class of MRNFs has the form

ϕ(q) :=
γ(q)(

γ(q)κ +G(q)
) 1
κ

,

where γ(q) := ‖q − qd‖2 is the goal function, G(q) is the obstacle function,
and κ is a tunable gain; γ−1(0) denotes the desirable set and G−1(0) the set
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we want to avoid. Next we provide the procedure for the construction of the
function G.

A robot proximity function, a measure for the distance between two
robots i, l ∈ N , is defined as βi,l(qi, ql) := ‖qi−ql‖2−(ri+rl)

2, ∀i, l ∈ N , i 6= l.
The term relation is used to describe the possible collision schemes that
can be defined in a multirobot team, possibly including obstacles. The set
of relations between the members of the team can be defined as the set of
all possible collision schemes between the members of the team. A binary
relation is a relation between two robots. Any relation can be expressed as
a set of binary relations. A relation tree is the set of robot/obstacles that
form a linked team. Each relation may consist of more than one relation
tree. The number of binary relations in a relation is called relation level.
Illustrative examples can be found in [? ]. A relation proximity function
(RPF) provides a measure of the distance between the robots involved in
a relation. Each relation has its own RPF. A RPF is the sum of the robot
proximity functions of a relation. It assumes the value of zero whenever
the related robots collide (since the involved robot proximity functions will
be zero) and increases with respect to the distance of the related robots.
The RPF of relation j at level k is given by (bRj )k :=

∑
(i,m)∈(Rj)k

βi,m, where

we omit the arguments qi, qk for notational brevity. A relation verification
function (RVF) is defined as

gRj := (bRj )k + λ
(bRj )k

(bRj )k + (B(RCj )k
)

1
h

,

where λ, h > 0, and RCj is the complementary to Rj set of relations in the
same level k, j is an index number defining the relation in level k, and
BRCj

:=
∏

m∈RCj

bm. The RVF serves as an analytic switch, which goes to zero

only when the relation it represents is realized. By further introducing the

workspace boundary obstacle functions as G0 :=
∏
i∈N

{
(r0 − ri)2 − ‖qi‖2

}
,

we can define G := G0

∏nL
L=1

∏nR,L
j=1 (gRj )L, where nL is the number of levels

and nR,L the number of relations in level L. It has been proved that, by
choosing the parameter κ large enough, the negated gradient field −∇qϕ(q)
leads to the destination configuration qd, from almost all initial conditions
[? ].

C.2 Decentralized Navigation Functions (DNFs)

Consider now the class of decentralized navigation functions, which has

the form ϕi : Fi → [0, 1], with ϕi(q) :=
γi(qi) + fi(Gi)

(γi(qi)λi +Gi(q))1/κi
. The key

difference in this case is the term Gi : R3N → R that is associated with the
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collision avoidance property of agent i with the rest of the team and is based
on the inter-agent decentralized distance function [? ]: βij : R3 × R3 → R
with

βij(pi, pj) :=

{
‖pi − pj‖2 − (ri + rj)

2, if j ∈ Ni
d2
si − (ri + rj)

2, if j /∈ Ni,
that represents the distance between agents i and j ∈ Ni. The term
fi : R→ R is used in order to avoid inter-agent collisions in case one or more
agents that take part in a collision scheme are very close to their goals. Note
that in that case, the classical form of ϕi would yield values very close to 0,
since agent i is very close to its goal, without actively taking part in avoiding
potential collisions. The term fi, therefore, forces agent i to avoid potential
collisions. Analytic expressions for Gi and fi can be found in [? ]. With the

aforementioned tools, the control law for agent i is ui = −ki
∂ϕi(p)

∂pi
, which,

as shown in [? ], drives all agents to their goal positions and guarantees
inter-agent collision-avoidance.





Appendix D

Nonlinear Model Predictive
Control

This Appendix provides preliminary background on Nonlinear Model Pre-
dictive Control (NMPC).

