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Abstract

Multi-agent planning and control is an active and increasingly studied topic of
research, with many practical applications, such as rescue missions, security, surveil-
lance, and transportation. More specifically, cases that involve complex manipulator-
endowed systems deserve extra attention due to potential complex cooperative
manipulation tasks and their interaction with the environment. This thesis addresses
the problem of cooperative motion- and task-planning of multi-agent and multi-agent-
object systems under complex specifications expressed as temporal logic formulas.
We consider manipulator-endowed robotic agents that can coordinate in order to
perform, among other tasks, cooperative object manipulation/transportation. Our
approach is based on the integration of tools from the following areas: multi-agent
systems, cooperative object manipulation, discrete abstraction design of multi-agent-
object systems, and formal verification. More specifically, we divide the main problem
into three different parts. The first part is devoted to the control design for the for-
mation control of a team of rigid-bodies, motivated by its application to cooperative
manipulation schemes. We propose decentralized control protocols such that desired
position and orientation-based formation between neighboring agents is achieved.
Moreover, inter-agent collisions and connectivity breaks are guaranteed to be avoided.
In the second part, we design continuous control laws explicitly for the cooperative
manipulation/transportation of an object by a team of robotic agents. Firstly, we
propose robust decentralized controllers for the trajectory tracking of the object’s
center of mass. Secondly, we design model predictive control-based controllers for
the transportation of the object with collision and singularity constraints. In the
third part, we design discrete representations of multi-agent continuous systems
and synthesize hybrid controllers for the satisfaction of complex tasks expressed as
temporal logic formulas. We achieve this by combining the results of the previous
parts and by proposing appropriate trajectory tracking- and potential field-based
continuous control laws for the transitions of the agents among the discrete states.
We consider teams of unmanned aerial vehicles and mobile manipulators as well as
multi-agent-object systems where the specifications of the objects are also taken into
account. Numerical simulations and experimental results verify the claimed results.






Sammanfattning

Planering och reglering av multiagent-system &r ett aktivt och vixande forskn-
ingsfalt med en rad praktiska tillimpningar sdsom riaddningsuppdrag, transport,
Overvakning och sdkerhet. De fall ddr komplexa manipulatorbaserade system ingar
fortjanar extra uppmaérksamhet eftersom de utfér potentiellt komplexa och samarbet-
skridvande manipulationsuppgifter och kréver interaktion med omgivningen. Denna
avhandling behandlar problem med rérelse- och uppgifts-planering av samarbetande
multiagenter och multiagent-objekt-system under komplexa specifikationer uttryckta
med temporallogiska formler. Vi betraktar manipulatorbaserade robotagenter som
kan koordineras for att utfora bland annat samarbetande manipulation/transport
av objekt. Var ansats dr baserad pa integration av verktyg fran foljande omraden:
multiagent-system, samarbetsbaserad objektsmanipulation, diskret abstraktions-
design av multiagent-objekt-system samt formell verifikation. Mer specifikt delar
vi in huvudproblemet i tre olika delar. Den forsta delen tilldgnas reglerdesign for
formationsreglering av en grupp stelkroppsagenter, vilket kan motiveras av dess
tillampning till samarbetskrdavande manipulationsuppgifter. Vi foreslar decentralis-
erade reglerprotokoll sa att 6nskade positions- och orienterings-formationer uppnas
mellan nérliggande agenter. Dessutom garanteras att kollisioner och férlorad anslut-
ning mellan agenter undviks. I den andra delen designar vi kontinuerliga styrlagar
explicit for manipulation/transport av ett objekt utfért av en grupp robotagen-
ter. Forst foreslar vi robusta decentraliserade regulatorer for trajektoria-sparning
av ett objekts masscentrum. Sedan utvecklar vi modell-prediktiva regulatorer for
transport av objektet med bivillkor for kollisioner och singulariteter. I den tredje
delen designar vi diskreta representationer av kontinuerliga multiagentsystem, och
syntetiserar hybrida regulatorer som uppfyller komplexa uppgifter uttryckta med
temporallogik. Vi uppnar detta genom att kombinera resultat fran tidigare delar
och genom att foresla passande kontinuerliga reglerprotokoll, baserade pa position-
ssparning och potentialfilt, for agenternas 6vergangar mellan de diskreta tillstanden.
Vi betraktar grupper av obemannade flygfordon och mobila manipulatorer, samt
multiagent-objekt-system dér dven objektens specifikationer tas i beaktning. Nu-
meriska simuleringar och experimentella resultat verifierar de hdvdade resultaten.
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Chapter 1

Introduction

1.1 Motivation

The technological developments have been increasing exponentially during the
last century, with an evident peak in the last few decades. The recent need for
development of smart cities (including autonomy in industrial buildings, houses,
highways, as well as automated rescue missions) calls for wider deployment of
robots that must coordinate with each other to achieve a specific task. Additionally,
noteworthy is the increasing evolution of wireless communication technology that
results in the low-cost massive development of (internal and external) sensor devices.
Along with the incapability of the corresponding computing units to process very
large amounts of data in small amounts of time, this has given rise to a special case
of systems that consist of multiple robots, namely multi-agent systems. Multi-agent
systems consist of agents/robots that rely solely on local sensor information with
respect to their neighboring robots to determine their actions, which is often called
decentralized control.

During the last decade, decentralized control of multi-agent systems has gained a
significant amount of attention due to the great variety of its applications, including
multi-robot systems, transportation, multi-point surveillance and biological systems.
The main focus of multi-agent systems is the design of distributed control protocols
in order to achieve global tasks, such as consensus [IH5], in which all the agents are
required to converge to a specific point and formation [6l [7], in which all the agents
aim to form a predefined geometric shape. At the same time, the agents might need
to fulfill certain transient properties, such as network connectivity [8H10] and/or
collision avoidance [L1].

A special case of multi-agent systems is cooperative robotic manipulators. In
particular, when it comes to object manipulation/transportation, large/heavy pay-
loads as well as complex maneuvers necessitate the deployment of more than one
robot. The most common tasks consist of pick-and-place tasks and cooperative
object transportation, while satisfying certain properties, such as collision- and
singularity-avoidance.



2 Introduction

Figure 1.1: A humanoid robot moving to an environment consisting of 6 rooms and
3 corridor regions. In room R6 there exists a ball that the robot can grab.

Another topic that has troubled researchers the last decades is the control of
multiple systems such that each agent/robot fulfills desired tasks given by high-level
specifications expressed as temporal logic formulas. Temporal-logic based motion
planning has gained a significant amount of attention over the last decade, since
it provides a fully automated correct-by-design controller synthesis approach for
autonomous robots. Temporal logics, such as linear temporal logic (LTL), provide
formal high-level languages that can describe planning objectives more complex
than the well-studied navigation algorithms, and have been used extensively both
in single- as well as in multi-agent setups. The objectives are given as a temporal
logic formula with respect to a discretized abstraction of the system (usually a finite
transition system), and then, a high-level discrete path is found by off-the-shelf
model-checking algorithms, given the abstracted system and the task specification.
Consider, for instance, the robot in Figure [I.I] operating in a workspace which is
partitioned into 6 rooms and a corridor consisting of three regions. A high-level task
for the robot might have the following form: “Periodically visit rooms R;, R4, Rg,
in this order, while avoiding rooms Ry, Rs and R5”, or “Grab the ball that lies in
room Rg and deliver it in room R3 between 10 and 20 seconds”. The aforementioned
specifications include complex tasks where time might play an important role.

One of the main problems that arise when dealing with high-level tasks based on
temporal-logic formulas is the construction of a discrete abstracted representation
of the continuous system. More specifically, given a temporal-logic formula over a
continuous workspace/state space, how does one partition this space into discrete
states? Moreover, given a predefined partition, what are the control inputs of the
agents that guarantee well-defined transitions among the discrete states? When multi-
agent systems are concerned, the aforementioned specifications must also incorporate
collision-avoidance as well as connectivity-maintenance properties among the robots,
which brings the problem of abstraction to a new level of complexity.

Furthermore, consider a case where some unactuated objects must undergo
a series of processes in a workspace with autonomous agents (e.g., car factories),
expressed as temporal-logic high-level specifications. In such cases, the agents, except
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for satisfying their own motion specifications, are also responsible for coordinating
with each other in order to transport the objects around the workspace. When the
unactuated objects’ specifications are expressed using temporal logics, then the
motion- and task- planning of the agents’ behavior becomes much more complex,
since the discrete system abstraction has to also take into account the objects’ goals.

Motivated by the above discussion, this thesis aims at solving the problem
of decentralized motion- and task-planning of multi-agent and multi-agent-object
systems under complex task specifications by integrating tools from the computer
science and automatic control fields. The main contributions lie in the abstraction of
the continuous coupled object-agents dynamics into a discrete representation of the
system (transition systems) and the application of formal verification methodologies
towards the satisfaction of temporal logic formulas. More specifically, we break down
the problem into three main subproblems. Motivated by the need of transition design
for unactuated objects, we consider the problem of cooperative object manipulation in
the first two parts. In the first part, we address the problem of multi-agent formation
control, since one of its many applications is cooperative object manipulation [12].
In the second part, we model explicitly the coupled system that consists of an object
grasped by multiple robotic agents, and we tackle the problem of constrained pose
and time trajectory tracking of the object’s center of mass. The third part addresses
the discrete abstractions of multi-agent systems and the control synthesis for the
satisfaction of high level specifications. We consider the multi-agent navigation
problem as a means for designing multi-agent transition systems and synthesizing
control plans that satisfy the agents’ specifications. Finally, we combine the results
from the previous parts to build multi-agent-object coupled transition systems and
synthesize controllers that incorporate the task specifications of the unactuated
objects. In the following, we list the problems we address, by further subdividing
the third part:

1. Consider a multi-agent system modeled by 2nd order Lagrangian dynamics.
The goal is to design decentralized controllers that use only local information
with respect to the neighboring agents such that a predefined geometric
formation is achieved, while guaranteeing inter-agent collision avoidance and
connectivity maintenance. Among the numerous applications of the formation
control problem, an important one is the cooperative manipulation case [12].
For instance, the center of mass of the object can be considered as a virtual
leader that desires to track a predefined desired trajectory and the robots’
end-effectors need to keep fixed distances with each other while complying
with grasping constraints.

2. Counsider an object rigidly grasped by a team of robotic agents (robotic ma-
nipulators). Given a prespecified pose/time trajectory, the goal is to design
communication-free decentralized control laws for the agents to achieve track-
ing/regulation for the object’s center of mass, robust to modeling uncertainties
and external disturbances. The solution of the aforementioned problem can
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be applied as the building block for transitions in a potential workspace/state
space partition, in order to define discrete abstractions of the system (e.g.,
transition systems).

3. Consider a team of robotic agents operating in a bounded 3D workspace
that contains predefined points of interest. The goal is to design well defined
decentralized abstractions for the agents over the points of interest in order to
synthesize controllers for the satisfaction of high-level temporal logic tasks. The
problem in hand is equivalent to a) designing decentralized control laws that
guarantee the navigation of the multi-agent team among the predefined points
of interest, while guaranteeing inter-agent collision avoidance and connectivity
maintenance, and b) applying formal-verification techniques to synthesize
hybrid control protocols that guarantee satisfaction of the high-level tasks.

4. Consider a system comprised of multiple robotic agents and one or more objects.
Similarly to problem 3, given a predefined partition of the 3D workspace, the
goal is to design abstractions for the overall system that incorporate the
motion/tasks of the agents as well as of the objects. This allows the synthesis
of controllers that take into account the agents’ as well as the objects’ task
specifications, which are modeled through high-level temporal-logic formulas.

Taking the aforementioned problems into consideration, this thesis is divided into
three main parts. The first two parts deal with methodologies and control algorithms
for solving Problems 1 and 2, whereas the third part considers Problems 3 and 4.
The work developed in this thesis was supported by the research projects “H2020
Research and Innovation Programme” under the Grant Agreements No. 644128
(AEROWORKS) and No. 731869 (Co4Robots), the the H2020 ERC Starting Grant
BUCOPHSYS, the Knut and Alice Wallenberg Foundation, the Swedish Research
Council (VR), and the Swedish Foundation for Strategic Research. The next section
presents the outline of this thesis.

1.2 Thesis Outline and Contributions

In this Section, we provide the outline of the thesis and indicate the contributions
of each chapter. Chapter [2]is devoted to notation that will be adopted in this thesis
and preliminary background knowledge. The thesis is divided into four main parts
which aim to solve the Problems that were previously mentioned. In particular,

o The first part consists of Chapter 3] In this part, we propose a novel decentral-
ized control protocol for formation control of a multi-agent system in
SE(3). The proposed control scheme guarantees position and orientation based
formation, inter-agent collision avoidance, as well as connectivity maintenance
among the agents of the initially connected graph.
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o The second part consists of Chapters [ and [f] In the second part we address
the cooperative manipulation/transportation of an object by a team
of robotic agents. Motivated by the need of designing transition relations
to define discrete transition systems for unactuated objects, we propose novel
continuous-time control methodologies that guarantee trajectory tracking as
well as pose stabilization of an object rigidly grasped by a team of robotic
agents.

o The third part consists of Chapters [ and [7] This part addresses the problem
of defining abstractions for multi-agent robotic systems. In Chapter
[6] we propose continuous-time control laws for the navigation of multi-agent
teams among predefined regions of interest, thus establishing well-defined
transition systems for the agents. In Chapter [7, we proceed similarly and we
incorporate unactuated objects in the designed transition systems, allowing
the incorporation of high-level goals for the objects.

Chapter

This chapter presents a novel control protocol for the formation control of tree
graphs in SE(3). The control laws are decentralized (in the sense that each agent
uses only local relative information from its neighbors to calculate its control
signal) as well as robust to modeling uncertainties (parametric and structural) and
external disturbances. The proposed methodology guarantees collision avoidance and
connectivity maintenance among the initially connected agents. Moreover, certain
predefined functions characterize the transient and steady state performance of the
closed loop system. Finally, simulation results verify the validity and efficiency of
the proposed approach. The covered material is based on the following contributions
[13]:

e A. Nikou, C. K. Verginis and D. V. Dimarogonas, “Robust distance-based
formation control of multiple rigid bodies with orientation alignment”, IFAC
Proceedings Volumes, Toulouse, France, 2017.

e C. K. Verginis, A. Nikou and D. V. Dimarogonas, “Robust Formation Con-
trol of Tree Graphs in SE(3) with Prescribed Transient and Steady State
Performance”, under preparation.

Chapter

This chapter addresses the problem of cooperative manipulation of a single object
by multiple robotic agents. More specifically, we present two novel control method-
ologies for the trajectory tracking of the object’s center of mass. Firstly, we design
an adaptive control protocol which employs quaternion feedback for the object
orientation to avoid potential representation singularities. Secondly, we propose a
control protocol that guarantees predefined transient and steady-state performance



6 Introduction

for the object trajectory. Both methodologies are decentralized, since the agents
calculate their own signals without communicating with each other, as well as robust
to external disturbances and model uncertainties. Moreover, we consider that the
grasping points are rigid, and avoid the need for force/torque measurements. Load
sharing coefficients are also introduced to account for potential differences in the
agents’ power capabilities. Finally, simulation and experimental results with two
robotic arms verify the theoretical findings. The covered material is based on the
following contribution [14} [T5]:

e C. K. Verginis, M. Mastellaro and D. V. Dimarogonas, “Robust quaternion-
based cooperative manipulation without force/torque information”, IFAC
Proceedings Volumes, Toulouse, France, 2017.

e C. K. Verginis, M. Mastellaro and D. V. Dimarogonas, “Cooperative manipu-
lation without force/torque measurements: Control design and experiments”,
submitted to the IEEE Transactions on Control Systems Technology, 2018.

Chapter

This chapter addresses the problem of cooperative transportation of an object
rigidly grasped by N robotic agents. In particular, we propose two Nonlinear Model
Predictive Control (NMPC) schemes that guarantee the navigation of the object
to a desired pose in a bounded workspace with obstacles, while complying with
certain input saturations of the agents. The first control scheme is centralized, in
the sense that a central unit calculates the control inputs for each of the robotic
agents, whereas the second control scheme is based on inter-agent communication
and is decentralized, since each agent calculates its own control signal. Moreover,
the proposed methodologies ensure that the agents do not collide with each other
or with the workspace obstacles as well as that they do not pass through singular
configurations. The feasibility and convergence analysis of the NMPC are explicitly
provided. Finally, simulation results illustrate the validity and efficiency of the
proposed methods. The results presented in this chapter are based on [16] [17]:

¢ A.Nikou, C. K. Verginis and D. V. Dimarogonas, “A nonlinear model predictive
control scheme for cooperative manipulation with singularity and collision
avoidance”, Proceedings of the IEEE Mediterranean Conference on Control
and Automation (MED), Valletta, Malta, 2017.

o C. K. Verginis, A. Nikou and D. V. Dimarogonas, “Communication-based
decentralized cooperative object transportation using nonlinear model predic-
tive control”, submitted to the IEEE European Control Conference (ECC),
Limassol, Cyprus, 2018.
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Chapter 6

This chapter addresses the motion planning problem for a team of manipulator-
endowed systems under high level goals. We propose a hybrid control strategy that
guarantees the accomplishment of each agent’s local goal specification, which is
given as a temporal logic formula, while guaranteeing inter-agent collision avoidance
and connectivity maintenance. The overall approach is based on an abstraction
of the continuous systems into discrete transition systems, which we accomplish
by designing suitable decentralized continuous controllers based on previous work
on navigation functions. Next, given specific high-level tasks encoded by temporal
logic formulas, we employ standard formal verification techniques and we derive
high-level control algorithms that satisfy the agents’ specifications. Simulation and
experimental results verify the validity of the proposed methods. These results are
based on [18], [19]:

o C. K. Verginis, Z. Xu and D. V. Dimarogonas, “Decentralized motion planning
with collision avoidance for a team of UAVs under high level goals”, Proceedings
of the IEEE International Conference on Robotics and Automation (ICRA),
Singapore, 2017.

e C. K. Verginis and D. V. Dimarogonas, “Robust decentralized abstractions
for multiple mobile manipulators”, Proceedings of the IEEE Conference on
Decision and Control (CDC), Melbourne, Australia, 2017.

Chapter 7

This chapter addresses the problem of deriving well-defined abstractions for motion
planning of a team of robotic agents and objects. In particular, we propose two
methodologies for the discrete abstraction of such systems. Firstly, we propose a
distributed model-free control protocol for the trajectory tracking of a cooperatively
manipulated object without necessitating feedback of the contact forces/torques
or inter-agent communication. By employing the prescribed performance control
methodology, we pre-determine the transient and steady state of the coupled object-
agents system. Along with a region partition of the workspace that depends on
the physical volume of the object and the agents, this allows us to define timed
transitions for the coupled system among the derived workspace regions. Therefore,
we abstract its motion as a finite transition system and, by employing standard
automata-based methodologies, we define high level complex tasks for the object
that can be encoded by timed temporal logics. Secondly, we present a hybrid control
framework for the motion planning of a multi-agent system including N robotic
agents and M objects, under high level goals expressed as Linear Temporal Logic
(LTL) formulas. We design control protocols that allow the transition of the agents as
well as the cooperative transportation of the objects by the agents, among predefined
regions of interest in the workspace. This allows to abstract the coupled behavior of
the agents and the objects as a finite transition system and to design a high-level
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multi-agent plan that satisfies the agents’ and the objects’ specifications, given
as temporal logic formulas. Simulation results verify the validity of the proposed
frameworks. These results are based on [20H23]:

C. K. Verginis and D. V. Dimarogonas, “Distributed cooperative manipulation
under timed temporal specifications”, Proceedings of the American Control
Conference (ACC), Seattle, USA, 2017.

C. K. Verginis and D. V. Dimarogonas, “Timed abstractions for distributed
cooperative manipulation”; Autonomous Robots, 2017.

C. K. Verginis and D. V. Dimarogonas, “Multi-agent motion planning and
object transportation under high level goals”, IFAC Proceedings Volumes,
Toulouse, France, 2017.

C. K. Verginis, and D. V. Dimarogonas, “Motion and cooperative trans-
portation planning for multi-agent systems under temporal logic formulas”,
submitted to the IEEE Transactions on Automation Science and Engineering,
2017.

Finally, in Chapter 8} conclusions of this thesis as well as future research directions
are discussed.

Contributions not included in this thesis

The following publications are not covered in this thesis, but are related to the work
presented here [24] [25]:

C. K. Verginis, A. Nikou and D. V. Dimarogonas, “Position and orientation
based formation control of multiple rigid bodies with collision and avoid-
ance and connectivity maintenance”, Proceedings of the IEEE International
Conference on Decision and Control (CDC), 2017, Melbourne, Australia.

L. Lindemann, C. K. Verginis and D. V. Dimarogonas, "Prescribed performance
control for signal temporal logic specifications”, Proceedings of the IEEE
Conference on Decision and Control (CDC), Melbourne, Australia, 2017.

A. Nikou, C. K. Verginis, S. Heshmati-alamdari and D. V. Dimarogonas,
"Decentralized abstractions and timed constrained planning of a general class
of coupled multi-agent systems”, Proceedings of the IEEE Conference on
Decision and Control (CDC), Melbourne, Australia, 2017.



Chapter 2

Notation and Preliminaries

In this chapter, the notation that will be used hereafter as well as the necessary
background, are provided.

The set of positive integers is denoted by N and the real n-coordinate space,
with n € N, by R"; R%, and RZ are the sets of real n-vectors with all elements
nonnegative and positive, respectively. The complex n-coordinate space is denoted
as C". The n x n identity matrix is denoted by I,, the n-dimensional zero vector
by 0,, and the n x m matrix with zero entries by 0,,,,. The n-dimensional vector
of ones is denoted by 1,. Given a matrix A € R"*™ we use ||A]| = v/ Amax (AT A),
where Apax () here denotes the maximum eigenvalue of a matrix; rank(A) is its rank;
|Al|r = tr(AT A) is the Frobenius norm of A, and tr(-) is its trace; det(A4) denotes
its determinant. Given a € R?, S(a) is the skew-symmetric matrix defined according
to S(a)b = a x b. Given a nonempty and bounded set of natural numbers X and a
set of vectors (matrices) z;,i € N, we denote by [z ], the stack column-vector
form with the vectors (matrices) whose indices belong to X'. Unless otherwise stated,
P54 € R? denotes the vector that connects the origins of coordinate frames {A}
and {B} expressed in frame {C'} coordinates in 3D space. Moreover, for notational
brevity, when a coordinate frame corresponds to an inertial frame of reference {7},
we will omit its explicit notation (e.g., py = PpyWs = wg”), unless otherwise
stated. Moreover, unless otherwise stated, 14,5 = [¢a,5, GA/B,wA/B]T €T c R3 are
the Euler angles representing the orientation of frame { A} with respect to frame { B},
with ¢a,p,04,5 € (—m,m) and 04,5 € (=%, %), and T = (—m,7) x (=5, §) x (=7, 7);
We also denote M = R? x T. All vector and matrix differentiations will be with
respect to an inertial frame {I}, unless otherwise stated. The angular velocity of
frame {B} with respect to {A} is denoted as wz,, € R and it holds that [26]
RB/A = S(wpa)Rp,a, where Ry,, € SO(3) is the corresponding rotation matrix,
and SO(3) is the 3-D rotation group. The values of a Boolean variable are T (True)
and L (False). Given a set S, denote by |S| its cardinality, by S™ = S x --- x S
its n-fold Cartesian product, and by 2° the set of all its subsets; 05 stands for
the boundary of the set S and S for its interior. Given a finite sequence Si, ..., Sy
of elements in S, with n € N, we denote by (s1,...,s,)* the infinite sequence
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S1y-+-38181,.-,8n ... created by repeating s1, ..., s,. The notation ||z|| is used for
the Euclidean norm of a vector z € R"; A® B denotes the Kronecker product of the
matrices A, B € R™*" (see [27]). The set-valued function B : R x Ry = R3, given
as B(e,r) = {x € R3 : ||z —c|| < r}, represents the 3D sphere with center ¢ € R® and
radius 7 € R<(. Given a scalar function y : R® — R and a vector x € R", denote

. . T
by Vyy(x) = dy—(x), . dy—(’c)} € R™ the gradient of y. Similarly, given a vector-

oz ' Oz,
valued function y : R® — R™, denote by V,y(z) = [Vouy1(2),..., Veym(2z)] €
R™*"_ The special Euclidean group is denoted by SE(3) := {(c, R) € R? x SO(3)}.
We define the induced norm in SO(3)Y as |R||r = icq,..ny | Rillp for any
R=(Ry,...,Ry) € SO(3)N. Moreover, the tangent space to SO(3) at R is denoted
by TrSO(3) and we also use Tg := R? x TRSO(3).

Definition 2.1. Given the sets S, Sz, their Minkowski addition is defined by:
S1 Sy = {51 +89:81 €51,89 € SQ}

Definition 2.2. Consider two sets S7,S3 C R™. Then, the Pontryagin difference is
defined by:
S NSQZ{QL‘GRnlsl—‘rSQ €51,V s9 ESQ}.

Lemma 2.1. (Gronwall-Bellman Inequality) ([28, Appendiz AJ) Let g : [a,b] — R
be continuous and y : [a,b] — R be continuous and nonnegative. If a continuous
function y : [a,b] — R satisfies

for t € [a,b], then on the same interval it holds that:

t

y(t) < (t) + /

a

7(5)(s) exp { / t 'y“(T)dT} ds.

2.1 Prescribed Performance

Prescribed performance control, recently proposed in [29], describes the behavior
where a tracking error e : R>g — R evolves strictly within a predefined region that
is bounded by certain functions of time, achieving prescribed transient and steady
state performance. The mathematical expression of prescribed performance is given
by the following inequalities:

— pL(t) < €(t) < pU(t), YVt € Rzo,

where pr.(t), pu(t) are smooth and bounded decaying functions of time satisfying
tlim pr(t) > 0 and tlim pu(t) > 0, called performance functions. Specifically, for
bade el bade el

the exponential performance functions p;(t) = (pi,0 — pi ) €Xp(—1it) + pi o, with
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Pio; Pirees li € Rso,% € {U, L}, appropriately chosen constants, the terms pr, , =

pr(0), pu,o = pu(0) are selected such that py, > e(0) > pr, and the terms

PLoso = 75lim PL(t), pU,c = tlim pu(t) represent the maximum allowable size of
—00 —00

the tracking error e(t) at steady state, which may be set arbitrarily small to a
value reflecting the resolution of the measurement device, thus achieving practical
convergence of e(t) to zero. Moreover, the decreasing rate of pr(t), pr(¢), which is
affected by the constants [y, [;; in this case, introduces a lower bound on the required
speed of convergence of e(t). Therefore, the appropriate selection of the performance
functions pr,(t), py(t) imposes performance characteristics on the tracking error e(t).

2.2 Dynamical Systems

Definition 2.3. ([28]) A continuous function « : [0,a) — R is said to belong to
class K, if it is strictly increasing and «(0) = 0. It is said to belong to class Ko, if
a = o0 and «a(r) — oo, as r — o0.

Definition 2.4. ([28]) A continuous function 3 : [0,a) X R>g — R>¢ is said to
belong to class KL, if:

o For each fixed s, 8(r, s) € K with respect to r.

o For each fixed r, 5(r, s) is decreasing with respect to s and f(r,s) — 0, at
§ — 00.

Lemma 2.2. ([30]) Let v be a continuous, positive definite function and x be an
absolutely continuous function on R. If the following holds:

o [lz()lF < oo, l2()] < oo,
. tl;rgo v(z(s))ds < oo.
0

Then, lim;_, ||z(t)]| = 0.

Definition 2.5. ([31]) A nonlinear system & = f(z,u) with initial condition x(t¢)
is said to be Input to State Stable (ISS) if there exist functions 5 € KL and 0 € Ko
such that:

@I < Bz (to)ll, ) + o ([[ul)-

Definition 2.6. ([31]) A Lyapunov function V(z,u) for the nonlinear system
& = f(x,u) with initial condition z(tg) is said to be ISS-Lyapunov function if there
exist functions a, 0 € K4 such that:

Viz,u) < —a(|[z]]) + o ([|ul), V2, u. (2.1)

Theorem 2.1. ([32]) A nonlinear system @ = f(x,u) with initial condition z(to)
is said to be ISS if and only if it admits a ISS-Lyapunov function.
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Theorem 2.2. ([28, Appendiz C]) Consider the system & = f(x) where f : D — R"
is piecewise continuous and locally Lipschitz on D C R™; D is a domain that
contains the origin. Let V : D — R be a continuously differentiable function such
that oy (||z]) < V(z) < aa(||z]]) and V' < —w(x), V||z|| > p > 0 for every t > 0 and
x € D, where a1, as are class K functions and ws is a continuous positive definite
function. Take r > 0 such that B(0,r) C D and suppose that i < ay*(ay(r)).
Then, there exist a class Koo function ag and for every initial state x(to) satisfying
|2(to)|| < e (a1 (r)), there exists T > 0 such that

[z < as(llz(to)]]),V to <t < T,
lz(t)]| < a7 (aa(p)), vt > T.

Consider the initial value problem:
& = h(z,t),z(0) € Q, (2.2)
with b : @ x R>9 — R™ where 2 C R" is a non-empty open set.

Definition 2.7. [33] A solution x(¢) of the initial value problem (2.2)) is maximal
if it has no proper right extension that is also a solution of (2.2)).

Theorem 2.3. [33] Consider problem (2.2)). Assume that h(z,t) is: a) locally
Lipschitz on x for almost all t € R>g, b) piecewise continuous on t for each fized
x € Q and c¢) locally integrable on t for each fized x € Q. Then, there exists a mazimal
solution x(t) of on [0, tmax) With tmax > 0 such that x(t) € Q,Vt € [0, tmax)-

Proposition 2.1. [33] Assume that the hypotheses of Theorem hold. For a
maximal solution z(¢) on the time interval [0, tmax) With max < 0o and for any
compact set ' C ) there exists a time instant ¢’ € [0, tmax) such that z(t') ¢ Q.

Theorem 2.4. [J|] Let Q be an open set in R™ x R>q. Consider a function g :
Q — R"™ that satisfies the following conditions:

1. For every x € R", the function t — h(x,t) defined on Q, = {t : (v,t) € Q} is
measurable. For every t € Rx, the function x — h(x,t) defined on Q; = {x :
(z,t) € Q} is continuous.

2. For every compact K C Q, there exist constants Cr, Lx such that
[h(z, )| < Cr, [[(x, ) = h(y, D)|| < Lz =y,
Y(z,t), (y,t) € K.

Then the initial value problem [2.2) with h : Q — R™ and some (zq,t0) € Q, has
a unique and maximal solution x : [to, tmax) — R", with tnax > to and (x(t),t) €
Q,Vt € [to, tmax)-
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Theorem 2.5. [3J)] Let the conditions of Theorem hold in Q and let x(t),t €
[to,tmax) be a mazimal solution of the initial value problem (2.2). Then, either
tmax = 00 OT

1
lim )|+ —m———= 00,
Jm (O . .0m)
where ds : R™ x 28" s the distance of a point x € R" to a set A, defined as
ds(w, A) = inf {[lz —y]}.

2.3 Navigation Functions

Navigation functions, initially proposed in [35] for single-point-sized robot navigation,
are real-valued maps realized through cost functions, whose negated gradient field
is attractive towards the goal configuration (referred to as the good or desirable set)
and repulsive with respect to the obstacles set (referred to as the bad set which
we want to avoid). We provide here a brief overview of the multi-agent version
introduced in [36] and [37], respectively.

2.3.1 Multirobot Navigation Functions (MRNFs)

Consider N € N spherical robots, with center ¢; € R™, n € N, and radius r; € Ry,
i.e., Bn(gi,7s), i € N, operating in an open spherical workspace W := B, (0, 7)
of radius 79 € Rsq. Each robot has a destination point g4, € R™,i € N, and
qq = [q(;rl, ceey q;_N}T. Let F C R™ be a compact connected analytic manifold with
boundary. A map ¢ : F — [0,1] is a MRNF if

1. It is analytic on F,

[e]
2. It has only one minimum at gq € F,

3. Its Hessian at all critical points is full rank,

4 lim =1 N.Yq € F
Jim > (q'), Vg € F,

where ¢ := [q] ,...,qx\]" € RN™. The class of MRNFs has the form

w(q) = 1(9) ,

O%®F+G@0

=

where (q) == ||g — ga|* is the goal function, G(q) is the obstacle function, and &
is a tunable gain; y71(0) denotes the desirable set and G~1(0) the set we want to
avoid. Next we provide the procedure for the construction of the function G. A
robot proximity function, a measure for the distance between two robots i,l € N, is
defined as B;1(qi, @) = |l@i — @il|* — (ri + m)?, Vi,l € N,i # 1. The term relation is
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used to describe the possible collision schemes that can be defined in a multirobot
team, possibly including obstacles. The set of relations between the members of
the team can be defined as the set of all possible collision schemes between the
members of the team. A binary relation is a relation between two robots. Any
relation can be expressed as a set of binary relations. A relation tree is the set of
robot/obstacles that form a linked team. Each relation may consist of more than
one relation tree. The number of binary relations in a relation is called relation
level. Tllustrative examples can be found in [36]. A relation prozimity function (RPF)
provides a measure of the distance between the robots involved in a relation. Each
relation has its own RPF. A RPF is the sum of the robot proximity functions of
a relation. It assumes the value of zero whenever the related robots collide (since
the involved robot proximity functions will be zero) and increases with respect to
the distance of the related robots. The RPF of relation j at level k is given by
(bR].);C = > Bi.m, where we omit the arguments g;, ¢; for notational brevity.
(i;m)€(R;)k
A relation verification function (RVF) is defined as

(ij)k
I
(br;)k + (B(Rf)k)h

gr; = (br; )k + A

)

where A, h > 0, and R]-C is the complementary to RR; set of relations in the same level £,
Jj is an index number defining the relation in level k, and Bre := ][] by,. The RVF
! meRY
serves as an analytic switch, which goes to zero only when the relation it represents
is realized. By further introducing the workspace boundary obstacle functions as
Go = [Lien {(ro —r;)? — ||qi|\2}, we can define G := Go [[7%, [T;21" (9r, )1, where
ny, is the number of levels and ng, ;, the number of relations in level L. It has been
proved that, by choosing the parameter x large enough, the negated gradient field
—V4¢(q) leads to the destination configuration gq, from almost all initial conditions
[36].

2.3.2 Decentralized Navigation Functions (DNFs)

Consider now the class of decentralized navigation functions, which has the form
. Yilgi) + fi(Gi)

®i : R3N — [O, 1}) with sz(Q) = ) -

(vilgi) 4+ Gi(q)) /"

is the term G, : R* — R that is associated with the collision avoidance property

of agent ¢ with the rest of the team and is based on the inter-agent decentralized

distance function [37]: 8;; : R? x R® — R with

. The key difference in this case

2 2 . .
pi — Dl — (ri +1;5)%, ifjeN,

By (pisp;) = ||2 il (2 i) it
d;, — (ri +15)%, if j ¢ NG,

that represents the distance between agents i and j € N;. The term f; : R — R is
used in order to avoid inter-agent collisions in case one or more agents that take
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part in a collision scheme are very close to their goals. Note that in that case, the
classical form of p; would yield values very close to 0, since agent i is very close
to its goal, without actively taking part in avoiding potential collisions. The term
fi, therefore, forces agent i to avoid potential collisions. Analytic expressions for
G; and f; can be found in [37]. With the aforementioned tools, the control law for

i
agent i is u; = fk:,;sgi(m, which, as shown in [37], drives all agents to their goal
D

1
positions and guarantees inter-agent collision-avoidance.

2.4 Task Specification in LTL

Definition 2.8. A transition system (7°S) is a tuple T = (II, Iy, —, ¥, £), where
IT is a discrete finite set of states, Il is a discrete finite set of initial states, —C IT x IT
is a transition relation, ¥ is a discrete set of atomic propositionsﬂ and £ : 11 — 2¥
is a labeling function that assigns to each state the atomic propositions that are
true in that state.

Definition 2.9. A run of a 7§ is an infinite sequence
TS = W, T, T2, . .., (2.3)
with mg € Iy, m; € I1, Vi € N.
Definition 2.10. A word wrs of a run r7s is the infinite sequence
wrs(rrs) = wo, w1, w2, . . ., (2.4)
where w; € 2%, w; = L(m;),Vi € NU{0}.

We focus on the task specification ¢ given as a Linear Temporal Logic (LTL)
formula. The basic ingredients of a LTL formula are a set of atomic propositions ¥
and several boolean and temporal operators. LTL formulas are formed according
to the following grammar [38]: ¢ ::=true|a |1 A da | ~d| O @ | p1 U do, where
a € U, ¢1 and ¢5 are LTL formulas and (), U are the nezt and wuntil operators,
respectively. Definitions of other useful operators like O (always), ¢ (eventually)
and = (¢mplication) are omitted and can be found at [38]. The semantics of LTL
are defined over infinite words over 2¥. Intuitively, an atomic proposition ¢ € ¥
is satisfied on a word w = wiws ... if it holds at its first position wq, i.e. ¥ € w;.
Formula (¢ holds true if ¢ is satisfied on the word suffix that begins in the next
position wy, whereas ¢1 U ¢o states that ¢; has to be true until ¢ becomes true.
Finally, 0¢ and ¢ holds on w eventually and always, respectively. For a full
definition of the LTL semantics, the reader is referred to [38].

A LTL formula ¢ over a set of atomic propositions ¥ can be translated to a
Biichi Automaton A, [38]. Then, by calculating the product of the transition system

Iboolean variables that are either true or false in a given state
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TS = (I, I, —, ¥, £) with Ay as TS =TS® Ay, we can find the runs of 7S
that satisfy the formula ¢. These runs can then be projected back to TS, providing
paths over II that satisfy ¢. More details regarding the technique can be found in
[38].

2.5 Task Specification in MITL
Definition 2.11. A Weighted Transition System (WTS) is a tuple
TS = (I, Iy, —, ¥, L,7), (2.5)

where II is a discrete finite set of states, So C S is a discrete finite set of initial
states, —C II x II is a transition relation, V¥ is a finite set of atomic propositions,
L : 1 — 27 is a labeling function and 7 : (=) — Rsg is a map that assigns a
positive weight to each transition.

Definition 2.12. [39] The time sequence tot1ts ... is an infinite sequence of time
values t; € R>¢,Vj € NU {0}, satisfying the following constraints:

o Monotonicity: t; < t;41,Vj € N.
o Progress: Vt' € R>g,3j > 1 such that ¢; > ¢'.

Definition 2.13. Let ¥ be a finite set of atomic propositions. A timed word w over

¥ is an infinite sequence w = (wo, to) (w1, t1)(wa, t2), ..., where wowiws ... is an
infinite word over 2¥ and tytits ... is a time sequence according to Definition m

Definition 2.14. A timed run of a WTS is an infinite sequence ry = (ro, to)(r1,t1) . ..
such that ro € Iy, and r; € IL, (r;,7;41) € —,Vj € N. The time stamps ¢; are
inductively defined as

2. tjp1 =t +")/(’I’j,’l"j+1),Vj eN.
The timed run r; generates a timed word
w(rt) = wo(’l“o),w1(’/‘1) e = (ﬁ(ro),to)(ﬁ(rl),tl) cen

over the set 2%, where L(r;) is the subset of atomic propositions that are true at
state r; at time ¢;, Vj € NU {0}.

The syntax of Metric Interval Temporal Logic (MITL) over a set of atomic
propositions V¥ is defined by the grammar

¢:=p|=¢|d1 ANd2| Or¢|0rd| 019 | pr1lUs g, (2.6)

where p € ¥, and (), 0,0 and U are the next, future, always and until opera-
tors, respectively; I is a nonempty time interval in one of the following forms:
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[i17i2}7 [il,ig), (i17i2], (7:171'2), [7;1, OO), (il, OO) with il,ig S Rzo, iz > il. MITL can
be interpreted either in continuous or point-wise semantics. We utilize the latter
and interpret MITL formulas over timed runs such as the ones produced by a WTS.

Definition 2.15. [40,41I] Given a run r; = (ro,to)(r1,¢1) ... of a WTS and a MITL
formula ¢, we define (14, ) = ¢,j € N (ry satisfies ¢ at j) as follows:

r,J) Fp < p € L(ry),
Fa¢ < (1, J) ¢

(r¢,7)
(¢, )
(1, J) BE¢1 A d2 & (11, 7) F ¢1 and (14, §) | ¢2
(r,7)
(r¢,7)

r

)

):O[¢<:>(Tt7j+1) |=¢andtj+1—tj el
EoUrpe < 3k, j, with j < k,s.t. (14, k) = ¢o,tr, —t; € I and (ry, m) = o1,
Ym e {j,...,k}

r

Also, O;¢ = TUr¢p and Oy = —O;—¢. The sequence r; satisfies ¢, denoted as
ri = ¢, if and only if (14, 1) = ¢.