Nonlinear Model Predictive Control has become an attractive feedback
control strategy in applications where, except for stabilization or trajectory
tracking of a system, certain state and input constraints must be also satisfied
[? ? ? ]. In general, the NMPC is formulated as solving at each sampling
time step an online Finite Horizon Optimal Control Problem (FHOCP)
subject to system dynamics and state and input constraints. Based on
measurements obtained at each sampling time step, the controller predicts
the dynamic behavior of the system over a predictive horizon in the future
and determines the input such that a predetermined open-loop performance
objective is minimized. In order to incorporate feedback, the optimal open-
loop input is implemented only until the next sampling time step. Using
the new system state at the next sampling time step, the whole procedure
(prediction and optimization) is repeated, moving the control and prediction
horizon forward. Summarizing, a standard NMPC scheme works as follows

1. Obtain estimates of the states of the system.

2. Calculate a constraint-conforming optimal input minimizing the desired
cost function over the prediction horizon using the system model and
the current state estimate for prediction.

3. Implement the first part of the optimal input until the next sampling
time step.

4. Go to step 1.

More technically, consider the stabilization problem for a class of systems
described by the following nonlinear dynamical system:

ẋ = f(x, u), (D.1)
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with f : Rn×Rm → Rn is locally Lipschitz continuous and satisfies f(0, 0) =
0. The system is subject to the following input and state constraints:

u ∈ U ⊂ Rm, x ∈ X ⊂ Rn,

respectively, where U is compact and X is connected, and (0, 0) ∈ X × U .
Denote by h ∈ R>0, Tp > h the sampling step and the finite prediction
horizon, respectively. Consider a sequence of sampling times {tj}, j ∈ N.
Then, at every sampling time step tj , the following FHOCP is solved:

min
û(·)

{
E(x̂(tj + Tp)) +

∫ tj+Tp

tj

F (x̂(s), û(s))

}
(D.2a)

subject to: (D.2b)

˙̂x(s) = f(x̂(s), û(s)), x̂(tj) = x(tj), (D.2c)

x̂(s) ∈ X , û(s) ∈ U , s ∈ [tj , tj + Tp], (D.2d)

x̂(tj + Tp) ∈ E , (D.2e)

where F and E are running and terminal costs, respectively, usually chosen
as

F (x, u) :=x>Qx+ u>Ru

E(x) :=x>Px,

?where P ∈ Rn×n and R ∈ Rm×m are positive definite matrix and Q ∈ Rn×n
a positive semi-definite weight matrix. The hat ·̂ denotes predicted variables
(internal to the controller), i.e., x̂(·) is the solution of (D.2) driven by the
input û(·) : [tj , tj + Tp] → U with the initial condition x(tj). Due to the
fact that a finite prediction horizon is used, the actual closed-loop input
and state trajectories will differ from the predicted open-loop trajectories,
even if no model plant mismatch and no disturbances are present. This is
the key difference between standard control strategies, where the feedback
control law is obtained a priori, and NMPC, where the feedback control
law is obtained online. Since a finite horizon approach is used, the terminal
set E is introduced and is appropriately designed as described in [? ? ] in
order to guarantee the stability of the closed-loop system. The solution to
FHOCP (D.2) is denoted by û?(·, x(tj)). It defines the open-loop input that
is applied to the system until the next sampling time step tj+1 as

u(s;x(tj)) = û?(s;x(tj)), s ∈ [tj , tj+1).

The control input u(s;x(tj)) is a feedback control law, since it is re-calculated
at each sampling instant using the new state information. The solution of
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(D.1) from an initial state x(tj), applying an input u : [tj , tj+1] → Rm is
denoted by x(s;u(·), x(tj)), s ∈ [tj , tj+1]. We next define the admissible
control input.

Definition D.1. A control input u : [0, Tp]→ Rm for a state x0 is called
admissible, if

1. it is piecewise continuous;

2. u(s) ∈ U ,∀ s ∈ [0, Tp];

3. x(s;u(·), x0) ∈ X ,∀ s ∈ [0, Tp];

4. x(Tp;u(·), x0) ∈ E ;

The following theorem states the stability results for NMPC.

Theorem D.1 ([? ]). Consider system (D.1) and suppose that

• the NMPC open-loop optimal control problem (D.2) is feasible at t = 0

• the terminal set E ⊆ X is closed with 0 ∈ E and the terminal cost E(x)
is cont. differentiable and positive definite

• the terminal set and terminal cost are chosen such that, ∀x ∈ E,
there exists an (admissible) input uE : [0, δ] → U such that x(s) ∈ E,
∀s ∈ [0, δ], and

∂E

∂x
f(x(s), uE(s)) + F (x(s), uE(s)) ≤ 0,∀s ∈ [0, δ]

Then, the closed-loop system is asymptotically stable with the region of
attraction being the sets of states for which the an admissible input exists.





Appendix E

Graph Theory and Rigid
Frameworks

This Appendix provides preliminary background on graph theory and rigid
frameworks.

E.1 Graph Theory

An undirected graph G is a pair (N , E), where N := {1, . . . , N} is a finite set
of N ∈ N nodes, representing a team of agents, and E ⊆ {(i, j) ∈ N 2 : i < j},
with K = |E|, is the set of edges that model the communication capabilities
between neighboring agents. For each agent, its neighboring set Ni is defined
as Ni := {j ∈ N s.t. (i, j)} ∈ E}. A directed graph is formed by the edges
being E ⊆ {(i, j) ∈ N 2 : i 6= j}, i.e., (i, j) ∈ E does not necessarily imply
(j, i) ∈ E . The complete graph of N nodes, N > 1, is denoted by KN .

If there is an edge (i, j) ∈ E , then i, j are called adjacent. A path of
length r from vertex i to vertex j is a sequence of r + 1 distinct vertices,
starting with i and ending with j, such that consecutive vertices are adjacent.
For i = j, the path is called a cycle. If there is a path between any two
vertices of the graph G, then G is called connected. A connected graph is
called a tree if it contains no cycles.

Consider an arbitrary orientation of G, which assigns to each edge (i, j) ∈
E precisely one of the ordered pairs (i, j) or (j, i). When selecting the pair
(i, j), we say that i is the tail and j is the head of the edge (i, j). By
considering a numbering k ∈ K := {1, . . . ,K} of the graph’s edge set, we
define the incidence matrix D(G) := [dik] ∈ RN×M as

dik =


1, if i is the head of edge k,

−1, if i is the tail of edge k,

0, otherwise.

Moreover, the incidence matrix satisfies the following important property.
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Property E.1. Consider the incidence matrix D(G) of an arbitrary graph
G as D(G) = [d1, . . . , dN ]> ∈ RN×M , where d>i ∈ RM are the rows of D.
Then it holds that

∑
i∈{1,...,N} di = 0, i.e., the rows of the incidence matrix

sum up to zero.

Lemma E.1. [? , Section III] Assume that the graph G is a connected
tree. Then, D(G)>∆D(G) is positive definite for any positive definite matrix
∆ ∈ RN×N .

E.2 Rigidity Theory

We review here some necessary notions on distance and bearing rigidity.

E.2.1 Distance Rigidity in Rn

Let an undirected graph (G, E) and pi ∈ Rn be the position of node i ∈ N .
Let also p := [p>1 , . . . , p

>
N ]> ∈ RnN . A framework in Rn is the tuple (G, p).

We assume that the nodes are not collinear in Rn or occupy the exact same
position.

Definition E.1. Two frameworks (G, p) and (G, p′) are distance equivalent
if ‖pi − pj‖ = ‖p′i − p′j‖, ∀(i, j) ∈ E .

Definition E.2. Two frameworks (G, p) and (G, p′) are distance congruent
if ‖pi − pj‖ = ‖p′i − p′j‖, ∀i, j ∈ N .

Definition E.3. A framework (G, p) is distance rigid if there exists a
constant ε ∈ R>0 such that any framework (G, p′) that is distance equivalent
to (G, p) and satisfies ‖p′ − p‖ < ε is also distance congruent to it.

Definition E.4. A framework (G, p) is globally distance rigid if an arbitrary
framework that is distance equivalent to (G, p) is also distance congruent to
it.

Consider an orientation assigned to G, as described in the previous section,
as well as a numbering K := {1, . . . ,K}, K := |E|. Let the interneighbor
distances be expressed by pk := pi − pj , ∀k = (i, j) ∈ E . Define the distance
function FD : RNn → RKn as

FD(p) :=
1

2

[
‖p1‖2, . . . , ‖pK‖

]>
The distance rigidity matrix is defined as the respective Jacobian

RD(p) :=
∂FD(p)

∂p
∈ RK×Nn
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Let now δp ∈ RNn be a variation of the configuration p. If RDδp = 0,
then δp is an infinitesimal distance motion of (G, p). An infinitesimal distance
motion is trivial if it corresponds only to a translation and a rotation of the
entire framework.

Definition E.5. A framework is infinitesimally rigid if all the infinitesimal
distance motions are trivial.