Chapter 3

Formation Control

The chapter presents a novel control protocol for the formation control of tree
graphs in SE(3). The control laws are decentralized, in the sense that each agent
uses only local relative information from its neighbors to calculate its control
signal as well as robust to modeling (parametric and structural) uncertainties and
external disturbances. The proposed methodology guarantees collision avoidance and
connectivity maintenance among the initially connected agents. Moreover, certain
predefined functions characterize the transient and steady state performance of the
closed loop system. Finally, simulation results verify the validity and efficiency of
the proposed approach.

3.1 Introduction

During the last decades, decentralized control of networked multi-agent systems has
gained a significant amount of attention due to the great variety of its applications,
including multi-robot systems, transportation, multi-point surveillance and biological
systems. The main focus of multi-agent systems is the design of distributed control
protocols in order to achieve global tasks, such as consensus [2H4], [42], and at the
same time fulfill certain properties, e.g., network connectivity [6, [10].

A particular multi-agent problem that has been considered in the literature
is the formation control problem, where the agents represent robots that aim to
form a prescribed geometrical shape, specified by a certain set of desired relative
configurations between the agents. The main categories of formation control that have
been studied in the related literature are ([7]) position-based control, displacement-
based control, distance-based control and orientation-based control. One of the
several applications of formation control is the cooperative manipulation of an object
[12], where the formation occurs either for the inter-agent distances and angles or
the forces that arise at the grasping points. Motivated by this, we address in this
chapter the distance- and orientation-based multi-agent formation control problem.

In distance-based formation control, inter-agent distances are actively controlled
to achieve a desired formation, dictated by desired inter-agent distances. Each

19
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agent is assumed to be able to sense the relative positions of its neighboring agents,
without the need of orientation alignment of the local coordinate systems. When
orientation alignment is considered as a control design goal, the problem is known
as orientation-based (or bearing-based) formation control. The desired formation
is then defined by relative inter-agent orientations. The orientation-based control
steers the agents to configurations that achieve desired relative orientation angles. In
this work, we aim to design a decentralized control protocol such that both distance-
and orientation-based formation is achieved.

The literature in distance-based formation control is rich, and is traditionally
categorized in single or double integrator agent dynamics and directed or undirected
communication topologies (see e.g. [43H58]). Orientation-based formation control
has been addressed in [59H62], whereas the authors in [61], 63, [64] have considered
the combination of distance- and orientation-based formation.

In most of the aforementioned works in formation control, the two-dimensional
case with simple dynamics and point-mass agents has been dominantly considered.
In real applications, however, the engineering systems have nonlinear second order
dynamics and are usually subject to exogenous disturbances and modeling errors.
Another important issue concerns the connectivity maintenance, the collision avoid-
ance between the neighboring agents and the transient and steady state response
of the closed loop system, which have not been taken into account in the majority
of related woks. Thus, taking all the above into consideration, the design of robust
distributed control schemes for the multi-agent formation control problem becomes
a challenging task.

In this chapter, we aim at addressing the distance-based formation control
problem with orientation alignment for a team of tree-graph communication-based
rigid bodies operating in SF(3), with unknown second-order nonlinear dynamics
and external disturbances. We propose a purely decentralized control protocol that
guarantees distance formation, orientation alignment as well as collision avoidance
and connectivity maintenance between initially neighboring agents and in parallel
ensures prescribed transient and steady state performance. The prescribed perfor-
mance control framework has been incorporated in multi-agent systems in [65, [66],
where first order dynamics have been considered. Furthermore, the first one only
addresses the consensus problem, whereas the latter solves the position based forma-
tion control problem, instead of the distance- and orientation-based problem treated
here. More specifically, the proposed methodology exhibits the following attributes:

1. Tt is decentralized, in the sense that each agent computes its own control signal
based on its local sensing capabilities, without needing to communicate with
the rest of the agents or know the pose of a global coordinate frame.

2. It is robust to bounded external disturbances and uncertainties of the dynamic
model, since these are not employed in the control design.

3. It guarantees collision avoidance and connectivity maintenance among the
initially connected agents.
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4. Tt guarantees convergence to a feasible formation configuration with predefined
transient and steady-state performance from almost all initial conditions.
Moreover, in contrast to standard continuous control methodologies on SO(3),
it guarantees convergence to the desired formation configuration arbitrarily fast,
regardless of the distance of the initial system configuration to the undesired
unstable equilibrium.

3.2 Preliminaries

3.2.1 Graph Theory

An undirected graph G is a pair (N, &), where N is a finite set of N € N nodes,
representing a team of agents, and £ C {{7,7} :4,5 € N,i # j}, with K = |£], is the
set of edges that model the communication capabilities between neighboring agents.
For each agent, its neighboring set N is defined as NV; :== {j € V s.t. {i,j} € £}.

If there is an edge {i,j} € &, then 4, j are called adjacent. A path of length r
from vertex i to vertex j is a sequence of r 4+ 1 distinct vertices, starting with 7 and
ending with j, such that consecutive vertices are adjacent. For ¢ = j, the path is
called a cycle. If there is a path between any two vertices of the graph G, then G is
called connected. A connected graph is called a tree if it contains no cycles.

Consider an arbitrary orientation of G, which assigns to each edge {i,j} € &
precisely one of the ordered pairs (i,5) or (j,4). When selecting the pair (4, j), we
say that ¢ is the tail and j is the head of the edge {4, j}. By considering a numbering
ke K:={1,...,K} of the graph’s edge set, we define the N x M incidence matrix
D(G) as it was given in [67].

Lemma 3.1. [/8, Section III] Assume that the graph G is a connected tree. Then,
D(G)"AD(G) is positive definite for any positive definite matriz A € RN*N.

Proposition 3.1. Let f: R>o — R, with f(z) := exp(z)(exp(x) — 1) — 2%. Then
it holds that f(z) > 0, Vo € Rxo.

Proof. It holds that 8];\(;) = 2exp(2z) — exp(z) — 2z > 0,Vz € R>¢. Hence, f(x) >
f(O) =0, Vx € RZO' O

Proposition 3.2. [68] Let Ry, Ry € SO(3), and eg == S™Y(R{ Ry — Ry Ry). Then
lerl® = 1Ry — Ralf (1= 1171 — Rall} )

Proposition 3.3. Let Ry, Ry € SO(3). Then, for the rotation matrix Ry Ry €
SO(3) it holds that —1 < tr[R] Ry] < 3; tr[Ry Ry] = 3 if and only if Ry Ry = I3 &
Ry = Ry; tr[Ry Ry] = —1 when Ry = Ry exp(n8), for every § in the unit sphere.

Useful properties of skew symmetric matrices [69]:

o T S(y)z =0;
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e S(Rz)=RS(z)RT;
. —LrlS(@)SW) = 2Ty
o tr[AS(z)] = 3tr [S(z)(A—AT)] =—2"S7H(A-AT),

for every x, y € R?, A € R®*3 and R € SO(3).

3.3 Problem Formulation

3.3.1 System Model

Consider a set of N rigid bodies, with N’ = {1,2,..., N}, N > 2, operating in a
workspace W C R3. We consider that each agent occupies a ball B(p;,;), where
p; € R3 is the position of the agent’s center of mass with respect to an inertial frame
F, and r; € Ry is the agent’s radius (see Fig. [3.1)). We also denote as R; € SO(3)
the rotation matrix associated with the orientation of the ith rigid body. Moreover,
we denote by v; 1, € R? and w; € R3 the linear and angular velocity of agent i with
respect to frame F,. The vectors p; are expressed in F, coordinates, whereas v; 1,
and w; are expressed with respect to a local frame F; centered at each agent’s center
of mass. The position, though, of F,, is not required to be known by the agents, as
will be shown later. By defining z; == (p;, Ri) € SE(3) and v; = [v],w/]T € RS,
we model each agent’s motion with the 2nd order Newton-Euler dynamics:

T; = (Rivi,L,RiS(wi)) S TR“ (3.1&)
u; = M;v; + Cl(’Ul)Ul + gi(.lfi) + ’wi(l‘i, Vi, t), (31b)

where the matrix M; € R%%6 is the constant positive definite inertia matrix, C; :
RS — R®x6 is the Coriolis matrix, g; : SE(3) — R is the body-frame gravity
vector, w; : R® x R>o — RO is a bounded vector representing model uncertainties
and external disturbances, and Tg, = R® x TrSO(3), as defined in the previous
chapter. Finally, u; € R® is the control input vector representing the 6D body-
frame generalized force acting on agent i. The following properties hold for the
aforementioned terms:

o The terms M;, Ci(-), gi(-) are unknown, C;(+), g;(-) are continuous and it holds
that

0<m; <m; <oo (3.2a)

lgi(zi)ll < gi,Vz; € SE(3), (3.2b)

Vi € N, where g; is a finite unknown positive constant and m; = Apin (M;),
and m; = Amax(M;), which are also uknown, Vi € N.

o The functions w;(x;,v;,t) are assumed to be continuous in v; € R® and
for each fixed v; € RS, the functions (z;,t) — w;(z;,vs,t) are assumed to be
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Figure 3.1: Illustration of two agents i, j € A in the workspace; F, is the inertial
frame, F;, F; are the frames attached to the agents’ center of mass, p;, p; € R* are
the positions of the center of mass with respect to Fo; 7;, ; are the radii of the agents
and s; > s; are their sensing ranges.

bounded by unknown positive finite constants w;, i.e., ||w;(z;, vi, t)|| < w; < oo,
Vz; € SE(3),t € R>g, i € N.

The dynamics (3.1b]) can be written in a vector form representation as:

& = hg(z,v), (3.3a)
u= Mo+ C)v+g(x) + w(z,v,t), (3.3b)
where z := (z1,...,2n5) € SE@)N,vi=[v],...,0]T € RN w:=[u],...,ul]" €

ROV and

hy(z,v) = (hyy (z1,01), ..., hay (N, UN))
= ((Ryv1,L, R1S(w1)), ..., (RnvN,L, RN S(wN)))
€ Tgr, x - X Tgry,
M := diag{[M;]icy} € ROV*ON,
C(v) = diag{[C;(v;)]icy} € RENV*EN
9(@) =[g1(x1) ... gn(en) T € R,

'lU(I,’U,t) = [wl(gjhvlvt)—r? < 'aw(xvaNvt)T]T € RGN'

It is also further assumed that each agent has a limited sensing range of s; >
max; jen{r; +r;}. Therefore, by defining the set-valued neighboring function A :
R3N = N, with Nj(p) = {j € N : p; € B(pi,s:)}, and p == [p],...,pN]" € RN,
agent i can measure the relative offset R, (p; —p;) (i.e., expressed in i’s local frame),
the distance [|p; — p;||, as well as the relative orientation R} R; with respect to its
neighbors j € N;(p). In addition, we consider that each agent can measure its own
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velocity subject to time- and state-varying bounded noise, i.e., agent ¢ has continuous
feedback of v; = [EIL,(EZ-T]T = v; + ni(z;,t), Vi € N. The vector fields n; :
SE(3) x Rsog — R® are assumed to be bounded by unknown positive finite constants
ni, 1.e., [|ni(zi, )| < ng, Vo, € SE(3),t € Rsq, i € N. Moreover, the vector fields
Nid: SE(?)) XTRi XRZO — RG with ni)d(mi, j,‘i, t) = ’I.li(l‘i, i}i) = 8n2)(;7t) l‘ri—amé:“t)
are assumed to be continuous in #; € Ty, and for each fixed &; € T R;, the functions
(xiyt) — nga(zi,a4,t) are assumed to be bounded by wunknown positive finite

constants 7i; 4, i.e., || a(xs, &4, t)|| < Mgy Vo, € SE(3),¢t € R>g, 1 € N

Remark 3.1. (Local relative feedback) Note that the agents do not need to
have information of any common global inertial frame. The feedback they obtain is
relative with respect to their neighboring agents (expressed in their local frames)
and they are not required to perform transformations in order to obtain absolute
positions/orientations. In the same vein, note also that the velocities v; are vectors
expressed in the agents’ local frames.

The topology of the multi-agent network is modeled through the undirected
graph G :== (W, ), with € = {(i,7) € N? : j € N;(p(0)) and i € N;(p(0))} (i-e., the
initially connected agents), which is assumed to be nonempty and connected. We
further denote K := {1,..., K} where K = |£|. Given the k-th edge, we use the
simplified notation (ki, ko) for the function that assigns to edge k the respective
agents, with k1, ks € N, Vk € K. Since the agents are heterogeneous with respect to
their sensing capabilities (different sensing radii s;), the fact that the initial graph
is nonempty, connected and undirected implies that

115 (0) = piy (0)]| < icon, (3.4)

with di con = min{sy,, s, }, Vk € K. We also consider that G is static in the sense
that no edges are added to the graph. We do not exclude, however, edge removal
through connectivity losses between initially neighboring agents, which we guarantee
to avoid. That is, the proposed methodology guarantees that ||pg,(t) — pr, ()| <
dk con, Vk € K, Vt € R>¢. It is also assumed that at ¢ = 0 the neighboring agents
are at a collision-free configuration, i.e., dicol < ||Pk,(0) — pi, (0)||,Vk € K, with
dk col = Tk, + Tk, Hence, we conclude that

dk,col < ||pk2 (0) — Pk, (0)” < dk,coka e K. (3.5)

The desired formation is specified by the constants dides € R>0, Ri,des €
SO(3),Vk € K, for which, the formation configuration is called feasible if the set
P = {.7; € SE(?))N : Hpk2 — Dk, H = di des, R;;Rkl = Ry des, VK € /C} is nonempty.

3.3.2 Problem Statement

Due to the fact that the agents are not dimensionless and their communication
capabilities are limited, the control protocol, except from achieving a desired inter-
agent formation and maintaining connectivity, should also guarantee for all ¢ € R>q
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that the initially neighboring agents avoid collision with each other. Therefore, all
pairs (ky, k2) € N of agents that initially form an edge must remain within distance
greater than dj, o1 and less than dj con. We also make the following assumptions
that on the graph topology:

Assumption 3.1. The communication graph G is a tree.

Formally, the robust formation control problem under the aforementioned con-
straints is formulated as follows:

Problem 3.1. Given N agents governed by the dynamics , under Assump-
tion @ and given the desired inter-agent configuration constants dj qes€ R>o,
Ry des€ SO(3), with di co1 < dides < dicon, Yk € K, design decentralized control
laws u; € RS, i € A such that, V k € K, the following hold:

L lim (ipx, (t) = pr, (8)]] = dides;
2. lim [Ry, (t)] " R, (£) = R des

3. dk,col < Hpk2 (t) — Pk (t)” < dk’comv te Rzo.

The term “robust” here refers to robustness of the proposed methodology with
respect to the unknown dynamics and external disturbances in (3.1]) as well as the
unknown noise n;(+) in the velocity feedback.

3.4 Main Results

3.4.1 Error Derivation

Let us first introduce the distance and orientation errors:

er = ks = Prall” = B ges €, (3.6a)
1
Ui = St s = R aouRL Ry | € 10,2, (3.6D)

Vk € K, where we have used Proposition Regarding ey, our goal is to guarantee
lim; o ex(t) — 0 from all initial conditions satisfying , while avoiding inter-
agent collisions and connectivity losses among the initially connected agents specified
by €. Regarding v;,, we aim to guarantee the following:

1. limy—y 00 ¥ () — 0, which, according to Proposition implies that
tli>rgo Ry (1) T Ry, (t) = R des

2. Yr(t) < 2,Vt € Rxg, since the configuration ¢, = 2 is an undesired equilibrium,
as will be clarified latedl

Tt has been proved that topological obstructions do not allow global stabilization on SO(3)
with a continuous feedback control law (see [68H70])
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By using properties of skew-symmetric matrices, we derive the following dynamics

of the errors (3.6):

ek = 2(Pky — Py) | (RiyUko, . — Riy0ky 1) = 2(RY, Dy ky) | (RY, Ry ks 1 — Uy L)
(3.7a)
. 1
e = §e;k (Ry, Riywiy, — wiy ), (3.7b)
where Dy, k, = Dk, — Pk, and eg, = S_l(R,I1 Riy R des — R,IdeSR,LRkI), Vk e K.
By employing Proposition we obtain [leg, |2 = | R, Rk, — Rides|Z(1 —
SIIRL, R, — Ri,aes||?) as well as

| Ry, Ri, — Ridesllf = tr[(R;Rkl — Ry des) | (Ri, R, — Rk,des)}
= tr [213 — 2R} g Ry, Riy ] = 40k

Hence, it holds that:
ler1? = 2¢n(2 — ¢u), (3.8)

which implies that: |[eg, || = 0 = 9 = 0 or ¢y, = 2, Vk € M. The two configurations
Y, = 0 and 9, = 2 correspond to the desired and undesired equilibrium, respectively.

3.4.2 Performance Functions

The concepts and techniques of prescribed performance control (see Section
are adapted in this work in order to: a) achieve predefined transient and steady
state response for the distance and orientation errors ey, ¥y, Vk € K, as well as ii)
avoid the violation of the collision and connectivity constraints between initially
neighboring agents, as presented in Section [3.3] The mathematical expressions of
prescribed performance are given by the inequality objectives:

—Chycotpey, (1) < €x(t) < Chconpey (1), (3.9a)
0< wk(t) < Py, (t) <2, (39b)
Vk € IC, where Pey, + Rzo — [m, 1:|, Py, + Rzo — [pwk,,ocypwk,,o], with

Pey, 00 - Pey, o0
(t) = 1[1— k e ekt + ,
pEk( ) |: max{ck,con7 Ck,col}:l max{ck,con> Ck,col}

. -1
pwk(t) = (pwk,o_pwk,oo)e wkt—’_pwk,oc)
are designer-specified, smooth, bounded, and decreasing functions of time; the

constants le, , ly, € R>g, and p., . € (0,max{Cy con;Cr.col}), Pu;.0 € (0,Pu,.0)
Vk € IC, incorporate the desired transient and steady state performance specifications
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respectively, as presented in Section E and Cf col, Crcon € Rso,Vk € K, are
associated with the collision and connectivity constraints. In particular, we select

Ck,001 = di,des - di,col’ (310&)
C]ﬁCOH = d%,con - d%,dcs’ (310b)

Vk € K, which, since the desired formation is compatible with the collision and
connectivity constraints (i.e., dicol < dides < dicon, Yk € K), ensures that
C,col; Ci,con € Rs0,Vk € K, and consequently, in view of (3.5]), that:

—Ch.co1pe, (0) < €x(0) < pe, (0)Ch.con, (3.11a)

Vk € K. Moreover, assuming that v, (0) < 2, Vk € K, by choosing

Puyo = Py (0) € (wk(o)ﬂ), (3.11b)
it is also guaranteed that:
0 < ¥k (0) < py, (0) <2, (3.11c)

Vk € K. Hence, if we guarantee prescribed performance via , by setting the
steady state constants p., ., py, . arbitrarily close to zero and by employing the
decreasing property of pe, (t), py, (t), Vk € K, we guarantee practical convergence of
the errors eg(t), ¥x(t) to zero and we further obtain:

—Ch.col < €x(t) < Crcon; (3.12a)
0< Pr(t) < py, (1), (3.12b)

Vt € R>¢, which, owing to (3.10]), implies:
di,cot < Pk, (t) = pry () < di.con,

vk € K,t € R>¢, providing, therefore, a solution to problem Moreover, note
that the choice of p,, , along with guarantee that ¢, () < 2, Vt € R>g and
the avoidance of the unstable singularity equilibrium.

In the sequel, we propose a decentralized control protocol that does not incor-
porate any information on the agents’ dynamic model and guarantees for all
t € Rxg.