Lemma E.2. A framework (G, p) is infinitesimally rigid if

• rank(RD(p)) ≥ 2N − 3, if n = 2

• rank(RD(p)) ≥ 3N − 6, if n = 3

E.2.2 Bearing Rigidity in SE(3)

Let a directed graph (G, E) and now xi := (pi, Ri) ∈ SE(3) be the pose of
node i ∈ N . Let also x := (xi, . . . , xN ) ∈ SE3N . A framework in SE(3) is
the tuple (G, x). We assume that the nodes are not collinear in Rn or occupy
the exact same position.

Let bk : SE(3)2 → S2 be the relative bearings, with

bk(xi, xj) := R>i
pi − pj
‖pi − pj‖

,∀k = (i, j) ∈ E

as well as bG(x) := [b>1 , . . . , d
>
K ]> ∈ S2N .

Definition E.6. Two frameworks (G, x) and (G, x′) are bearing equivalent
if

R>i
pi − pj
‖pi − pj‖

= R
′>
i

p′i − p′j
‖p′i − p′j‖

,∀(i, j) ∈ E

Definition E.7. Two frameworks (G, x) and (G, x′) are bearing congruent
if

R>i
pi − pj
‖pi − pj‖

= R
′>
i

p′i − p′j
‖p′i − p′j‖

,∀i, j ∈ N

Definition E.8. A framework (G, x) is globally bearing rigid in SE(3) if
every framework which is equivalent to it is also congruent to it.

Definition E.9. A framework (G, x) is bearing rigid in SE(3) if there exists
a neighborhood S ⊂ SE(3)N of x such that

b−1
KN (bKN (x)) ∩ S = b−1

G (bG(x)) ∩ S
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Similar to distance rigidity, the respective rigidity matrix is defined as

RG(x) := ∂bG(x)
∂x , whose null-space describes the infinitesimal bearing motions

of (G, x) in SE(3). An infinitesimal bearing motion in SE(3) is trivial if it
corresponds only to a translation, rotation, or dilation of the framework.
The infinitesimal bearing rigidity in SE(3) follows from Definition E.5.

Lemma E.3. A framework (G, x) is infinitesimally bearing rigid in SE(3)
if and only if null(RG(x)) = null(RKN (x)), or, equivalently, rank(RG(x)) =
6N − 7.



Appendix F

Temporal Logics-based Task
Specification

This Appendix provides preliminary background on specifications expressed
as temporal logic formulas.

F.1 Task Specification in LTL

Definition F.1. A transition system (T S) is a tuple T := (Π,Π0,→,Ψ,L),
where Π is a discrete finite set of states, Π0 is a discrete finite set of initial
states, →⊆ Π × Π is a transition relation, Ψ is a discrete set of atomic
propositions1, and L : Π → 2Ψ is a labeling function that assigns to each
state the atomic propositions that are true in that state.

Definition F.2. A run of a T S is an infinite sequence

rT S := π1π2π3 . . . ,

with π1 ∈ Π0, πi ∈ Π, ∀i ∈ N.

Definition F.3. A word wT S of a run rT S is the infinite sequence

wT S(rT S) = w1w2w3, . . . ,

where wi ∈ 2Ψ, wi = L(πi),∀i ∈ N.

We focus on the task specification Φ given as a Linear Temporal Logic
(LTL) formula. The basic ingredients of a LTL formula are a set of atomic
propositions Ψ and several boolean and temporal operators. LTL formulas
are formed according to the following grammar [? ]: Φ ::= true | a | Φ1 ∧
Φ2 | ¬Φ | © Φ | Φ1 ∪ Φ2, where a ∈ Ψ, Φ1 and Φ2 are LTL formulas and ©,
∪ are the next and until operators, respectively. Definitions of other useful

1boolean variables that are either true or false in a given state
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operators like � (always), ♦ (eventually) and ⇒ (implication) are omitted
and can be found at [? ]. The semantics of LTL are defined over infinite
words over 2Ψ. Intuitively, an atomic proposition ψ ∈ Ψ is satisfied on a word
wT S = w1w2w3 . . . if it holds at its first position w1, i.e. ψ ∈ w1, denoted as
wT S |= Φ. Formula ©Φ holds true if Φ is satisfied on the word suffix that
begins in the next position w2, whereas Φ1 ∪ Φ2 states that Φ1 has to be
true until Φ2 becomes true. Finally, ♦Φ and �Φ holds on wT S eventually
and always, respectively. For a full definition of the LTL semantics, the
reader is referred to [? ].

A LTL formula Φ over a set of atomic propositions Ψ can be translated
to a Büchi Automaton AΦ [? ]. Then, by calculating the product of the

transition system T S = (Π,Π0,→,Ψ,L) with AΦ as T̃ S := T S ⊗ AΦ, we
can find the runs of T S that satisfy the formula Φ. These runs can then be
projected back to T S, providing paths over Π that satisfy Φ. More details
regarding the technique can be found in [? ].

F.2 Task Specification in MITL

Definition F.4. A Weighted Transition System (WT S) is a tuple

WT S := (Π,Π0,→,Ψ,L, γ),

where Π is a discrete finite set of states, S0 ⊆ S is a discrete finite set of
initial states, →⊆ Π×Π is a transition relation, Ψ is a finite set of atomic
propositions, L : Π→ 2Ψ is a labeling function and γ : (→)→ R≥0 is a map
that assigns a positive weight to each transition.

Definition F.5. [? ] The time sequence t1t2t3 . . . is an infinite sequence of
time values tj ∈ R≥0,∀j ∈ N, satisfying the following constraints:

• Monotonicity: tj < tj+1,∀j ∈ N.

• Progress: ∀t′ ∈ R≥0,∃j ≥ 1 such that tj ≥ t′.

Definition F.6. Let Ψ be a finite set of atomic propositions. A timed word
w over Ψ is an infinite sequence

w = (w1, t1)(w2, t2), . . . ,

where w1w2 . . . is an infinite word over 2Ψ and t1t2 . . . is a time sequence
according to Definition F.5.

Definition F.7. A timed run of a WT S is an infinite sequence

rWTS = (r1, t1)(r2, t2) . . . ,
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such that r1 ∈ Π0, and rj ∈ Π, (rj , rj+1) ∈ →,∀j ∈ N. The time stamps tj
are inductively defined as

1. t1 = 0,

2. tj+1 = tj + γ(rj , rj+1),∀j ∈ N.

The timed run rWTS generates the timed word

wWTS(rWTS) = w1(r1)w2(r2) · · · = (L(r1), t1)(L(r2), t2) . . .

over the set 2Ψ, where L(rj) is the subset of atomic propositions that are
true at state rj at time tj , ∀j ∈ N.

The syntax of Metric Interval Temporal Logic (MITL) over a set of
atomic propositions Ψ is defined by the grammar

Φ := p | ¬Φ | Φ1 ∧ Φ2| ©I Φ | ♦IΦ |�IΦ | Φ1UIΦ2,

where p ∈ Ψ, and ©,♦,� and U are the next, future, always and until
operators, respectively; I is a nonempty time interval in one of the following
forms: [i1, i2], [i1, i2), (i1, i2], (i1, i2), [i1,∞), (i1,∞) with i1, i2 ∈ R≥0, i2 >
i1. MITL can be interpreted either in continuous or point-wise semantics.
We utilize the latter and interpret MITL formulas over timed runs such as
the ones produced by a WT S.

Definition F.8. [? ? ] Given a run rWTS = (r1, t1)(r2, t2) . . . of a WTS
and a MITL formula Φ, we define (rWTS , j) |= φ, j ∈ N (rWTS satisfies Φ at
j) as follows:

(rWTS , j) |=p⇔ p ∈ L(rj),

(rWTS , j) |=¬Φ⇔ (rWTS , j) 6|= Φ

(rWTS , j) |=Φ1 ∧ Φ2 ⇔ (rWTS , j) |= Φ1 and (rWTS , j) |= Φ2

(rWTS , j) |=©I Φ⇔ (rWTS , j + 1) |= Φ and tj+1 − tj ∈ I
(rWTS , j) |=Φ1UIΦ2 ⇔ ∃k, j, with j ≤ k, s.t. (rWTS , k) |= Φ2, tk − tj ∈ I

and (rWTS ,m) |= Φ1,∀m ∈ {j, . . . , k}

Also, ♦IΦ = >UIΦ and �IΦ = ¬♦I¬Φ. The sequence rWTS satisfies Φ,
denoted as rWTS |= Φ, if and only if (rWTS , 1) |= Φ.