3.4.3 Control Design

Given the errors ey, ¥ defined in Section [3.4.1] we perform the following steps:
Step I-a: Select the corresponding functions pe, (-), py, (-) and positive parame-

ters Ck.con, Ck,col, k € IC, following (3.9)), (3.11b)), and (3.10]), respectively, in order

to incorporate the desired transient and steady state performance specifications as
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well as the collision and connectivity constraints, and define the normalized errors,
Vk e K,

_ _
T @ @

Step I-b: Define the transformations Te, : (—Ccol; Ckcon) — R, k € K, and
Ty :0,1) = [0,00) by

1+CL 1
T(’k(x) =1In (1_21) 7Tw('r) =In (1 — 11)7

Cl,con

(3.13)

Vk € K, and the transformed error states, Vk € IC,

Eek = Tek (fek)7 (314&)
ey = Ty (&py)- (3.14b)
Next, we design the decentralized reference velocity vector for each agent v; ges =

[UZdes’ w;,rdcs] T as

o Vi, Ldes
Vi,des =
Wi, des

2 E Oé(i, k7 Rk1 ; sz) ok (gek)gek Rglﬁkz,kl

-5 kem 20

— 5 . o) , (3.15)
Z Oé(l,k,Rkl,sz) ) €Ry,
ke Py

where §; € Ry are positive gains, Vi € N, re, : (—Ch col, Ckcon) — [1,00),7y :
[0,1) = [1,00), with r¢, (z) = aTgi,;(x)’ () = OTgx(w) , and the function « is defined
as a(i, k, Ry, , Ri,) = —I3, if ¢ is the tail of the kth edge (i = k1), a(i, k, Ry, Ri,) =
R,—'c; Ry, if i is the head of the kth edge (i = k), and 0 otherwise. The assignment
of the head and tail in each edge can be done off-line according to the specified
orientation of the graph, as mentioned in Section [3.2.1

Step II-a: Define for each agent the velocity errors ey, = [e,) 1,...,€,) ¢]T =
Ui — Vj des, Vi € N, and design the decreasing performance functions as Po;o - R —
[p”?,g’p”ffe]’ with po, ,(t) = (p,o, — pvﬁ)exp(—lvmt) + pue,, where the constants

P9 s Puze,s by, , incorporate the desired transient and steady state specifications, with
the design constraints p,0 > [ey, ,(0)], pus € (0,p0 ), V€ {1,...,6}, i€ N. The
term e,, ,(0) can be measured be each agent at t = 0 directly after the calculation
of v; des(0).
Moreover, define the normalized velocity errors
g’Ui,l
Ev, = = P, (t)_levw (3.16)
gvi,ﬁ
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where py,(-) == ding{[pu,., (Vre(r....0p}, Vi €NV
Step II-b: Define the transformation 7;, : (—1,1) = R as

1+x)

Ty(xz) =1n (1 —

and the transformed error states

51)7‘,,1 T’U (61},‘,71)
ey, = | 1| = : ) (3.17)

Ev,i 76 TU (51}1 ,6)

Finally, design the decentralized control protocol for each agent i € N as
Ui == = [pvi (t)]_l Ty (fvi)gvm (318)

where 7, (&y,) = diag{[ry(&v, e)leeqr,...61} with 7, + (=1,1) = [1,00), ry(z) =

BTa”iaEz), and ; € Ry are positive gains, Vi € V.

Remark 3.2. (Control protocol intuition) Note that the selection of C co1, Ck,con
according to and of py, (t), pu,,(t) such that p,, o = py, (0) € (¥(0),2), puo, =

Pu:,(0) > |ey, ,(0)] along with (3.5)), guarantee that &, (0) € (Ck,col, Ck,con) Vi(0) €

0,2), &,,(0) € (=1,1),Vk € K, £ € {1,...,6}, i € N. The prescribed performance

control technique enforces these normalized errors &, (t), &y, (t) and &, ¢(t) to

remain strictly within the sets (—Cj col, Ck.con)s [0,2), and (—1,1), respectively,

Vke K, e{l,...,6},i € N,t >0, guaranteeing thus a solution to Problem It

can be verified that this can be achieved by maintaining the boundedness of the

modulated errors e, (t), ey, (t) and €,, () in a compact set, V¢ > 0.

Remark 3.3. (Arbitrarily fast convergence to i, = 0) The configurations
where |leg, || = 0 < ¢, = 0 or ¥, = 2 are equilibrium configurations that result
In Wk, des = Wky,des = 0, Yk € K. If ¥4 (0) = 2, which is a local minima, the
orientation formation specification for edge k cannot be met, since the system
becomes uncontrollable. This is an inherent property of stabilization in SO(3),
and cannot be resolved with a purely continuous controller [70]. Moreover, initial
configurations ¥ (0) starting arbitrarily close to 2 might take infinitely long to be
stabilized at 1 = 0 with common continuous methodologies [71]. Note however,
that the proposed control law guarantees convergence to ¥ = 0 arbitrarily fast,
given that ¥y (0) < 2. More specifically, given the initial configuration ¢ (0) < 2,
we can always choose p,, o, such that ¢, (0) < p,, o < 2, regardless of how close
¥ (0) is to 2. Then, as proved in the next section, the proposed control algorithm
guarantees and the transient and steady state performance of the evolution
i (t) is determined solely by py, () and more specifically, the rate of convergence is
determined by the term Iy, . It can be observed from the desired angular velocities
designed wj ges in that close to the configuration ¢ (0) = 2, the term eg, (0),
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which is close to zero (since ¥;(0) = 2 = |leg, (0)|| = 0), is compensated by the
_ ¥x(0)
- Py ,0
to 1). Moreover, potentially large values (but always bounded, as proved in the next
section) for w; qes and hence u; due to the term 7y (&y, (0)) can be compensated by

tuning the control gains §; and ;.

is close

term 7y (£y, (0)) = #}k(o), which attains large values (since &y, (0)

Remark 3.4. (Decentralized manner, relative feedback, and robustness)
Notice by and that the proposed control protocols are distributed in
the sense that each agent uses only local relative information to calculate its own
signal. In that respect, regarding every edge k, the parameters p., ., Py, .00s ley s Ly s
as well as the sensing radii s;,Vj € N;(p(0)), which are needed for the calculation of
the performance functions pe, (t), py, (t), can be transmitted off-line to the agents
k1, ko € N. In the same vein, regarding p,, ,(t), i.e., the constants pues,; Ly, , can be
transmitted off-line to each agent i, which can also compute P0 s gi\}en the initial

velocity errors e,, (0). Notice also from that each agent i uses only relative
feedback with respect to its neighbors. In particular, for the calculation of v; 14es, the
tail of edge k, i.e., agent k1, uses feedback of R,—; (Pk, — Pk, ), and the head of edge k,
i.e., agent kg, uses feedback of Ry Ry, R} (pk, — Dk, ) = Ry, (Pky — Pr, )- Both of these
terms are the relative inter-agent position difference expressed in the agents’ local
frames. For the calculation of w; ges, agents k1 and kg require feedback of the relative
orientation R,IQ Ry, , as well as the signal S‘l(RZ1 Ry, R des — R;dCSR; Ry, ), which
is a function of R;ZR;“. The aforementioned signals encode information related
to the relative pose of each agent with respect to its neighbors, without the need
for knowledge of a common global inertial frame. It should also be noted that the
proposed control protocol depends exclusively on the velocity of each agent
and not on the velocity (expressed in a local frame) of its neighbors. Moreover,
the proposed control law does not incorporate any prior knowledge of the model
nonlinearities/disturbances, enhancing thus its robustness. Finally, the proposed
methodology results in a low complexity. Notice that no hard calculations (neither
analytic nor numerical) are required to output the proposed control signal.

Remark 3.5. (Construction of performance functions and gain tuning)
Regarding the construction of the performance functions, we stress that the desired
performance specifications concerning the transient and steady state response as
well as the collision and connectivity constraints are introduced in the proposed
control schemes via pe, (t), py, (t) and Ci col; Ck cons k € K. In addition, the velocity
performance functions p,, ,(t), impose prescribed performance on the velocity errors
€y; = Vi — Vi des, ¢ € N. In this respect, notice that v; qes acts as a reference signal
for the corresponding velocities v;, i € N. However, it should be stressed that
although such performance specifications are not required (only the neighborhood
position and orientation errors need to satisfy predefined transient and steady
state performance specifications), their selection affects both the evolution of the
errors within the corresponding performance envelopes as well as the control input
characteristics (magnitude and rate). More specifically, relaxing the convergence
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rate and the steady state limit of the velocity performance functions leads to
increased oscillatory behavior within the prescribed performance region, which is
improved when considering tighter performance functions, enlarging, however, the
control effort both in magnitude and rate. Nevertheless, the only hard constraint
attached to their definition is related to their initial values. Specifically, p,, o =
Py (0) € (1/1k(0),2),p,,?£ = pu,,(0) > |ey, ,(0)], VE € K, £ € {1,...,6}, i € N. In
the same vein, as will be verified by the proof of Theorem the actual transient-
and steady-state performance of the closed loop system is solely determined by
the performance functions pe, (t), py, (), pv,,(t), and the constants C co1, Ck con,
ke K, te{l,...,6},i € N, without requiring any tuning of the gains d;,~;,
i € N. Tt should be noted, however, that their selection affects the control input
characteristics and the state trajectory in the prescribed performance area. In
particular, decreasing the gain values leads to increased oscillatory behavior within
the prescribed performance area, which is improved when adopting higher values,
enlarging, however, the control effort both in magnitude and rate. Fine gain tuning is
also needed in cases where the control input needs to be bounded by a pre-specified
saturation value, since, although the proposed methodology yields bounded control
inputs, it does not guarantee explicit bounds. A detailed analysis regarding the
acquirement of such bounds is found in the next chapter.

3.4.4 Stability Analysis

In this section we provide the main result of this paper, which is summarized in the
following theorem.

Theorem 3.1. Consider the multi-agent system described by the dynamics ,
under a static tree communication graph G, aiming at establishing a formation
described by the desired offsets dy, des € (A, cots Ak,con) and Ry, qes, Yk € K, Yk € K.
Then, the control protocol — guarantees the prescribed transient and
steady-state performance

_C’%COlpEk (t) < ek(t) < Ck,conpek (t)y (319&)
0< ¥k(t) < py, (1), (3.19b)

Vk € K, t € R>q, under all initial conditions satisfying 1 (0) < 2, Vk € K and
(13.5), providing thus a solution to Problem .

Proof. We start by defining some vector and matrix forms of the introduced signals
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and functions:

e=ler,...,ex] ¥ = [¢1,...,1pK]T
eR::[eL,...,e ]T, [;,...,GIN]T

ba = [fal,...,saK]T,5v~—[,,17-..,%}

e = [Eers 1 Eex) 1Ep = [ExprreverEuprc]

Ep = [ ) IN]Ta [p12,117--~,17;<2,K1]T

vy, = [UIL, .. ] , ULdes ‘= [vILdeS, . ,vE}LdeS}T
w = [wlT, e ,w;]T,wdes = [wides, . ,w]T,?des}T

Vdes = [V dess -1 U des] | s Pa(t) = diag{[pa, (O)]kex}

po(t) = diag{[pu, (t)]ien}

re(&e) = diag{[re, (&, )kexts Be(Eert) = re(Ee)pe(t) ™!

Ty (&) = diag{[ry (Ep,)kext, Tu (€, t) = Ty (Ey)py(H)
To(&o) = diag{[Fy (&, )ien ) Do (Eur ) = o (&) pu(t)

where a € {e, ¢}

With the introduced notation, (3.7)) can be written in vector form as:

€1 2(R{ P1,1,) " (R{ R1,v1, L — v1,,1)
6= _ |
€x 2(Rp, Py ic,) T (R, Ric, Vi, L — Uk, L)
Ply1, - Oixs
=2 @ . .| RDg(R,G) v
O1x3 - Dl k.
=TF,(p) " RDR(R,G) "L,
. U . 6;1 (R{ Ri,wi, — wi,)
v=10=5 :
Ve ep, (Ri, Ric,w1, — wk,)
. 6;1 coo O1xs
=3 S . | Dr(R,G)"w
O1x3 ... egK

= FR(GR)TDR(R, g)Tw

(3.20a)

(3.20Db)
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where R := diag{[Ry, |xex } € R3EX3K

P11y oo O3xa
Fp(p):=2| 1 .. | R,
O3x1 -+ DKs K,
er, ... 0Osx1
IF‘R(eR)::% DL | e R¥EXE
O3x1 ... €Rg

Dgr € RN x R3K is the orientation incidence matriz of the graph:

with R := diag{[Ri)ien} € R3NV*3N “and D(G) is the incidence matrix of the graph.
The terms R and R in Dg(R,G) correspond to the block diagonal matrix with the
agents’ rotation matrices along the main block diagonal, and the block diagonal
matrix with the rotation matrix of each edge’s tail along the main block diagonal,
respectively. These two terms have motivated the incorporation of the terms «f(-) in
the desired velocities v; ges designed in , since, as shown next, the vector form
Vdes yields the orientation incidence matrix D (R, G).

The desired velocities (3.15) and control inputs can be written in vector
form as

Vpdes = —ADR(R,G)RFp(p)Se (&, t)ee, (3.22a)
Wdaes = —ADR(R,G) [y (&yp,t) @ I3] er, (3.22b)
u=—T 3,(&,t)ey, (3.22¢)

where A := diag{[6;I3]ien’} € R3V>3N and T := diag{[vils)ien’} € RV*N Note
from (3.22¢) and (3.13)), (3.16), (3.14), (3.17) that u can be expressed as a function
of the states u(x,v,t). Hence, the closed loop system can be written as

& = hy(z,v)

= fM*I{C'(v)v +g(z) + w(z,v,t) — u(x,v,t)} =: hy(x,v,t).

By defining z = (z,v) € SE(3)Y x RSY  we can write the closed loop system in
vector form as

2= h(zt) = (ha(2), ho(2,1)). (3.23)
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Next, define the set

Q= {(z,v,t) € SE3)N x R x Rxg :
e (Phy» Phys 1) € (=Ck col, Ckcon);
i (Riys Riys 1) < 1,
v, (z,v5,t) € (—1,1)5,Vk € K},

where we have expressed &, , &y, , §v, from , as a function of the states.
It can be verified that the set € is open due to the continuity of the operators
e (1), €4, (+), &, () and nonempty, due to (3.10). Our goal here is to prove firstly
that has a unique and maximal solution (z(¢),?) in € and then that this
solution stays in a compact subset of 2.

It can be verified that the function h : Q — Tg, x --- x Tg, x R is (a)
continuous in ¢ for each fixed (z,v) € {(z,v) € SE(3)N x RN : (z,v,t) € Q}, and
(b) continuous and locally lipschitz in (x,v) for each fixed ¢ € R>¢. Therefore, the
conditions of Theorem are satisfied and hence, we conclude the existence of a
unique and maximal solution of for a timed interval [0, tmax), With tpmax > 0,
such that (2(¢),t) € Q, Vt € [0, tmax). This implies that

_oe) N
e (1) = e () e (-1,1), (3.24a)
(1)
& (t) = po @) <1, (3.24b)
£, (1) = po, () tey, (t) € (—1,1)°, (3.24c)

Vk € K,i €N, t €0, tmax). Therefore, the signals ey (t), ¥x(t), ey, (t) are bounded
for all t € [0, tmax)- In the following, we aim to show that the solution (z(t),t) is
bounded in a compact subset of  and hence, by employing Theorem [2.5] that
tmax = 0.

Consider the positive definite Lyapunov candidate V, : R — R>q, with V,(e.) ==
3llee]|?, which is well defined for ¢t € [0,%max), due to (3.24a). By differentiating

Ve (ge) and taking into account the dynamics & = pe(t) 7! [é — pe(t)€.], we obtain
. T N
Velee) = [ 2552 ] 20 = eI S(e ) {Fp(B)TRDR(R, G) Tvr, = pe(t)e }, which, by
substituting vy, = vr — np(x,t) = €y, + Vrdes — Np(x,t) and (3.20)), becomes
Ve(‘fe) == 52—26(567 t)Fp(@Tﬁ(g)Fp(ﬁ)ze(fm t)ee

+ el Se6er ) [Fy(5) T RDR(R,9) (e, — mp(, ) = pe(t)Ee] (3.25)
where D(G) :== RDr(R,G) " Dr(R,G)RT = D(G)T @ Is A D(G) ®I5 € R3*3K
(by employing (3.21))), and e, , n,(x,t) are the linear parts of e, and n(x,t) (i.e., the

stack vector of the first three components of every e,,, n;(z;,t)), respectively. Note
first that, due to (3.24c), the function e, (¢) is bounded for all ¢ € [0, tax). Moreover,
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note that (3.24al) implies that 0 <dj co1 < ||Pk; (t) — Pro (B)]] < dicons VE € [0, tmax)-
Therefore, it holds that rank(F,(p(t))) = K, Vt € [0,tmax). In addition, since G

is a connected tree graph and §; € Rwq, Vi € N, E(g) is positive definite and
rank(D(G)) = 3K. Hence, we conclude that rank([Fp(ﬁ(t))]Tﬁ(g)]Fp(;B(t))) =K
and the positive definiteness of [F,(5())]T D(G)F,(p(t)), Vt € [0, tmax). In addition,
since ||pr, (t) — pi, (t)]| < di.con, We also conclude that the term F,(5)T RDg(R,G)T
is upper bounded, V¢ € [0, tmax). Finally, p.(t) and n,(z,t) are bounded by def-

inition and assumption, respectively, Vo € SE(3)"V,t € R>q. Note that all the
aforementioned bounds are independent of t,.x. We obtain now from (3.25):

VS(EE) < _AE”Ee(fmt)EeHZ + ||26(§e7t)56||B6
B,
Btz [nze(ge,tmu - N] |
Yt € [0, tmax) Where

Ap= ot D (F,(000)TDOF () }

p(t),tE€[to,tmax)

2 di,co])\min(ﬁ(g)) > O,

and B, is a positive constant, independent of #,,.y, satisfying the following inequality:
B. > [Fy(5) RDR(R,G)" (€0, (t) = np(w,1)) — e ()6 (1), ¥t € [0, tmar). Note that,
in view of the aforementioned discussion, B, is finite.

Hence, we conclude that V() < 0 & || e (ée, t)ee

1 1
8T€k( ) Ck col + Ck con 1 1

> + )
or (1 + Ck wl> ( Ck wn> Cicol  Cioon
<1

,Vt € R>p, k € K, we conclude that

Tey, (l‘) =

Vz € (—C,cols Ch,con), as well as pe, (t)

ey (€e
[18e(€e(t), t)ec(t)]| = \/Zkelc kp(e (kt)]2] (e, (B)]* > C||5e(t)||a Vt € [0, tmax), where
C = maux{cklc01 + & Con} Hence, we conlude that V(c.) < 0, V|| > fjé,
- D

Yt € [0, tmax). Therefore, by invoking Theorem 4.8 in [28] we conclude that

llec(®)]] < & := max {Ee(())7 )\;‘b} , (3.26)

t € [0, tmax), and by taking the inverse logarithm function:
- Ck:pol < _§ S fek (t) S ée < Ck,corn (327)

Yt € [0, tmax), where &, == %C’k con, and § = %C’k con- Note that

€¢(0) is finite due to the assumption di co1 < ||pk2( ) — Pk, (0)]] < dg con- Therefore,
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since A\~ is strictly positive and B, is also finite, &, is well defined. Hence, (3.26))

and (3.27)) imply the boundedness of e, (t), re, (&, (t), P(t), and p(t) in compact
sets, Vk € KC, and therefore, through (3.15)), the boundedness of v; qes(t), Vi € N,
t € [0, tmax)-

Similarly, consider the positive definite Lyapunov candidate Vy : R>g — R>,
with Vi (ey) = 23 ek €y, - By differentiating V,,(ey) and taking into account the

.
ics & —1 [y ; Y d .

dynamics &y, (t) = py, (t) 7" [Un(t) = Py, (), ], we obtain Vi (ey) = [ sz(:‘w} Ey
=23 kex T,f:féf)) (¥r — Py, ), which, after substituting (B.70)), (3-20), becomes

Vi(ew) = ef [Su(6y,t) © I] Dr(R,G) Tw—2 Mﬁwk ()&,
ek Py (t)

= e; [Ew (Ewa ) & I3] DR(Ra g)T [Wdes + €yp — nR(x7 t)]
—2 Y s e

ek Py (t)

where e,, and ng(z,t) are the angular parts of e, and n(z,t) (i.e., the stack
vector of the last three components of every e,,, n;(x,t)), respectively. By substi-

tuting (3.22B) and defining Sy (&4, 1) == Sy (Ey,t) @ I € R3EB3KE Dp(R G) =
Dg(R,G)"ADg(R,G) € R3¥E>3K e obtain:

Vi(ew) = — xSy (€p ) Dr(R,G) Sy (6, her
+ e;m >DR<R, 9)" [ews — nr(z, )]

w L (D& - (3.28)
keK k

According to (3:21), Dr(R,G) = R [D(G) ® I3] R. Since R and R are rotation
(and thus umtary) matrlces the smgular values of Dr(R,G) are identical to the ones
of D(G), and hence Amin(Dr(R,G)) = Amin(D(G)) > 0. Indeed, let D(G) @ I3 =
UYpVT be a singular value decomposition of D(G) ® I3, where U, V are unitary
matrices, and Xp is a diagonal matrix containing the singular values of D(G) ® Is.
Then Dg(R,G) = RTUSpVTR=USpV T where U == RTU, and V = RTV are
unitary matrices (being products of unitary matrices). Thus, Us D VT is the singular
value decomposition of Dr(R, G), and hence its singular values are the diagonal values
of ¥p. By further defining 8 := [3],...,B5]" == Dr(R,G)" (ey, —ngr(x,t)) € R3M
with 8r € R3, Vk € K, becomes
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. ~ ~ r E
Volew) < = duin (DO (€0 Oenll + Y- ") e, )5,
kek Fvr
Tw(iwk) .
-2 Z —— 5 Py (D)€ -
kel Py, (t)
Note that, by construction, &y, > 0, Vk € K, and 7y (z) = dng(x) L >1Lve <l

Hence, in view of (3.24B)), we conclude that ry (&, (1)) > 1, Vt € [0, tmaX). By noting
also that py, (t) < 0,Vt € Rxg, Vi(ey) becomes

Vo(es) <~ Amin(D@) T [m] lercl? + Buy 3 mnemn

ke kel
Ty (§y)
+ 2max{l'¢'k (pwk 0 7 Puyy,o0 )} Z ¢ + — = Eys
ek Pwk( )

where By, is a positive constant, independent of tmax, satisfying the inequality
By, > maxgerc{||Br )]}, Vt € [0, tmux) Note that By, is finite, ¥t € [0, tmax), due
to (3.24b)) and the boundedness of the noise signals n(z,t). After substituting (3.8)),
we obtain

Vi(ey) < ~2rain(DG) Y [“&”] (2 — )

prs plbk(t)
T
+B Z w 2001 (2 — ) +2max{l¢k Pyp.0 — Pwkoo}z olé (
= o were Pur

(3.29)

From ([3.24b)) we conclude that 0 < ¥x(t) < py, (1) < py,.0 < 2, and hence
2= 9Y(t) 22— py,0 =t p, >0Vt €[0,tmax), k € K. Moreover, by noticing that
2 — by <2, py, (1) < py, 0o and Y = g, py, (1), VE € K, (3.29) becomes

. . B
View) < -1 S o) €+ ——22 S (6 )V

kek r;lé,é‘{v% }kEIC

L, (0 = Pugroc)
+2max{ Tk ke T (E ) s
Kok Doro ];C LEANST AN

L 2min (D(9)) mingexc{p, b
where /i == mane)c{Pwk o}

From (3.24b), (3.13), and the fact that 1, € [0,2], it holds that &, (t) <
Ve, (1), Yk € K. By albo employing the property

Z Ty, (ka)\/@ < VK Z(ka (Ev))*Ew»

ke ke
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we obtain
D (&)l €y, {/7 > lrue (€p )T, — Bw},
kek pors
where:
B, = 2\/7 + max { lwk (pwk,o - pwk,m) } ‘
. rl?ea)é{{\/m} ek Pyy.0

We conclude therefore that Vw (ey) <0 &
\/ZkE,C [rw(fwk)]Q Epy, > Bj". From (3.14b)), given y = T, (x), we obtain:

[rw(x)]2 T = {8??)} T_l(y) = (1 jx)zT_l(y)
— ; -1 = eX ex -
-4 _Til(y)]QT (y) = exp(y) [exp(y) — 1],

Va € [0,1). Therefore, [ry (€, )] €g = expley,) [exp(ey,) — 1], and according to
Proposition [3.1}

D lru€u ) éu = | expley,) [exp(ey,) — 1] > €2, =lleyll

ke kex kex

Hence, we conclude that Vi, (gy) < 0,V||ey|| > B¢ Therefore,

lew ()] < &y = max {Ew(o)» 21, (3.30)

and, by taking the inverse logarithm:

0< 7§w < 5% (t) < gd) <1, (3'31)

xp(=0) xp(—54)

€4(0) are finite, dlfe to the choice wk(O)d< Py, (0) < 2, Vk € K. Hence, since
[ is strictly positive, &y is also finite. Therefore, we conclude the boundedness
of ey, Tyr (Eyr (1)), €0(t) in compact sets, Vk € K, and therefore, through ,
the boundedness of w; ges(t), Vi € N, t € [0, tax). From the proven boundedness
of p( ) and p; ges(t), we also conclude the boundedness of n(z(t),t) and invoking
U =v+n(x,t) = ey(t) — vaes(t) ane boundedness of v(t) and Z(t),
Vt € [0,tmax). Moreover, in view of (3.26)), (3.27), (3.23), (3.15)), we also conclude
the boundedness of ¥qes(t).

where &, = b=l o g éw = 2PEw) =l yp ¢ K. Note that By as well as
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Proceeding along similar lines, we consider the positive definite Lyapunov candi-
. T
date V, : R — R>q with V,(e,) = lsTfev. By computing V,(g,) = [ng(f”)] I
and using the dynamics &, = p,(t) (€, (t) —py(t)E,), we obtain
V;;(Ev) = EIFEv (gvv t) [U + h(xa t)] - EIFEU(&,, t)i}des - EIFZU (gvv t)pv(t)gv
= —, 8y (&, )T M (2) TS, (&0, t)ey
— D6, t){FM(:r)’l [C(u)v + (@) + w(z,v,t)] — i(e, ) + ddes + p'v(t)fv}.
(3.32)
Since we have proved the boundedness of v(t) and &, Vt € [0, tiax) the terms C(v)v,

n(x,t), and w(z,v,t) are also bounded, ¢ € [0, tmax), due to the continuities of
C(), w(-), and n(-) in v, & and the boundedness of w(-) and 7n() in z,¢. Moreover,

g(x), & (), and p,(t) are also bounded due to (3.2b)), (3.24¢)), and by construction,
respectively. By also using ([3.2a)), we obtain from ((3.32)):

Vo(e) < =Arl 0o eull® + 20 (o, t)eu|| By,

where B, is a positive term, independent of ¢y, satisfying B, > ’

9(@)+w(z,v,0)]| —ifa, a0 40 (080
Vv(gv) <0 & [[Xu(&, t)en]|

max;en {7} [C(v)v—i—

min;en {m;}

’, and A\ = % > 0. Hence,

ry(z) = e :(1+z)(17:€)>2>1, (3.33)

Vo € (—1,1), as well as py, ¢(t) < pyo, VO € {1,...,6},t € R>g, we conclude that

IR
1S (6(t). Den (D] = \/ZieNzge{L,,,,ﬁ}W[em,xm? > Le,(t)], vt €

[0, tmax), where p:= max {p,0 }. Hence, we conclude that V,(g,) < 0,V||e,|| >
PEN i,m
me{l,...,6}

‘;B” ,Vt € [0, tmax), and consequently that
Ax

] 5B, 1)
lew(t)]| < &, = max { £,(0), pA HZTH} (3.34)
SE ent
Vt € [0, tmax) and by taking the inverse logarithm function:
1< =& <&, ,[t) <& <1, (3.35)

c X v)—1 X v)—1
Ve e {1,...,6}, t € [0,tmax) Where &, = §x§E§v§+1 = zxgé . ; . Note that the

term B, is finite, Vt € [0, tmax ). Moreover, the term &,(0) is finite due to the choice
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puo, > lev; (0)], V€ € {1,...,6},4 € N. Hence, since Ay is strictly positive, the term

&, is also finite. Thus, the terms e, (t), 7, (£, (¢)) and hence the control laws (3.18)
are also bounded in compact sets for all ¢ € [0, tpax)-

What remains to be shown is that t,,«x = oco. Towards that end, suppose
that tmax is finite, i.e., tyax < 00. Then, according to Theorem [2.5] it holds that
tiltrfl (H ®| + W) = oo. We first rewrite the condition in a more
explicit form, in order to account for the matrix tuple R € SO(3)". We define
Zpo = [pT,v"]T € R3N x RSN the projection sets Qr = {(R,t) € SO(3)N x R>q :
(z,v,t) € Q} and Q,, = {(p,v,t) € R?N x RN x R>q : (x,v,t) € Q} as well as the
distance from a set A C SO(3)N xRxg as ds so(3) : SOB3)N xRxg x 250(3)" xR0 _y

R>o with ds so@)((R,t),A4) = r 1nf)e {IlR — Rallr +t—ta}, where || - [|7 is the

induced norm in SO(3)" as defined in the previous chapter. Therefore, the condition
of Theorem [2.5] can now be stated as follows: Since tmax < 00, it holds that

L:= lim (Hp(t)ll + @Ol + RO+

t—t

max

1
ds((2p,0(t), 1), 0Qp0) + ds SO(3)((R(t),t),8QR)) = (3.36)

which we aim to prove that is a contradiction. Firstly, it holds that ||R(t)|r =
Yien IRi()|lF < Nsupyepo ..o {maxien(r, 1)y }- However, according to Proposi-
tion | it holds that —1 < tr(R) <3 for any R € SO(3). Hence, |R(t)||7 < 3N,Vt €
[0, tmax] Moreover from (3.35) and (3.16) we obtain ||e, (t)|| < V6£,5, Vt € [0, tmax)-
By invoking ({3.26 -, we can also conclude that there exists a finite Uges such
that ||vges(t)|| < Vdes, Vt € [0, tmax). Hence, since ||n;(x;,t)|| < ny, Va; € SE(3),t
R>o,i € N, v = U —n(z,t) = e, + vaes — n(z,t) implies that there exists a ﬁ—
nite v such that Hv( )| < v, Vt € [0, tmax). Hence, ||p(t)|| = || fom“"‘R s)v(s)ds|| <
S [ R(syo(s) ds = [ [u(s)llds < [ 5ds = [PO]] < traxs 7t € [0, tma),
which proves the boundedness of ||p(t)]|, since tmax < 0.

Next, note that 9Q, , = {(p,v,t) € R3N xRN xR : (Fk € K : &, (Pky» Pros t) =
—Clycol OF Eep (Phys Phort) = Creon) Or (Fi € N, L € {1,...,6} : &, ,(z,v;,t) =
—lor &, ,(v,v;,t) =1)}and 0Qg = {(R,t) € SOB)N xR>q: Ik € K : &y, (Riy , Ricy 1)
=1}. We have proved, however, from , , and that the maximal
solution satisfies the strict inequalities —Cj co1 < fée < &ep (Pry (8), D15 (1), 1) <
& < Ck?,conv §wk(Rk1(t)7Rk2(t)at) < 51/1 < 1, and ‘fvi,e(x(t)vvi(t)’tﬂ < & < 1,
Vke K, Le{l,...,6},i € N, t €0, tmax). Therefore, we conclude that there exist
strictly positive conetants €p.v, €r € Rs¢ such that dg((zp o(t),1),0Qp ) > €, , and
ds.so) ((R(t),t),00R) > €r, Yt € [0,tmax). Therefore, we have proved that

1
L < (tmax + )0+ 3N + —— < o0,
€pv T ER

since tmax is finite. This contradicts (3.36) and hence, we conclude that ¢y, = co.
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We have proved the containment of the errors ey (t), 1 (t) in the domain defined
by the prescribed performance funnels:

_C'k,colpe;C (t) < ek<t) < C'k,conpefC (t),
0< ¢y (t) < py, (),

Vk € K, t € R>¢, which also implies that

dk7C01 <||pk1 (t) — Pk, (t)H < dk,conv
0 <9x(t) <2,

Vk € K, t € Rxg, i.e., avoidance of the singularity 1;, = 2 and satisfaction of the
collision and connectivity constraints for the initially connected edge set &. O

Remark 3.6. [Prescribed performance] We can deduce from the aforementioned
proof that the proposed control scheme achieves its goals without resorting to the
need of rendering &, &y, €, by adopting extreme values of the control gains d;, ;.
Notice that (3.26), (3.30), and hold no matter how large the finite bounds
ey Ey, &y are. Hence, the actual performance of the system is determined solely by
the performance functions p.(t), py (), pu(t) and the parameters Cj co1, Ck con, 88
mentioned in Remark

3.5 Simulation Results

We considered N = 4 spherical agents with A" = {1, 2, 3,4} and dynamics of the form
, with r; = 1m and s; =4m, i € {1,...,4}. We selected the exogenous distur-
bances and measurement noise as w; = Ay, sin(wy, it)&;, and n; = Ay, sin(wy, it)Z;,
where the parameters Ay, An,,Wy,i,wn,; as well as the dynamic parameters (mass
and moment of inertia) of the agents were randomly chosen in [0,1], Vi € N.
The initial conditions were taken as: p;(0) = [0,0,0]T m, p2(0) = [2,2,2]" m,
pg(O) = [2,4, 4]T m, p4(0) = [2,3,3]T m, Rl(O) = R3(O) = R4(0) = 13 and

—0.3624 0.0000 0.9320
Ry(0) = | 0.6591 0.7071  0.2562 |,
—0.6591 0.7071 —0.2562

v1(0) = v2(0 = v3(0) = v(4) = Ogx1, which give the edge set £ = {{1, 2}, {2, 3},{2,4}}
and the incidence matrix:
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Distance Errors of Edge k =1

€1 (t)
sl == ==Ccolpe, (1) |4
(& sconPe; (t)

Time [sec]

Figure 3.2: The distance error signal of the edge (1, 2).

The desired graph formation was defined by the constants di qes = 2.5m,

0.5000 —0.8660  0.0000
Rides = |0.6124  0.3536 —0.7071| ,Vk € {1,2,3}.
0.6124 0.3536  0.7071

The definitions of dj, col, dk,con yield: di,cot = 2 and dj con = 4. Invoking , we
have Cj, co1 = 2.25 and Cj, con = 9.75. Moreover, the parameters of the performance
functions were chosen as p., o = py, . = 0.1, py, 0 = 1.99 > max{p,, (0), p,,(0), p,, (0)}
and I, = ly, = 0.7. In addition, we chose p,0, = 2|ey, ¢(0)| + 0.5, I, = 1.55 and
po, = 0.15, for every i € {1,...,4}, £ € {1,.. .,6}. Finally, the control gains were
set to T = 10134 and A = Ioy.

The simulation results are shown in Figl3:23.12] In particular, Fig. [3:2/34]
and Fig. show the distance error signals and the orientation error signals,
respectively. All the errors remain within the predefined bounds and converge to 0.
Fig. 3-8 shows the distance between the agents. The connectivity is maintained for
all times as well as the agents do not collide with each other. Finally, Fig. 3.9} Fig.
[B:12) depict the control input signals of the agents which remain bounded for all
times.



3.5. Simulation Results

43

Distance Errors of Edge k = 2

10 1 T T T T

ea(t)
8t == =—Cac0lpe, (1) |4
CZ,conprz (f)

6 L L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10

Time [sec]

Figure 3.3: The distance error signal of the edge (2, 3).

Distance Errors of Edge k =3

10 1 : T T
es(t)
8l == == C3c01pey ()| 4
C(i,conpru (t)
6L ]
s ]
=
= ot :
S
% I I I I I I | | |
0 1 2 3 4 5 6 7 8 9 10

Time [sec]

Figure 3.4: The distance error signal of the edge (2,4).
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Orientation Error of Edge k =1
2 T T T T T

Time [sec]

Figure 3.5: The orientation error signal of the edge (1,2).

Orientation Error of Edge k = 2
2 T T T T T

Time [sec]

Figure 3.6: The orientation error signal of the edge (2, 3).
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Orientation Error of Edge k = 3
2 . . . T T

Time [sec]

Figure 3.7: The orientation error signal of the edge (2,4).

Distance Between the Agents
4.5 T T T T T

25 F ASm——

Figure 3.8: The distance between the agents.
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Control Inputs of Agent 1

30 T T

.6}

uy,, L€ {1,

40 ! ! ! ! ! ! ! ! !

Time [sec]

Figure 3.9: The control input signals of agent 1.

Control Inputs of Agent 2

.6}

uy,, L€ {1,..

-12 I I I I I I ! ! !

0 1 2 3 4 5 6 7 8 9
Time [sec]

Figure 3.10: The control input signals of agent 2.



3.5. Simulation Results

47

Control Inputs of Agent 3

.6}

uy,, £ € {1,

! ! ! ! ! ! !

2 3 4 5 6 7 8 9 10

Time [sec]

Figure 3.11: The control input signals of agent 3.

Control Inputs of Agent 4

.6}

u,,, L€ {1,..

! !

!

!

Figure 3.12: The

3 4

5
Time [sec]

6

control input signals of agent 4.






Chapter 4

Cooperative Manipulation

This chapter addresses the problem of cooperative manipulation of a single object by
multiple robotic agents. More specifically, we present two novel control methodologies
for the trajectory tracking of the object’s center of mass. Firstly, we design an
adaptive control protocol which employs quaternion-based feedback for the object
orientation to avoid potential representation singularities. Secondly, we propose a
control protocol that guarantees predefined transient and steady-state performance
for the object trajectory. Both methodologies are decentralized, since the agents
calculate their own signals without communicating with each other, as well as robust
to external disturbances and model uncertainties. Moreover, we consider that the
grasping points are rigid, and avoid the need for force/torque measurements. Load
sharing coeflicients are also introduced to account for potential differences in the
agents’ power capabilities. Finally, simulation and experimental results with two
robotic arms support the theoretical findings.

4.1 Introduction

As highlighted in the previous chapter, multi-agent systems have gained significant
attention the last years due to the numerous advantages they yield with respect
to single-agent setups. In the case of robotic manipulation, heavy payloads and
challenging maneuvers necessitate the employment of multiple robotic agents. Al-
though collaborative manipulation of a single object, both in terms of transportation
(regulation) and trajectory tracking, has been considered in the research community
in the last decades, there still exist several challenges that need to be taken account
by on-going research, both in control design as well as experimental evaluation.
Moreover, along the lines of designing well-defined discretized abstractions for co-
operative manipulation tasks, successful manipulation/transportation of objects
plays a crucial role for the potential transitions between the states of the derived
discrete system representation. In the previous chapter we addressed the problem of
formation control, motivated by its potential application in cooperative manipulation
schemes. In this chapter we model explicitly a system of multiple robotic agents

49
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grasping an object and develop control protocols for the pose and time trajectory
tracking of the center of mass of the object.

Early works develop control architectures where the robotic agents communicate
and share information with each other, and completely decentralized schemes, where
each agent uses only local information or observers, avoiding potential communication
delays (see, indicatively, [72H81]). Impedance and hybrid force/position control is
the most common methodology used in the related literature [79H95], where a
desired impedance behavior is imposed potentially with force regulation. Most of the
aforementioned works employ force/torque sensors to acquire feedback of the object-
robots contact forces/torques, which however may result in a performance decline
due to sensor noise or mounting difficulties. Recent technological advances allow
manipulator grippers to grasp rigidly certain objects (see e.g., [96] ), which can render
the use of force/torque sensors unnecessary. Force/Torque sensor-free methodologies
can be found in [77, [79, 87], which have inspired the dynamic modeling in this work.
Moreover, [90] uses an external force estimator, without employing force sensors,
[75] presents a force sensor-free control protocol with gain tuning, and [82] considers
the object regulation problem without force/torque feedback. Finally, force/torque
sensor-free methodologies are developed in [97], where the robot dynamics are not
taken into account, and in [94], where a linearization technique is employed.

Another important characteristic is the representation of the agent and object
orientation. The most commonly used tools for orientation representation consist
of rotation matrices, Euler angles, and the pair angle-axis convention. Rotation
matrices, however, are not commonly used in robotic manipulation tasks due to
the difficulty of extracting an error vector from them. Moreover, the mapping
from Euler angle/axis values to angular velocities exhibits singularities at certain
points, rendering thus these representations incompetent. On the other hand, the
representation using unit quaternions, which is employed in this work, constitutes a
singularity-free orientation representation, without complicating the control design.
In cooperative manipulation tasks, unit quaternions are employed in [82] [83] [08)]
as well as in [99], where the interaction dynamics of cooperative manipulation are
analyzed.