We provide next a description of Timed Büchi Automata (TBA), originally
proposed in [? ]. Let CL := {cl1, . . . , cl|CL|} be a finite set of clocks. The set
of clock constraints Φ(CL) is defined by the grammar:

φ ::= > | ¬φ | φ1 ∧ φ2 | cl ./ ψ,
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where cl ∈ CL is a clock, ψ ∈ Q is a clock constraint, and ./∈ {<,>,≥,≤,=}.
A clock valuation is a mapping v : CL→ R that assigns a value to each clock.
A clock cli has valuation vi for i ∈ {1, . . . , |CL|}. Given v := (v1, . . . , v|CL|)
and t ∈ R≥0, we denote by v |= φ and t |= φ the fact that the valuation v
and the time instant t, respectively, satisfy the clock constraint φ.

Definition F.9. A Timed Büchi Automaton is a tuple

At := (Q,Q0,CL,Ψ, E, F ),

where Q is a finite set of locations, Q0 ⊆ Q is the set of initial locations, CL
is a finite set of clocks, Ψ is a finite set of atomic propositions that defines
the input alphabet 2Ψ, E ⊂ Q×Φ(CL)× 2CL× 2Ψ×Q gives the set of edges
of the form e = (q, g, R, α, q′), where q, q′ are the source and target locations,
g is the guard of edge, R is a set of clocks to be reset upon executing the
edge, and α is an input string; finally, F ⊆ Q is a set of accepting locations.

A state of At is a pair (q, v) ∈ R × R|CL|. The initial state of At is
(q0, 0|CL|), with q0 ∈ Q0. Given two states (q, v), (q′, v′), and an edge

e = (q, g, R, α, q′), there exists a discrete transition (q, v)
e−→ (q′, v′) if

v |= g. Moreover, v′i = 0, ∀cli ∈ R, and v′i = vi, ∀cli /∈ R. Given δ ∈ R,

there exists a time transition (q, v)
δ−→ (q′, v′) if q = q′ and v′ = v + δ

(component-wise summation). We write (q, v)
δ−→ e−→ (q′, v′) if there exists

q′′, v′′ such that (q, v)
δ−→ (q′′, v′′) and (q′′, v′′)

e−→ (q′, v′), with q′′ = q.
An infinite run of At starting at a state (q1, v1) is an infinite sequence of

time and discrete transitions (q1, v1)
δ1−→ (q′1, v

′
1)

e1−→ (q2, v2)
δ2−→ (q′2, v

′
2) . . . ,

where ei = (qi, gi, Ri, σi, q
′
i), ∀i ∈ N. This run corresponds to the timed word

wt = (σ1, τ1)(σ2, τ2), with τi+1 = τi + δi, ∀i ∈ N. The run is called accepting
if qj ∈ F for infinitely many j ∈ N. A timed word is called accepting if
there exists an accepting run associated with it. The problem of deciding
the language emptiness of a given TBA is PSPACE-complete [? ]. In other
words, an accepting run of a given TBA can be synthesized, if one exists.
Any timed formula Φ over Ψ originating from the decidable fragment of
timed logics (e.g., MITL, discrete-time MTL, finite MTL2, coFlat-MTL,
Bounded-MTL [? ? ]) can be algorithmically translated into a TBA with
input alphabet 2Ψ, such that the language of timed words that satisfy ϕ is
the language of timed words produced by the TBA.

2In this case, the generated Timed Automaton will have finite accepting runs.



Appendix G

Useful Properties

This appendix provides some additional technical properties that are useful
throughout the thesis.

Proposition G.1. Let f : R≥0 → R, with f(x) := exp(x)(exp(x)− 1)− x2.
Then it holds that f(x) ≥ 0, ∀x ∈ R≥0.

Proof. It holds that ∂f(x)
∂x = 2 exp(2x)− exp(x)− 2x > 0,∀x ∈ R≥0. Hence,

f(x) ≥ f(0) = 0, ∀x ∈ R≥0.

Proposition G.2. [? ] Let R1, R2 ∈ SO(3), and eR := S−1(R>1 R2−R>2 R1).

Then ‖eR‖2 := ‖R1 −R2‖2F
(

1− 1
8‖R1 −R2‖2F

)
.

Proposition G.3. Let R1, R2 ∈ SO(3). Then, for the rotation matrix
R>2 R1 ∈ SO(3) it holds that −1 ≤ tr(R>2 R1) ≤ 3; tr(R>2 R1) = 3 if and only
if R>2 R1 = I3 ⇔ R1 = R2; tr[R>2 R1] = −1 when R1 = R2 exp(πŝ), for every
ŝ in the unit sphere.