In addition, most works in the related literature consider known dynamic param-
eters regarding the object and the robotic agents. However, the accurate knowledge
of such parameters, such as masses or moments of inertia, can be a challenging
issue, especially for complex robotic manipulators; adaptive control protocols are
proposed in [76] with a gain tuning scheme, in [82], where the object regulation
problem is considered, and in [77], [91]. An estimation of parameters is included
in [97], whereas [92] and [93] employ fuzzy mechanisms to compensate for model
uncertainties. In [95] the authors develop a task-oriented adaptive control protocol
using observers. Kinematic uncertainties are handled in [98] and [85].

An internal force and load distribution analysis is performed in [100]; [89] employs
a leader-follower scheme, and [101] develops a decentralized force consensus algorithm.
Furthermore, [102] introduces hybrid modeling of cooperative manipulation schemes
and [I03] includes intermittent contact; [L04] proposes a kinematic-based multi-robot
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manipulation scheme, and [12] addresses the problem from a formation-control point
of view. Finally, in [I05] a navigation function-based approach is used.

The main contribution of this chapter is the introduction of two novel nonlinear
control protocols for the trajectory tracking by the center of mass of an object that
is rigidly grasped by N robotic agents, without using force/torque measurements at
the grasping points.

Firstly, we develop a decentralized control scheme that combines (i) adaptation
laws to compensate for external disturbances and uncertainties of the agents’ and
the object’s dynamic parameters, with (ii) quaternion modeling of the object’s
orientation which avoids undesired representation singularities. A preliminary result
on the specific adaptive scheme was developed in [14], whose control law, however,
was slightly different and was not tested experimentally or in simulation. Secondly,
we propose a decentralized model-free control scheme that guarantees predefined
transient and steady-state performance for the object’s center of mass. We pro-
vide detailed stability analyses for both control schemes. Finally, simulation and
experimental results with two agents verify the validity of the proposed schemes.

The rest of the chapter is organized as follows. Section [£.2] provides the notation
used throughout the paper and necessary background. The modeling of the system
as well as the problem formulation are given in Section Section [4.4] presents
the details of the two proposed control schemes with the corresponding stability
analyses, and Section [£.5] illustrates the simulation and experimental results. Finally,
Section [£.6] concludes the paper.

4.2 Preliminaries

4.2.1 Unit Quaternions

Given two frames {A} and {B}, we define a unit quaternion (s, = @54, €},,]" €
53 describing the orientation of { B} with respect to {A}, with 5,4 € R,e5,4 € R3,
subject to the constraint o3, + €5/4€/4 = 1, where S™ denotes the (n + 1)-
dimensional sphere. The relation between (5,4, and the corresponding rotation
matrix R, 4 as well as the axis/angle representation can be found in [26]. For a
given quaternion (z,, = [@B/A,G;A]T € S2, its conjugate, that corresponds to
the orientation of {A} with respect to {B}, is [26] (5,4 = [pn/a, —€5,.] " € S5
Moreover, given two quaternions ¢; = (g, /4, = [ngi/Ai,e;/Ai]T,Vi € {1,2}, the
quaternion product is defined as [20]

T
P1p2 — €1 €2

€ S®, (4.1)
p1€2 + o€l + S(er)er

Q®CG=

where ;= g a,, € =€, 4., Vi € {1,2}.
For a moving frame {B} (with respect to {A}), the time derivative of the
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NEp

LNy B

Figure 4.1: Two robotic agents rigidly grasping an object.

quaternion Cp 4 = [Pg/a,€4,,] | € S? is given by [20]:

: 1
CB/A = §E(CB/A)W§/A7 (423,)

where E : % — R**3 ig defined as:

_ —e' — oM 3
E(C)—l%’_s(d],vq—[@, T e .

Finally, it can be shown that [E(¢)]T E(¢) = I3,V(¢ € S? and hence (4.2a)) implies

Wg/A = 2[E(CB/A)]TéB/A~ (4.2b)

It can be also shown that

wg/A = 2[E(CB/A)]T68/A- (4.2C)

4.3 Problem Formulation

Consider N fully actuated robotic agents rigidly grasping an object (see Fig. . We
denote by {E;}, {O} the end-effector and object’s center of mass frames, respectively;
{I} corresponds to an inertial frame of reference. The rigidity assumption implies
that the agents can exert both forces and torques along all directions to the object.
In the following, we present the modeling of the coupled kinematics and dynamics
of the object and the agents.

4.3.1 Robotic Agents

We denote by ¢;,¢; € R™, with n; € N,Vi € N/, the generalized joint-space variables
and their time derivatives of agent 4, with ¢; == [g;,, . .. 7Qini]~ The overall joint con-
figuration is then q == [¢{ ,...,qN]",d = [d] ,---,4N]" € R", with n == D ien M
In addition, the inertial position and Euler-angle orientation of the ¢th end-effector,
denoted by pp, and 7, respectively, can be derived by the forward kinematics and



4.3. Problem Formulation 53

are smooth functions of ¢;, i.e. pg, : R" — R3, ng, : R" — T. The differential
equation describing the dynamics of each agent is [26]:

Bi(4:)di + Cyi (65, 4i)di + 9g: (@) + dg; (qir dint) = 75 — [Ji(@:)] " fi, (4.3)

where B; : R™ — R™"i ig the positive definite inertia matrix, C,, : R®" —
R™>*™ is the Coriolis matrix, g, : R™ — R™ is the joint-space gravity term,
dg; + R*™ x Rsg — R™ is a bounded vector representing unmodeled friction,
uncertainties and external disturbances, f; € RS is the vector of generalized forces
that agent i exerts on the grasping point with the object and 7; € R™ is the vector
of joint torques, acting as control inputs Vi € N.

The generalized velocity of each agent’s end-effector v; = [pg , w;]T € RS, can be
considered as a transformed state through the differential kinematics v; = J;(g;)q;
[26], where J; : R™ — R*" is a smooth function representing the geometric
Jacobian matrix, Vi € N [26]. The latter leads also to

0 = Ji(ai)di + T (i di)di, (4.4)
where J¢ : R2" — RS*™ represents the Jacobian derivative function, with J&(g;, ¢;) =

Ji(g;). Then, by employing the differential kinematics as well as (£.4)), we obtain
from (4.3) the transformed task space dynamics [26]:

M;(g:)0i + Ci(qs, ¢i)vi + 9i(qs) + di(qi, Gi t) = us — fi, (4.5)

with the corresponding task space terms M; : R™ — R6%6 (C; : R?% — R6%6,
gi : R — RS d; : R?™ x R>o — RS and u; € R® being the task space wrench,
related to 7; via 7; = JiT (gi)u; + (I, — Ji—'—(qi)j;r (¢i))Ti0, where jZ is a generalized
inverse of J; [26]; 7,0 concerns redundant agents (n; > 6) and does not contribute
to end-effector forces.

The agent task-space dynamics can be written in vector form as:

M(q)o + C(q,¢)v + g(q) +d(q,4,t) = u— f, (4.6)
where v = [v],...,v\] € RSN M = diag{[M;)ienr} € RONVXN O = diag{[Ci]ien}
€ RONXON ¢ e [T . f0 T, uw = [l ul] T, g = (gl d o=
[di,...,dy]" € RSN,

4.3.2 Object

Regarding the object, we denote by =, == [p],nl]" € M, vo == [p),wl]" € RS the
pose and generalized velocity of the object’s center of mass, which is considered as
the object’s state. We consider the following second order dynamics, which can be
derived based on the Newton-Euler formulation:

To = Jo(no)'UOa (4.7&)
Mo(fpo)i)o + Co(l'()a io)vo + go(xo) + do(xo,j:o,t) = fo, (4'7b)
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where M, : M — R6%6 is the positive definite inertia matrix, C,, : M x R® — R6%6
is the Coriolis matrix, g, : M — R® is the gravity vector, do : M x RS x R — RS
a bounded vector representing modeling uncertainties and external disturbances,
and fo € R is the vector of generalized forces acting on the object’s center of
mass. Moreover, J, : T — R6%C is the object representation Jacobian J,(1,) =
diag{Is, Jo, (no)}, where Jo, : T — R3*3:

1 sin(¢o)tan(,) cos(¢o) tan(f,)

Jo, (1o)== |0 cos(¢o) —sin(6,) ,
0 sin(¢o) cos(¢o)
cos(00) cos(0o)
and is not well-defined when 6, = £7, which is referred to as representation

singularity. Moreover, it can be proved that

1o (no)ll = / E2005ES, (4.82)
1o (no) M| = /1 +sin(6,) < V2, (4.8b)

where J,(-) 7! denotes the matrix inverse.

A possible way to avoid the aforementioned singularity is to transform the Euler
angles to a unit quaternion representation for the orientation. Hence, the term 7,
can be transformed to the unit quaternion (, = [po,€el]T € S? [26], for which,

following Section and (4.2)), one obtains:
: 1
Co = 5B(Co)wo

Wo = 2[E(<O)}TCOa

which is a singularity-free representation.

4.3.3 Coupled Dynamics
In view of Fig. I} one concludes that the pose of the agents and the object’s center

of mass are related as
P, (6) = Po + e, 0(@) = Po + Re, (4:)P%: j0s (4.92)
e, (¢i) = No + N, /0, (4.9b)
Vi € N, where pg /o and 0 o are the constant distance and orientation offset

vectors between {O} and {F;}. Following (4.9)), along with the fact that, due to the
grasping rigidity, it holds that w,, = we, Vi € N, one obtains

v; = Jo,(qi)vo, (4.10)

where J,,, : R — R®* is the object-to-agent Jacobian matrix, with

Jo(a)=| T Sorm@) ) g g (4.11)
033 I3



4.3. Problem Formulation 55

which is always full-rank. Moreover, from (4.10)), one obtains

bi = Jo, (¢:)0o + J& (i Gi)vo (4.12)
and J3 : R?" — RS with J3 (gi, ¢i) = Jo, (gi). In addition, it can be proved for
Jo, that

+1,Vz e R ,i €N, (4.13)

||J01(I)H < ”pgi/Ei

which will be used in the subsequent analysis.

The kineto-statics duality along with the grasp rigidity suggest that the force f,
acting on the object’s center of mass and the generalized forces f;,i € N, exerted
by the agents at the grasping points, are related through:

fo=IG@]"f, (4.14)

where G : R" — RONX6 with G(q) = [[Jo,(q1)]",-.., [Joy(gn)]T]T, is the full
column-rank grasp matrix. By substituting (4.6)) into (4.14]), we obtain:

fO = [G(q)]—r (U - M(q)v - C(qa q)’U - g(Q) - d(qa q, t)) )

which, after substituting (4.10)), (4.12) , (4.7), and rearranging terms, yields the

overall system coupled dynamics:

M(x)bo + Cla)vo +§(2) + d(x,1) = [G(@)] Tu, (4.15)

where
M(x) =Mo(z0) + [G(a)] " M(9)G(q) (4.16a)
C(z) =Co(wo, o) +[G(a)] " Cla, )G () + [G()]) " M(9)G(q,4)  (4.16D)
g(x) =go(z0) + [G(@)] " 9(a) (4.16¢)
d(x,t) =do (0,50, 1) + [G(q)] T d(g. . t) (4.16d)
Gg.d) = (18, (a2 o )] ] (4.16¢)
and z is the overall state z := [¢",¢",z/),2]]T € R?"*6 x M. Moreover, the

following Lemma is necessary for the following analysis.
Lemma 4.1. The matrix M(x) is symmetric and positive definite and the matriz
M(z) — 2C(x) is skew symmetric, i.e.,

— ~ T — ~

[M(x) - 20(95)} _— [M(x) . 20(@} ¥z € R®

y' [M(m) — QCN'(m)}y =0, Vz,y e RS,
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Proof. The matrices M, and M; are symmetric and positive definite, Vi € N/ and
the matrices Mi(ql) —2C5(qi,G:), Mo(26)—2Co (20, 0) are skew-symmetric, Vi € N
[26], which leads to the skew-symmetry of M(q) — 2C(q, ¢). Therefore, since G(q)
is full column-rank, we can conclude the symmetry and positive definiteness of
M (z). Regarding the skew symmetry of M(z) — 2C (), we define first A(z) ==
[G(q)] " M(q)G(q), and we have from (L.I6b):

M(z) — 20(z) =Mo (20) — 2Co(z0, io) + [C(@)]T(M(q) — 2C(q,d)G(q)+

Afz) - (AT,
which, by employing the skew-symmetry of Mo (zo) — 2Co(70,%0) and M(q) —
2C(q,4q), leads to [M(ac) —20(2)]T = —[M(m) — 2C(z)], which completes the
proof. O

The positive definiteness of M (x) leads to the property
mlg < M( ) < mlg, (4.17)

Vo € R?"6 x R, where m and m are positive unknown constants.
We are now ready to state the problem treated in this paper:

Problem 4.1. Given a desired bounded object smooth pose trajectory specified
by 2a(t) == [(pa(®) ™, (9d(0) 17, palt) € B ma(t) = [pa(t),6a(0). (D) € T, with
bounded first and second derivatives, and 64(t) € [-6,0] C (=5, %), V¢ 6 R>0, as
well as v,(0) = 0g, determine a continuous time-varying control law u in such

that
lim Do (t) _ Pd (t)
t=oo | 1o (t) na(t) .

The requirement 64(t) € [-0,0] C (=%, Z),Vt € R is a necessary condition needed
to ensure that tracking of 84 will not result in smgular configurations of J, (1),
which is needed for the control protocol of Section 2l The constant 6 € [0, %)
can be taken arbitrarily close to 3

To solve the aforementioned problem, we need the following assumptions re-
garding the agent feedback, the bounds of the uncertainties/disturbances, and the
kinematic singularities.

Assumption 4.1. (Feedback) Each agent 7 € N has continuous feedback of its
own state q;, ¢;.

Assumption 4.2. (Object geometry) Each agent i € ' knows the constant offsets
pgi/o and g, 0,V € N.
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Assumption 4.3. (Kinematic singularities) The robotic agents operate away from
kinematic singularities, i.e., ¢; € {gi € R™ : |det(J;(¢:)[Ji(¢:)]")| > J; > 0} for
positive constants J;, > 0,Vi € N.

Assumption [£.1] is realistic for real manipulation systems, since on-board sensor
can provide accurately the measurements ¢;, ¢;. The object geometrical characteristics
in Assumption can be obtained by on-board sensors, whose inaccuracies are
not modeled here and constitute part of future work. Finally, Assumption is
used for those ¢; that bring z, close to the desired trajectory Zq(t). Intuitively, this
assumption states that the g; that achieve z,(t) = Z4(t), Vt € R>¢ are sufficiently
far from kinematic singular configurations.

Since each agent has feedback from its state g, ¢;, it can compute through the
forward and differential kinematics the end-effector pose py. (i), 75, (¢;) and the
velocity v;, Vi € M. Moreover, since it knows pg /o and M. /0, it can compute Jo_ (q;)
from , and x,, v, by inverting and , respectively. Consequently,

each agent can then compute the object unit quaternion (, as well as (,.

4.4 Main Results

In this section we present two control schemes for the solution of Problem (.1} The
proposed controllers are decentralized, in the sense that the agents calculate their
control signal on their own, without communicating with each other, as well as
robust, since they do not take into account the dynamic properties of the agents
or the object (mass/inertia moments) or the uncertainties/external disturbances
modeled by the function c?(m, t) in . The first control scheme is presented in
Section and is based on quaternion feedback and adaptation laws, while the
second control scheme is given in Section [£.4.2] and is inspired by the Prescribed
Performance Control (PPC) methodology introduced in [29].

4.4.1 Adaptive Control with Quaternion Feedback

Firstly, we need the following assumption regarding the model uncertainties/external
disturbances.

Assumption 4.4. (Uncertainties/Disturbance parameterization) There exist posi-
tive, finite unknown constants d,, d; and known bounded functions ., : M x R® x
R>o — R §; : R?™ x R>o — R, such that

do(x07¢0at) = Cio(so(xoﬁ.ro,t)u
di(giy i, t) = di6i(qi, Gis t),
Vgi,Gi € Rz, € M, o € RSt € Rsg,i € N.

The desired Euler angle orientation vector nq : R>¢ — T is transformed first to the
unit quaternion (g : R>o — S* [26]. Then, we need to define the errors associated
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with the object pose and the desired pose trajectory. We first define the state that
corresponds to the position error:

ep = DPo — pa(t).

Since unit quaternions do not form a vector space, they cannot be subtracted to form
an orientation error; instead we should use the properties of the quaternion group
algebra. Let ec = [e,,e]]T € S3 be the unit quaternion describing the orientation

error. Then, it holds that [26],
Po
—€o ’
which, by using (4.1)), becomes:
ec = ‘ol = Popa(t) +eoealt) . (4.18)
€c Poed(t) — ¢a(t)eo + S(eo)ealt)

val(t)

ca®) | ®

c-otro- |

By employing (4.2)) and certain properties of skew-symmetric matrices [106], it can
be shown that the error dynamics of e,, e, are:

ép =Po — Da(t) (4.19a)
e :%eZew (4.19b)
ée = - % [690]3 + S(ee)] €w — S(ee)wd(t)7 (419C)
where e, = wo — wq(t) is a state for the angular velocity error, with wq(t) =

2[E(Ca(t))] T¢a(t), as indicated by (@.2H).

Due to the ambiguity of unit quaternions, when , = (4, then e, = [1,04]7 € S3.
If (o = —Cq, then e = [-1,01]T € S3, which, however, represents the same
orientation. Therefore, the control objective established in Problem is equivalent
to

ep(t) 03
Jim ey (6)]| = | 1
ee(t) 03

The left hand side of (4.5)), after employing (4.10) and (4.12)), becomes
M;i(g:)0; + Ci(qis 4i)vi + 9i(qi) + di(qs, s, t) = M;(q:) (Joi (gi)vo + Jgi (qis qz’)vo>
+ Ci(qi, 4i)Jo, (4i)vo + 9i(ai) + di(qi, i, t).

which, according to Assumption and the fact that the manipulator dynamics
can be linearly parameterized with respect to dynamic parameters [I07], becomes

M;(a:) o, (@)oo + (Mi(ai) I8, (a3, ds) + Cilais 1) Jo, (@) )vo + gi(a) + dilais dirt) =

i

Hi(is Gi» Vo, 00)0i + didi(gi, Gis ), (4.20a)
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Vi € N, where ¥; € R, ¢ € N, are vectors of unknown but constant dynamic
parameters of the agents, appearing in the terms M;, C;, g;, and H; : R27i+12 _ R6x¢
are known regressor matrices, independent of 9¥;,7 € A/. Without loss of generality,
we assume here that the dimension of 9J; is the same, ¢ for all the agents. Similarly,
the dynamical terms of the left hand side of can be written as

Mo(xo)i/o + Co($07 jfo)vo + go('ro) + do(l'Oa To, t) = Yo(x07 Zo, Vo, @o)ﬂo‘i’

dodo(To,Zo,t), (4.20b)
where ¥, € R0 ¢, € N is a vector of unknown but constant dynamic parameters
of the object, appearing in the terms M, Cy, go, and Y, : Ml x R18 — R6%0 ig a
known regressor matrix, independent of 9. It is worth noting that the choice for ¢

and /, is not unique. In the same vein, since Jo(g;), as given in (4.11f), depends
only on ¢; and not on ¥;,9,,Vi € N, we can write:

[Jo, (@:)] " Mi(qi) o, (g:)b0 + [Jo, (a:)] " gi(a:) + ([Joi (g:)] " Mi(q:) IS (qis i)
+ [Jo, (%)}TC@'(%,q'i)Jo-(qz‘)>Uo + [Jo, (a)] T di(@, 6i,t) = Yi(ais dis vo, 90)0s
+ [Jo, (@)] " didi(gis Gis ), (4.21)

where Y : R2%H12  R6%¢ are also regressor matrices independent of 19;, 9. Hence,
in view of (4.16)), (4.20) and (4.21)), the left-hand side of (4.15) can be written as:

M(z)io + C(z)vo + gl )+Ei< t) = Yo (@0, f0, Vo, Uo)Yo + [V (4, 4, Vo, 00)] T 9+

d xoaxo "FZ o, (Iz (%aqza ) (4'22)
iEN

where ¥ = [9],...,94]"T € R¥ and Y(q,q,v0,90) = [[Y1(q1,d1,v0,90)] ", .-,
[YN(QNa 4N Vo, '[)o)}—r]T € RNx6,

Let us now introduce the states 90 € R% and 9; € R’ which represent the
estimates of J, and 7, respectlvely, by agent i € N, and the corresponding stack
vectors 0, = [(1901) ) (190N) T e RNto ) = [191T,.. 19T] € RN, for which
we formulate the assomated eITors ey, € RN © ey €RN

_eﬂo,l o — @01
eop = | 1 | = : =90 - Ine, — Vo (4.23a)
LEY%0, N Vo — 1§ON
[es, 91 —
eg=| 1 | = : =9 — . (4.23b)
[€on Un — N
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In the same vein, we introduce the states d, € R and d; € R that correspond to

the estimates of the constants d, and d;, respectlvely, by agent i € N, and the
corresponding stack vectors d, = [do17 . doN] eERN, d = [dl, ...,dy]T e RV,
for which we also formulate the associated €ITOTS €4, ,ed € RV a

e ] Tdo—do,
€do, = = =do -1y —do (4.24a)
Cdo do —do,
_edl Jl - 621
eg =1 | = ; =d—d, (4.24b)
Cdn dy —dy
where we have also used the notation d == [dy,...,dy]"

Next, we design the reference velocity vy : R® x R>o — R® as

Pa(t) — kpep

, ) = t) — Kre =
vi(e,t) =vq(t) — Kye walt) + kee.

(4.25)

with Ky = diag{k,, kc}, e .= [e;, —el]T € R®, k,, k¢ positive control gains, and

the derivative v : RS x S x R>g — RS, with

ba(t) = kpép] (4.26)

d/ - .
v J€w,€c,t) =vr(e t) =
Hpo.ewncc.t) = iy (e 1) L.}d(mkgés’

where we have implicitly used (4.19); wa(t) can be calculated via (4.2c). We also
introduce the respective velocity error e, as

ey, = Vo — vy (e, ). (4.27)

T 2T 4T T T o7 ol o T
Denote by x; the overall state x; = [¢;' , q;', T B0, €p s €0 €y s Eus Ey, ,eﬁo s€d;s €do ]

of appropriate dimension X;, and design the adaptive control law u; : X; x Rzo — RS

in (4.15)), for each agent i € N, as:

wixist) = o, (@] [V (i 07 (), 05 o, €0 e, 0)) D = i = Koo, +
ciYO <$O7 :tov Uf(eu t)7 U?(po» Cw) 6(, t))@ol + Cidoi(so (1'07 :tOu t)i| + d\'Léz(qza qia t)v
(4.28)

where K, are diagonal positive definite gain matrices, Vi € N, and ¢; are load
sharing coefficients satisfying ¢; € (0,1),¥i € N, and Zze ~ ¢ = 1. Note that

we have implicitly used the expressions V; = ey, + 191,190 = eyo, T ﬁo,dl =
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ed, + d;, czoi =edp, + do to express u;,i € N, as a function of the errors (4.23)) and
(14.24)).
In addition, we design the following adaptation laws:

X ) g T

92' =~ |:}/; (qhqi7vf(eat)7vf(p07ew7e§'at)):| evf7 (4293.)
; ) i T

0()1- = —Ci%o, |:YO ($07x07vf(eat),Uf(p()aewvegvt)>:| e’L)f (429b)
di = —Bi(6:(¢i 4i- 1)) " Jo, (¢ ew, (4.29¢)
do, = —Cifo, (00 (T0, 0, 1)) Teu,, (4.20d)

with arbitrary bounded initial conditions, where 3;, 85,,7i, 7o, € R0 are positive
gains, Vi € N.
The following theorem summarizes the main results of this subsection.

Theorem 4.1. Consider N robotic agents rigidly grasping an object with cou-
pled dynamics described by and unknown dynamic parameters. Then, under
Assumptions by applying the control protocol with the adaptation
laws , the object pose converges asymptotically to the desired pose trajectory.
Moreover, all closed loop signals are bounded.

Proof. Consider the stack state vector x == [x{,...,xXn]" € X=X x -+ x Xy,
and the nonnegative function V : X — R>¢, with
Vix) = %e;ep +2(1—e,) + %eIf]T/[/(x)evf + %egf_leg + %egofgleﬁo—i—
tejB leq + teq By e, (4.30)
where B = diag{[Bilicn}, Bo = diag{[Bo, Jien},T' = diag{[vile)iexn},To =
diag{[yo,1¢oJien'}- Recall that the error quaternion ec as defined (4.18) is a unit
quaternion and hence e, € [—1,1].

By considering the derivatives of the elements in y, it can be concluded from
the aforementioned dynamics that the closed loop dynamics can be written in the
form x = fa(x,t), for a locally Lipschitz function fg : X x R>¢ — X. By taking the
derivative of V' along the solutions of the closed loop system, we obtain

V(o) =€ (vo = va(®) + sel, M(@)ew, — e, M(@)is + e, ([G(@)] u = Cla)vo—
g(x) — J(a?)) - e}r—lé - e}orgléo - e;B_lci— e;—OBglcio,
which, by using (4.27) and (4.25)), becomes
. 1 — ~
V) = —eTKpe + sel, M()es, — e, Olalen, + e, (16(@)] Tut e
M(x)v?(]jm ew,ec,t) —glx) — é(x)vf(e, t) — J(x, t)) — e;F_lﬁ — egol“glﬁo

— elBilczf edToBglczo.
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By employing Lemma as well as ([@.22), V(x) can be written as

V(x)=—eKrete), > [[Joi (g)] i + cie = 0o (20, do, t)cido—
ieN

YO <$O7'/I.:O7Uf(eat)av?(p07 €w,€¢, t)>ci190 - Y;(qhq.h Uf(e7t)a U?(po, Cw, e(vt))ei

T
7 €y, 3 19 Cdey . A

— |Jo, (@ Tdi I3 “tdl — s i 0119 + zd + O’ld, ’

odadl oot ] gj\:/’(% Yo, Bi Bo, O”)

and after substituting the adaptive control laws (4.28)),

. T )
V00 = —eTKpe =Y el Kuew, = Y (220 + o, o+ S 2o, )
ieN ien i o, Bi Bo,

- Uf Z |: <x0a$07vf(€ t) Uf<p0,ewaeCat))cie’t90,i +6O(x0aj307t)ciedo,i+
1EN

1/2' (qz7 Qi» Uf(eu t)v U?(?o» €w,€¢, t))eei + [JO1 (qz)]—r(s’b(qu qi7 t)edi:| )
which, after substituting the adaptation laws (4.29)), finally becomes

V(x) = —¢ Kpe— > e Kueo, = —kpllepl? = Ellec)? = > el Ku,eu,,
ieEN ieN

which is non-positive. We conclude therefore the boundedness of V' and of x, which
implies the boundedness of the dynamic terms M (z),C(x),g(x). Moreover, by
invoking the boundedness of pq4(t),va(t),wa(t), va(t),wa(t), we conclude the bound-
edness of v (e, t),vo, vi,do, 19, d, d,. From and we also conclude the
boundedness of Us(e,t) and therefore, the boundedness of the control and adapta-
tion laws and ( - Thus, we can conclude the boundedness of the second
derivative V( ) and hence the uniform continuity of V(x). By invoking Barbalat’s
lemma, [I08], we deduce therefore that lim; ., V(x(t)) = 0 and, consequently, that
limy o0 €p(t) = 03, limy o0 €4, () = Og, and limy o [|lec(t )|I? = 0, which, given that
ec is a unit quaternion, leads to the conﬁguratlon (€ps osy 0y Ee) = (03, 06, £1,03).
The closed loop dynamlcs of eg,, as given in , can be written, in view of (4.25) -,
as é, = kegllec||* + 5104, el Je,, . Since the ﬁrst term is always positive, we conclude
that the equilibrium pomt (€ps €uyss e, ec) = (03,06, —1,03) is unstable and, therefore,
the system will converge to the configuration (ep, e,,, ey, e.) = (03,06, 1,03).

O

Remark 4.1 (Unwinding). Note that the two configurations where e, = 1 and
e, = —1, 1"espectively7 represent the same orientation The closed loop dynamics of ey,
as given in , can be written, in view of ([£.25)), as ¢, = k¢ 3 lec||*+4[04, e/ Jey, .
Since the ﬁrst term is always positive, we conclude that the equlhbrlum point
(€ps vy ep,ec) = (03,06, —1,03) is unstable. Therefore, there might be trajectories



4.4. Main Results 63

close to the configuration e, = —1 that will move away and approach e, =1, i.e.,
a full rotation will be performed to reach the desired orientation (of course, if the
system starts at the equilibrium (ep, €., ey, e.) = (03,06, —1,03), it will stay there,
which also corresponds to the desired orientation behavior). This is the so-called
unwinding phenomenon [(0]. Note, however, that the desired equilibrium point
(eps vy eprec) = (03,06,1,03) is eventually attractive, meaning that for each
dc > 0, there exist finite a time instant 7' > 0 such that 1 — e, (t) < ., ¥t > T > 0.

A similar behavior is observed if we stabilize the point e, = —1 instead of e, =1,
by setting e == [e, ,e/]T in (£.25) and considering the term 2(1 + ¢,,) instead of

2(1 — e,) in the Lyapunov function (4.30).

In order to avoid the unwinding phenomenon, instead of the error e = [e], —e[]T

—e
po~ Ce
we can instead choose e = [e, , —e,e/ " (see [14]). Then by considering the Lyapunov
function

3

Vix) = ep +1- e + 3 UfM( )ew, + %el—gr—leﬁ + %egol“gleﬁo

1T
+§edB ed—|—§edoBo €do s

and the design (4.25)), (4.28)), and (4.29]), we conclude by proceeding with a similar
analysis that (ep, [|ec|le,, ev,) — (03,0,06), which implies that the system is asymp-
totically driven to either the configuration (ep, ey, ey, ec) = (03, 06, =1, 03), which
is the desired one, or a configuration (ep, €y, , €y, ec) = (03,06,0, ), where €. € 52
is a unit vector. The latter represents a set of invariant undesired equilibrium points.
The closed loop dynamics are the following:

0 1
oo = seolledl? + 5107 el len, (431a)

0
5 (llecl?) = =2 lec]* = e,[0] . e Jev: (4.31)

We can conclude from the term [0] e/ e, in that there exist trajectories
that can bring the system close to the undesired equilibrium, rendering thus the
point (ep, ey, ey, e) = (03,06, %1,03) only locally asymptotically stable. It has
been proven that e, = £1 cannot be globally stabilized with a purely continuous
controller [70]. Discontinuous control laws have also been proposed (e.g., [71]),
whose combination with adaptation techniques constitute part of our future research
directions. Another possible direction is tracking directly on SO(3) (see e.g., [69]).

Remark 4.2. Notice also that the control protocol compensates the uncertain
dynamic parameters and external disturbances through the adaptation laws ,
although the errors , ) do not converge to zero, but remain bounded
Finally, the control gains k:p, k‘(, Kvl can be tuned appropriately so that the proposed
control inputs do not reach motor saturations in real scenarios.
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4.4.2 Prescribed Performance Control

In this section, we adopt the concepts and techniques of prescribed performance
control, recently proposed in [29], in order to achieve predefined transient and steady
state response for the derived error, as well as ensure that 0,(t) € (=73, 5), ¥t € Rxq.
As stated in Section 2.1} prescribed performance characterizes the behavior where
a signal evolves strictly within a predefined region that is bounded by absolutely
decaying functions of time, called performance functions. This signal is represented

by the object’s pose error

es = | 7| =xo —xq(t) (4.32)

_esw |

First, we reformulate Assumption [£.4] which is now required to be less strict, stating
that the functions d,, d; are bounded:

Assumption 4.5. (Uncertainties/Disturbance bound)

o For each fixed t € R>, the functions (zo,%0) = do(To,To,t) and (g¢;, ¢;) —
do(qi,di,t) are continuous, Vi € N.

o There exist positive, finite unknown constants do, d; such that, for each fixed
(2o,70) € M x RS and (g;,q;) € R*™, the functions t — do (70, 20,t) and
t — do(qs, s, t) are bounded by d,, and d;, respectively, i.e., ||do (2o, E0,t)| <
do, and ||dz(q2,q“t)” <d;, vVt e RZO, ieN.

The mathematical expressions of prescribed performance are given by the fol-
lowing inequalities:
— ps, (1) < es, () < ps, (t),VE € K, (4.33)

where K = {x,y,2,¢,0,9} and p : R>g — Rsg, with

Psi (t) = (psk,O - psk,oc) exp(flskt) + Psp 009 Vk € ICv (434)

are designer-specified, smooth, bounded and decreasing positive functions of time
with ls, , ps,., k& € K, positive parameters incorporating the desired transient and
steady state performance respectively. The terms p;, .. can be set arbitrarily small,
achieving thus practical convergence of the errors to zero. Next, we propose a state
feedback control protocol that does not incorporate any information on the agents’
or the object’s dynamics or the external disturbances and guarantees for all
t € R>g. Given the errors :

Step I-a. Select the corresponding functions ps, as in with
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(1) psgio = Pse(0) = 07, psy0 = psi, (0) > les, (0)], VE € K\{0},
(ii) Is, € Rso,Vk € K,
(iil) psy,e0 € (0, psy,0), VE € K,
where 6* is a positive constant satisfying 6* + 0 < 5 and 6 is the desired trajectory

bound (see statement of Problem 4.1))
Step I-b. Introduce the transformed states representing the normalized errors

€s
Eo=| 1| = los)] e, (4.35)

where p,(t) = diag{[ps, (t)],.cc} € R®*6, as well as the transformed state functions
gs:(—=1,1)° — RS, and signals 74 : (—1,1)% — R*6_ with

65,0(531,) In (%)

cEen=| |- : (4.36)
Snen] ()
rs(&s) = diag{[gs,Jrex} = diag{ {8532(5&”}%&} - diag{ [1 —2 2 Leic}’
‘ T s

and design the reference velocity vector v, : (—1,1)% x R>g — RS, with:

0r(E6,8) 1= =g (M) + s, (D&, ) s (D] 70(€)2 (E0), (4.38)

where Jo i, 1 T — R6%6 is the matrix inverse Jo ., (10) = [Jo(10)] 71, ps, (t) =
diag{ps, (), ps, (t), ps, (1)}, &, = [EsyrEs0-Es,] "5 and we have further used the
relation & = [ps(t)] 7 (w0 — z4(t)) from ([4.32)) and (4.35)).

Step II-a. Define the velocity error vector

€y

ey = | ! | = v — vp(&s, 1), (4.39)

€v,
and select the corresponding positive performance functions p,, : R>¢o = Ry with

Pur. (1) = (Pu0 = Pur,e) €XP(—luyt) + Puy o0, such that py, o = [[€x(0)[| + a1y, >0
and py, . € (0, pu,.0), Yk € K, where « an is arbitrary positive constant.
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Step II-b. Define the normalized velocity error
o= | = [po(t)] e, (4.40)

where p, (t) := diag{[py, (t)],cxc }> as well as the transformed states e, : (—1,1)°
RS and signals 7, : (—1,1)6 — R%*6 with

v, (&) In (%>
u(6) = : = :
Evy (€oy) In (i?j )

1o (&) = diag{[qu, Jrex} = diag{ [85”@2&%’”] ke,c} - diag{ [1 2§5k } kezc}’

and design the distributed control protocol for each agent i € N as u; : R™ x
(71, 1)6 X RZO — RS:

Ui (i, §ost) = —Cigy [Jo,- (qi)]—r [Pv (t)}_lrv (§v)ew (&), (4.41)

where g, is a positive constant gain, J,, as defined in (4.11)), and ¢; the load sharing
coefficients that were also used in (4.28)).
The control laws (4.41)) can be written in vector form u == [u] ,...,u}]", with:

u(g, &0, 1) = =CyG* (@) [P (1)] "' ro(&0)ew (o), (4.42)

where G*(q) == [Jo, (1)) 7%, .., [Joy (an)] 7T € RENX6 (recall that, due to the
rigidity assumption, the matrices J,, (¢;) are invertible, for all ¢ € ), and Cj :=
godiag{[cile];cpr} € ROVFON

Remark 4.3. Notice from (4.28]), (4.29), and (4.41) that in both control methodolo-
gies each agent ¢ € A can calculate its own control signal, without communicating
with the rest of the team, rendering thus the overall control scheme decentralized.
In fact, it needs feedback only from its own state g;, ¢;, knowledge of the object
geometric characteristics, the desired object profile pq(t),n4(t), as well as the terms
lky PE,0s Phyoor @, Ly, and py, o, k € K, since the performance functions concern
the object pose error and hence are common for all the agents. Moreover, both
schemes guarantee robustness to uncertainties of model uncertainties and external
disturbances. In particular, note that the Prescribed Performance Control protocol
does not even require the structure of the terms M C g, d but only the p Sltlve
definiteness of M, as will be observed in the subsequent proof of Theorem |4.2} It is
worth noting that, in the case that one or more agents failed to partlclpate in the
task, then the remaining agents would need to appropriately update their control
protocols (e.g., update the load-sharing coefficients ¢;) to compensate for the failure.




4.4. Main Results 67

Remark 4.4. Internal force regulation can be also guaranteed by including in
the control laws and a term of the form (Igny — %G* (q) [G(q)]T)ﬁnmd,
where fim,d € R%V is a constant vector representing desired internal forces, that can
be transmitted off-line to the agents. The computation, though, of G*(¢q)[G(q)]T,
by each agent, requires knowledge of all the grasping points py, , which reduces to
knowledge of the offsets pj ,, (since all the agents can compute R, and po), that
can be also transmitted off-line to the agents.

The main results of this subsection are summarized in the following theorem.

Theorem 4.2. Consider N agents rigidly grasping an object with unknown coupled

dynamics (4.15)). Then, under Assumptions the distributed control
protocol (4.35)-(-A41) guarantees that —ps, (t) < e, (t) < ps,(t),Vk € K,t € R
from all the initial conditions satisfying |0(0) — 04(0)| < 6* (where 6* was used in
Step I-a (i)), with all closed loop signals being bounded.

Proof. Note first from (4.32)), (4.35)), (4.39), and (4.40)), that the states z,, v, can
be expressed as

To = xq(t) + ps(t)Es, (4.43a)
Vo = po(t)&y + v (s, ), (4.43b)

which was used in (4.38) and will be also used in the sequel.
Consider the combined state o = [q,&,&,] € R* 12, From the differential

kinematics v; = J;(¢;)¢;, Assumption as well as (4.10) and (4.39)), (4.40), we
can derive

i =J(q)v = J(q)G(a)vo = J(q)G(q) (pv(t)é“u + vr(ﬁs,t)) =: faq(o,t), (4.44)

where J(q) = diag{[(Ji(¢:)) T (Ji(q:) (Ji(@:))T) ien} € REV*" Next, we obtain
from :

& = o1 (6 = o) = o] (0 = da(t) = p(E: ),
which, after employing ([.73)), (£.32), (4.38), as well as ({.43), becomes
€ =lps @) [Jo (1a(8) + poy (D5, ) oG = po(8)6s = g4lps ()] rs(6)es60)

()] = fas(o,0). (4.45)

Consider now the derivative of J, ., (10) (as was defined in ([.38)) as J4

O,inv :
M x RS — R6*6 with Jg,m(no,dco) ‘= Jo.1uv (o), which, by employing (4.43)), can

be expressed as J& . RH12 x R>o — R*6, with

O,inv

Td
JO,inv

(0,8) 1= T8 s (1a(8) + P, (D€ To(a(t) + po(DE) a0 + v, (66, 8)])-
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Moreover, we define the derivative function of the signal 75(&5) as rd : R"™12 xR —
R6*6 | with r9(0,t) := 74(&,), which can be explicitly written as
2 .
d . Sk _
) =diog{ | =]} S E
Ts (U ) lag (1 _ €Sk)2 kekC ];C k‘gsek

:diag{ [(1352;)2} ke}c} ;C Epfa,s(o,t)ex,

where Ej, € R6%0 is the matrix with 1 in the position (k, k) and zeros everywhere
else, and &, € R is the vector with 1 in the position k and zeros everywhere else.