Let x, y ∈ R3, R ∈ SO(3), and A ∈ R3×3. Then the following hold [? ]:

• x>S(y)x = 0;

• S(Rx) = RS(x)R>;

• − 1
2 tr [S(x)S(y)] = x>y;

• tr [AS(x)] = 1
2 tr
[
S(x)(A−A>)

]
= −x>S−1(A−A>).

We provide next some useful properties of linear algebra.

Definition G.1. A matrix A ∈ Rn×m is left equivalent (or row equivalent)
to a matrix B ∈ Rn×m if and only if there exists an invertible matrix
P ∈ Rn×n such that A = PB.

The following propositions can be proved:
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Proposition G.4. Let A,B ∈ Rn×m Then A and B are left equivalent if
and only if they have the same nullspace null(A) = null(B), i.e., Ax = 0⇔
Bx = 0, for any x ∈ Rm.

Proposition G.5. Let A ∈ Rn×m, and B := KA, where K ∈ Rn×n is an
invertible matrix. Then it holds that

A†A = B†B.

Proposition G.6. Let A,B ∈ Rn×m such that range(A>) = null(B). Then
it holds that

A†A+B†B = Im.

Proposition G.7. Consider the cubic equation f(λ) = c3λ
3 + c2λ

2 +
c1λ+ c0 = 0 with c` ∈ R,∀` ∈ {0, . . . , 3} and roots λ1, λ2, λ3, with f(λ1) =
f(λ2) = f(λ3) = 0. Then, given its discriminant ∆ := (c3)4

∏
i∈{1,2}

j∈{i+1,...,3}
(λi−

λj)
2, the following hold:

(i) ∆ = 0⇔ ∃i, j ∈ {1, 2, 3}, with i 6= j, such that λi = λj , i.e., at least
two roots are equal,

(ii) ∆ > 0 ⇔ λi ∈ R,∀i ∈ {1, 2, 3}, and λi 6= λj ,∀i, j ∈ {1, 2, 3}, with
i 6= j, i.e., all roots are real and distinct.

Proposition G.8. [? ] Consider two planar ellipsoids

A = {z ∈ R3 s.t. z>A(t)z ≤ 0}, B = {z ∈ R3 s.t. z>B(t)z ≤ 0},

with z = [p>1]>, p ∈ R2, and A,B : R≥0 → R3×3 terms that describe
their motion in 2D space. Given their characteristic polynomial f(λ) =
det(λA−B), which has degree 3, the following hold:

(i) ∃λ∗ > 0 s.t. f(λ∗) = 0, i.e, the polynomial f(λ) has always one positive
real root,

(ii) A ∩ B = ∅ if and only if the characteristic equation f(λ) = 0 has
two distinct negative roots, i.e., ∃λ∗1, λ∗2 < 0, with λ∗1 6= λ∗2, and
f(λ∗1) = f(λ∗2) = 0.

(iii) A∩B 6= ∅ and IntA∩ Int(B) = ∅, i.e., A and B touch externally, if and
only if and only if f(λ) = 0 has a negative root with multiplicity 2.
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Collision avoidance control with sensing uncertainties. Proceedings of
the 2011 American Control Conference, pages 3363–3368, 2011.

[220] Sotiris Stavridis, Dimitrios Papageorgiou, and Zoe Doulgeri. Dynamical
system based robotic motion generation with obstacle avoidance. IEEE
Robotics and Automation Letters, 2(2):712–718, 2017.

[221] Victoria Grushkovskaya and Alexander Zuyev. Obstacle avoidance
problem for second degree nonholonomic systems. IEEE Conference
on Decision and Control (CDC), pages 1500–1505, 2018.

[222] Jan Maximilian Montenbruck, Mathias Bürger, and Frank Allgöwer.
Navigation and obstacle avoidance via backstepping for mechanical sys-
tems with drift in the closed loop. 2015 American Control Conference
(ACC), pages 625–630, 2015.

[223] Omur Arslan and Daniel E Koditschek. Exact robot navigation using
power diagrams. 2016 IEEE International Conference on Robotics and
Automation (ICRA), pages 1–8, 2016.

[224] Omur Arslan, Dan P Guralnik, and Daniel E Koditschek. Coordinated
robot navigation via hierarchical clustering. IEEE Transactions on
Robotics, 32(2):352–371, 2016.



392 Bibliography

[225] Soulaimane Berkane, Andrea Bisoffi, and Dimos V Dimarogonas. A
hybrid controller for obstacle avoidance in an n-dimensional euclidean
space. 2019 European Control Conference (ECC), 2019.

[226] Muhannad Mujahed and Barbel Mertsching. The admissible gap (ag)
method for reactive collision avoidance. 2017 IEEE International
Conference on Robotics and Automation (ICRA), pages 1916–1921,
2017.

[227] Lukas Huber, Aude Billard, and Jean-Jacques Slotine. Avoidance
of convex and concave obstacles with convergence ensured through
contraction. 2019 IEEE International Conference on Robotics and
Automation, 2019.

[228] Daniel E Koditschek. The control of natural motion in mechanical
systems. Journal of dynamic systems, measurement, and control,
113(4):547–551, 1991.

[229] Omur Arslan and Daniel E Koditschek. Smooth extensions of feedback
motion planners via reference governors. 2017 IEEE International
Conference on Robotics and Automation (ICRA), pages 4414–4421,
2017.

[230] Jiangping Hu and Gang Feng. Distributed tracking control of leader–
follower multi-agent systems under noisy measurement. Automatica,
46(8):1382–1387, 2010.

[231] Xianfu Zhang, Lu Liu, and Gang Feng. Leader–follower consensus
of time-varying nonlinear multi-agent systems. Automatica, 52:8–14,
2015.

[232] Zhongkui Li, Xiangdong Liu, Wei Ren, and Lihua Xie. Distributed
tracking control for linear multiagent systems with a leader of bounded
unknown input. IEEE Transactions on Automatic Control, 58(2),
2013.

[233] Wei Liu and Jie Huang. Adaptive leader-following consensus for a class
of higher-order nonlinear multi-agent systems with directed switching
networks. Automatica, 79:84–92, 2017.

[234] Meng Guo, Jana Tumova, and Dimos V Dimarogonas. Communication-
free multi-agent control under local temporal tasks and relative-
distance constraints. IEEE Transactions on Automatic Control,
61(12):3948–3962, 2016.



Bibliography 393

[235] Jie Mei, Wei Ren, and Guangfu Ma. Distributed coordinated tracking
with a dynamic leader for multiple euler-lagrange systems. IEEE
Transactions on Automatic Control, 56(6):1415–1421, 2011.

[236] Tove Gustavi, Dimos V Dimarogonas, Magnus Egerstedt, and Xi-
aoming Hu. Sufficient conditions for connectivity maintenance and
rendezvous in leader–follower networks. Automatica, 46(1):133–139,
2010.

[237] Christos K Verginis, Charalampos P Bechlioulis, Dimos V Dimarogo-
nas, and Kostas J Kyriakopoulos. Decentralized 2-d control of vehicular
platoons under limited visual feedback. IEEE/RSJ International Con-
ference on Intelligent Robots and Systems (IROS), pages 3566–3571,
2015.

[238] Christos K Verginis, Charalampos P Bechlioulis, Dimos V Dimarogo-
nas, and Kostas J Kyriakopoulos. Robust distributed control protocols
for large vehicular platoons with prescribed transient and steady-state
performance. IEEE Transactions on Control Systems Technology,
26(1):299–304, 2018.

[239] Sadra Sadraddini, S Sivaranjani, Vijay Gupta, and Calin Belta. Prov-
ably safe cruise control of vehicular platoons. IEEE Control Systems
Letters, 1(2):262–267, 2017.

[240] Wei Ren, Randal W Beard, and Ella M Atkins. A survey of consensus
problems in multi-agent coordination. American Control Conference,
pages 1859–1864, 2005.

[241] Kwang-Kyo Oh, Myoung-Chul Park, and Hyo-Sung Ahn. A survey of
multi-agent formation control. Automatica, 53:424–440, 2015.

[242] Magnus Egerstedt and Xiaoming Hu. Formation constrained multi-
agent control. IEEE transactions on robotics and automation,
17(6):947–951, 2001.

[243] Lorenzo Sabattini, Cristian Secchi, and Cesare Fantuzzi. Arbitrarily
shaped formations of mobile robots: artificial potential fields and
coordinate transformation. Autonomous Robots, 30(4):385, 2011.
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