Hence, we can now define the derivative of the reference velocity v, as vf :
R"H12 5 RS with ve(0,t) == 9,(&,t), or, equivalently,

00, 1) = =gs o (1a(0) + ps (D)5, (DEs, ) [[s (D] 740, )24 (€0)
(s (602 et (0,8) = [pu (0] 2B (€2 (80)
= 968 1 (0, D) [ (D] 7' (€6)20 (&) (4.46)
Moreover, from and one obtains:
&= lou® ™ (60— o008
= [pu ()7 (b0 = v(01) = pu ()8 )

which, after employing (4.15)), (4.42), and the fact that ), - c; = 1, becomes

€0 =lpu@®)7 (= pu(0)8 = M((0,6)) [Clalo, ) o (0 + vr(€s, D] + Gl (0,1))
+d(2(0,1),1) = golpe (O] r(€)eul&)]| — 00, D) = faulot)  (447)

and where, with a slight abuse of notation and by using (4.43) and (4.44)), we have
written z (that was first defined in (4.15])) as a function of ¢ and ¢, i.e.,

q
fcl,q <U7 t)
Zo za(t) + pa(t)E,
il | Jo(ma®) + ps, (DS, ) 0o + v, (€ )

Hence, we can write (4.44)-(4.47) in compact form

fcl,q(a7 t)
o= fcl(U, t) = fcl,s(ga t)
fcl,v(aa t)
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Consider now the open and nonempty set Q = R™ x (—1,1)!2. The choice of
the parameters ps, o and py, .0,k € K in Step I-a and Step II-a, respectively,
along with the fact that the initial conditions satisfy |65(0) — 64(0)| < 6* imply
that |es, (0)] < ps, (0), lew, (0)] < pu, (0),Vk € K and hence [[£(0)] T, [£.(0)]T]" €
(—1,1)'. Moreover, it can be verified that fo : @ x R>¢ — R™™!2 is locally Lipschitz
in o over the set {2 and is continuous in ¢, which makes it also locally integrable
in ¢ for each fixed o € Q. Therefore, the hypotheses of Theorem [2.3] hold and the
existence of a maximal solution o : [0, Tinax) — €, for Timax > 0, is ensured. We thus
conclude that

_ e (1) _ a
€, l1) = T € (L), (4450)
_eu(t) _

Vk € K,t € [0, Tmax), Which also implies that [|&,(t)]| < /6, and [|€,(t)]| < V6, Vt €
[0, Tmax ). Next, we need to show the boundedness of all closed loop signals as well
as that Tmax = 00. Note first from (4.48]), that |05 () — 0a(t)| < pe(t) < pe(0) = 6%,

which, since 64(t) € [—0,0],Vt € R, implies that [0,(t)] < 6 =0 +0* < T,Vt €
[0, Tmax ). Therefore, by employing (4.8), one obtains

- |sin(6)| + 1

o (no ()| < Jo = vy < 00, YVt € [0, Tmax)- (4.49)

Consider now the positive definite and radially unbounded function V; : RS — Ry,
with Vi(e5(&s)) = 3les(&)]|%, and its derivative along the solutions of the closed
loop system, which, in view of (4.45)), yields

Vaesl€)) = =g llps (0] 7a(0)es )2 + [o(€0)] Tral€) oo (0]~ ( = po(t)Es
= da(t) + Jo(na(t) + ps, (S, oo (D6,
< gulllos ()7 ru(€)es (€12 + s () ru(E)es () (lza@®ll + 155 (D€ 1+
190 (1at) + ps, (8, )p0 (OS] )-

In view of (4.49), , and the structure of p;s,, py,, k € K, as well as the fact
that v5(0) = 0 and the boundedness of z4(t), the last inequality becomes

Va(es(65)) < = gslllps ()] rs(€s(8)es (Es )1 + [1[os ()]~ s (s (8))es (£s(1)) | Bs,
Yt € [0, Tmax ), Where

By = V6o (|02 + a) + &4 + \/érlgea%{lk(pSk,o — Psrroc) )
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is a positive constant independent of Tyax, 24 is the bound of i4(t), and v0 =

v7-(£5(0),0). Therefore, Vs(es(fs)) is negative when ||[ps(t)] 7174 (£5(t))es (Es(2))] >
];:, 4.37)), the decreasing property of ps, (t),k € K as well as

(4.484al), is satisfied when ||e5(&s(2))]] > W. Hence, we conclude that

max{p, 0} Bs
}7 (4.50)

= . kel
les(€s(8))]] < &5 = max { les(€s(ODI], %9

Vt € [0, Tmax ). Furthermore, since |5, (§5,)] < |les(&s)|l, VEk € K, taking the inverse
logarithm function from (4.36)), we obtain

exp(—¢&s) — 5o 1
1< W € <& () <& = AR 1, (4.51)

Vt € [0, Tmax ). Hence, recalling (4.37)), one obtains

(€] < 7 = — 2 = (©XP(E:) + )"

1-—¢&2 2exp(&s)
Vt € [0, Tmax)- Therefore, we obtain from (4.38)) the boundedness of v, with

£s(exp(&s) + 1)2

(&), )] <O = gsJos—: —, 4.52
Jor (€8] < 5 o= g e PR (45
ke
Yt € [0, Tmax)- Since vo = v,-(€s, 1) + po(t)&y, we also conclude that
_ = Es(exp(és) +1)°
O < By = go, _ 6 o), 4.53
o)l < o = gudog b ey Vo max{p, o} (4.53)
kex
Yt € [0, Tmax ), which, through (4.10) and (4.13)), leads to
loi(@®)| < 0 = ([lp6)e, | + 1)00, Vi € Nt € [0, Tinax)- (4.54)

In a similar vein, we can also derive a bound for the derivative of the reference
velocity (4.46)), Hv || < od, Vt 6 [0, Tmax> which is not written explicitly for

presentation clarity. From and (4.32) we also conclude that ||z, (t)] <

To = Tq + V6E, max{psk 0} t 6 [O Tmax) as woll as ||Eo (1) < Jobo.

Applying the aforementloned line of proof, we consider the positive definite and
radially unbounded function V,, : RS — Rx, with Vi, (,(&)) = 3le0(&0)]?, and its
derivative along the solutions of the closed loop system, which, in view of (4.47]),
yields

Voleo(€0)) = —gulen (€] o (&) [po ()] T M (2(0, 1)) [pu (8)] 110 (€0)u (&)
+ o ()] Tro(€) oo (D] ( = pu (€0 = M(a(0,6)) [ C(a(0, 1) ooty + vr (&, 1)
+ §(z(0,1)) + d(z(a, 1), t)] — vi(a, t)) (4.55)
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Figure 4.2: Two WidowX Robot Arms rigidly grasping an object.

By using (4.9) and the fact that the rotation matrix Ry, (¢;) is an orthogonal ma-
trix, we obtain ||z, (t)] = [l[p;, (g:(t), nz, (@(O)]T | < lzo ()] + [(PEl,0) 115, /0] T
and hence, in view of the inverse kinematics of the agents [26], we conclude the
boundedness of ¢(t) as

lg@®)| < q,Vt € [0, Tmax), (4.56)

where @ is a positive constant. From Assumption [f.3] and the forward differential
agent kinematics, we can also conclude that there exists a positive constant .J such
that [|g(t)]| < J|vl| < J X ;cn UiVt € [0, Tnax), Where ¥; was defined in (£54).
Therefore, we conclude that

@) <2 =G+ J Y _ ¥+ o+ Jobo, (4.57)
ieEN

Yt € [0, Tmax)-

Invoking Assumption and the boundedness of the states ¢;(t), ¢i(t), o (t),
Zo(t), Yt € [0,Tmax), we conclude the boundedness of d,(zo(t),Zo(t),t) and
di(qi(t),4i(t),1), Vt € [0, Tmax), by positive and finite constants d’, and d/, respec-
tively, Vi € N. Hence, from expressions and (4.16d)), we obtain ld(z(t))]| <
di= dy+ e AIp5 el + 1}

In addition, since the terms C(z), g(x) are continuous, we conclude from
that there exist positive constants ¢, g, independent of 7.5 (since Z is also indepen-
dent of Tyax), such that [|C(z(t))|| < & |§(z(t)]| < g, VE € [0, Tmax)-

Thus, by combining the aforementioned results along with the boundedness of

v, (@48), (@.52), [E57) as well as , we obtain from
Vi(eu(&0)) < —gomlllpo(8)] 7o (&0 (8))eu (Ea O + Ilpo (8)] " ro (o ())ew (€0 (1)) Bo,
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Figure 4.3: Simulations results for the controller of subsection for t € [0, 70]
[sec]. Top: The desired (with blue) and actual (with red) object trajectory in z- and
z-axis as well as the quaternion desired and actual object trajectory. Middle: The
position and quaternion errors e,(t), ec(t), respectively. Bottom: The velocity errors

e, (1).
Vt € [0, Tmax ), Where
By =VBmax{ly, (pu.0 = pos.oo)} + 7 + 113+ dt
(0, + VB2 + a))).
By proceeding similarly as with V' (e4(&,)), we conclude that

max{pvkyo}BU
llev (€ ()] < &y = max {HEv(fv(O))H’ keK}

2g,m

Vt € [0, Tmax), from which we obtain

_ exp(—&y) —1 s : . exp(é)—1
1< exp(—&,) +1 G Sn) s = exp(&y) + 1 <1
as well as
” 2 (exp(&y) +1)?

(4.58)
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Figure 4.4: The agent joint torques and velocities of the simulation of the controller
in subsection for t € [0,70] [sec], with their respective limits (purple and green
lines, respectively). Top: The joint torques of agent 1 (left) and agent 2 (right). Bottom:
The joint velocities of agent 1 (left) and agent 2 (right).
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Figure 4.5: The norms of the adaptation signals ey, (t) (left) and ey, , (t), Vi € {1,2},
t € [0,70] [sec] of the simulation of the controller in subsection
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Yt € [0, Tmax ). Hence, we can also conclude the boundedness of the control inputs
(&.47)

—|—1)max{

}FUEU, Yt € [0, Tmax)-
ke

(4.61)

ui(qi(t), &0 (1), )| < i = cigu(|IP6) 5,

Puy 00

What remains to be shown is that Tax = 00. To this end, note from (4.56)), (4.51)),
([4.60), that the solution o(t) remains in a compact subset of = R™ x (—1,1)2

ie.,
U(t) €= [*(j; ‘ﬂ X [75_8’53]6 X [7511,51)]67

Vt € [0, Tmax). Hence, assuming 7ma.x < oo and since ' C €, Proposition
dictates the existence of a time instant ¢’ € [0, Tmax) such that o(¢') ¢ €', which is a
contradiction. Therefore, Thax = 00. Thus, all closed loop signals remain bounded
and moreover o(t) € ' C Q,Vt € R>g. Finally, by multiplying by pi(t), k € K,
we obtain

— Psy (t) < _gspSk (t) < sy (t) < gSpSk (t) < Psy, (t)v (462)

vVt € R>g, which leads to the conclusion of the proof. O

Remark 4.5. From the aforementioned proof it can be deduced that the Prescribed
Performance Control scheme achieves its goal without resorting to the need of
rendering the ultimate bounds &, &, of the modulated pose and velocity errors
es(&s(t)), e4 (& (¢)) arbitrarily small by adopting extreme values of the control gains
gs and g, (see and ) More specifically, notice that and
hold no matter how large the finite bounds &,&, are. In the same spirit, large
uncertainties involved in the coupled model (4.15) can be compensated, as they
affect only the size of &, through B, (see ut leave unaltered the achieved
stability properties. Hence, the actual performance given in , which is solely
determined by the designed-specified performance functions py, (t), pu, (t), k € K,
becomes isolated against model uncertainties, thus extending greatly the robustness
of the proposed control scheme.

Remark 4.6 (Control Input Bounds). The aforementioned analysis of the
Prescribed Performance Control methodology reveals the derivation of implicit
bounds for the velocity v; and control input wu; of each agent. More specifically,
notice that and provide a bound for the agents’ velocity, ||v;(t)| < v;.
Therefore, given a bound for the agents’ velocity ©;; (derived from bounds on the
joint velocities ¢;), i € N, the desired trajectory velocity bound iq4, as well as the
initial velocity error v0 (which is proportional to 4(£5(0))), we can tune appropriately
the control gain g, as well as the parameters pg, 0, Puy.,05 Psi,00> Pog,00) Lsy s Loy, » and
@, to achieve v; < v;4,Vi € N. In the same spirit, provides a bound u; for
the control inputs of the agents. Hence, given bounds for the agents’ inputs ;4
(derived from bounds on the joint torques 7;), i € N, if the upper bound term B,
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Figure 4.6: Experimental results for the controller of subsection [4.4.1} for ¢ € [0, 70]
[sec]. Top: The desired (with blue) and actual (with red) object trajectory in z- and
z-axis as well as the quaternion desired and actual object trajectory. Middle: The

position and quaternion errors e,(t), ec(t), respectively. Bottom: The velocity errors
ey (t).

is known, we can further tune the control gain g, as as well as the performance
function parameters to achieve u < u;;. Explicit closed-loop expressions for the
choice of these gains and parameters are beyond the scope of this paper and consist
part of future work. It is also worth noting that the selection of the control gains

Js, gy affects the evolution of the errors e, e, inside the corresponding performance
envelope.

4.5 Simulation and Experimental Results

In this section, we provide simulation and experimental results for the two developed
control schemes. Firstly, in subsection we present results from computer
simulations using the realistic environment of V-REP [109] as well as experimental
results using the adaptive control protocol developed in Section [£.4.1] Then, in

subsection [£.5.2] we provide simulation and experimental results using the Prescribed
Performance Control algorithm developed in Section [4.4.2)

The tested scenario consists of two WidowX Robot Arms [I10] rigidly grasping
a wooden cuboid object (see Fig. that has to track a planar time trajectory
pa(t) = [xa(t),0,24(t)]",na(t) = [0,04(t),0]T. For that purpose, we employ the
three rotational -with respect to the y axis - joints of the arms. The lower joint
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Figure 4.7: The agent joint torques and velocities of the experiment of the controller
in subsection for t € [0,70] [sec], with their respective limits (purple and green
lines, respectively). Top: The joint torques of agent 1 (left) and agent 2 (right). Bottom:
The joint velocities of agent 1 (left) and agent 2 (right).
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Figure 4.8: The norms of the adaptation signals ey, (t) (left) and ey, ,(t), Vi €
{1,2},t € [0,70] [sec] of the experiment of the controller in subsection
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Figure 4.9: Simulations results for the controller of subsection for t € [0, 45]
[sec]. Top: The desired (with blue) and actual (with red) object trajectory in a-,
z-axis, and around y-axis. Middle: The pose errors e, (t) (with blue), as well as the
performance functions ps(t) (with red), respectively. Bottom: The velocity errors e, (t)
(with blue), as well as the performance functions p,(t) (with red), respectively.

consists of a MX-64 Dynamixel Actuator, whereas each of the two upper joints
consists of a MX-28 Dynamixel Actuator from the MX Series [I11]. Both actuators
provide feedback of the joint angle and rate ¢;, ¢;, Vi € {1,2}. The micro-controller
used for the actuators of each arm is the ArbotiX-M Robocontroller [I12], which
is serially connected to an i-7 desktop computer with 4 cores and 16GB RAM. All
the computations for the real-time experiments are performed at a frequency of 120
[Hz] and for the V-REP simulations at 60 [Hz|. Finally, we consider that the MX-64
motor can exert a maximum torque of 3 [Nm], and the MX-28 motors can exert
a maximum torque of 1.25 [Nm], values that are slightly more conservative than
the actual limits. In the same vein, we also assume a velocity bound of 0.5 [rad/s]
for the experiments and 2 [rad/s| for the V-REP simulations. In all cases, we set
the load sharing coefficients at ¢; = 0.75 and ¢ = 0.25, in order to demonstrate a
potential difference in the power capabilities of the agents.

4.5.1 Adaptive Control with Quaternion Feedback

In this subsection, we present simulation and experimental results for the control
protocol developed in Section [1-4.1]
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Figure 4.10: The agent joint torques and velocities of the simulation of the controller
in subsection for t € [0,45] [sec], with their respective limits (purple and green
lines, respectively). Top: The joint torques of agent 1 (left) and agent 2 (right). Bottom:
The joint velocities of agent 1 (left) and agent 2 (right).

Simulation Results

The desired trajectory for the V-REP simulations is set to zq(t) = 0.35+0.05sin (2%!)
[m], z4(t) = 0.15—0.05 cos (%%) [m], which defines a circle in the z-z plane of center
(0.35,0.15) [m] and radius 0.05 [m], and 64(t) = 2= sin (2%£) [rad], which is translated

20 15
-
to the desired 2D quaternion trajectory (q(t) = [cos (9‘12(0) ,0,0,sin (edT(t) } . The
simulation results are depicted in Figs. for ¢ € [0, 70] [sec]; Fig. pictures

the desired and actual trajectory of the object’s center of mass (top), the pose errors
ep(t),ec(t) (middle), as well as the velocity error e, (t) (bottom). We can verify
from the figure that the desired trajectory is tracked almost perfectly, with negligible
oscillations. The control inputs as well as the agent velocities with their respective
limits are illustrated in Fig. By appropriately tuning the control gains, which
were set as kp = 15, ke = 30, K, = K,, = diag{5,2,0.1}, we achieved confinement
of the signals in the domain formed by the limits. Note also the difference due to
the different load sharing coefficients. Finally, Fig. [1-3] depicts the norms of the
adaptation signals ey, (t) and ey, (t), Vi € {1,2}, which, as proven in the theoretical
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Figure 4.11: Experimental results for the controller of subsectlon 2} for t € [0, 45]
[sec]. Top: The desired (with blue) and actual (with red) object traJectory in z-,
z-axis, and around y-axis. Middle: The pose errors e, (t) (with blue), as well as the
performance functions ps(t) (with red), respectively. Bottom: The velocity errors e, (t)
(with blue), as well as the performance functions p,(t) (with red), respectively.

analysis, remain bounded. The functions o (zo, o, 1), 9;(¢;, ¢i, t) were taken as Og
and 0,,, respectively, and hence, the adaptation controller (4.29d), were
not employed. Loosely speaking, the disturbances do (2o, Zo,t), d;(qi, ¢i, t) were not
taken into account in our model, without, however, degrading the performance of
the proposed scheme.

Experimental Results

The desired trajectory for the experimental results of the controller developed in
Section was set to xq(t) = 0.340.05sin (2F) [m], za(t) = 0.15— 0.05 cos (%)

[m]7 which defines a similar circle with the simulations section, and 64(t) =

7osin (224) [rad], which is translated to the corresponding desired 2D quater-

T
nion trajectory (q(t) = [cos <9d2(t)) ,0,0,sin (9‘12(75))} . The control gains here were
chosen as k, = 50, k; = 80, K,, = K,, = diag{3.5,0.5,0.5}. The disturbances
do (o, T0,1),di(qi,di,t) were also not taken into account in this case, by setting
the functions 0, (20, &0, t), 9:(qi, i, t) to O and 0,,, respectively. The simulation
results are depicted in Figs. for ¢t € [0, 70] [sec]; Fig. [4.6| pictures the desired
and actual trajectory of the object’s center of mass (top), the pose errors e, (), ec(t)
(middle), as well as the velocity error e, (t) (bottom). We can verify from the
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Figure 4.12: The agent joint torques and velocities of the experiment of the controller
in subsection for t € [0, 45] [sec]|, with their respective limits (purple and green
lines, respectively). Top: The joint torques of agent 1 (left) and agent 2 (right). Bottom:
The joint velocities of agent 1 (left) and agent 2 (right).

figure that the desired trajectory is tracked also for the experimental case, with
oscillations in the velocity errors, which can be attributed to model uncertainties,
sensor noise, or the un-modeled external disturbances, that have a larger effect
in this (experimental) scenario. The control inputs as well as the agent velocities
with their respective limits are illustrated in Fig. [f.7] which are confined in their
respective limits. Finally, Fig. depicts the norms of the adaptation signals ey, (t)
and ey,, (t), Vi € {1,2}, which are bounded in this case as well.

4.5.2 Prescribed Performance Control

In this subsection, we present simulation and experimental results for the control
protocol developed in Section [£.4.2]

Simulation Results

The desired trajectory in this subsection was chosen the same as in subsection
i.e., za(t) = 0.35+ 0.05sin (22) [m], zq(t) = 0.15 — 0.05cos (2%) [m], and
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0a(t) = g5 sin (32) [rad]. The prescribed performance functions are chosen as:
ps. (t) = ps. (t) = 0.03exp(—0.5t) + 0.01 [m], ps, (t) = 0.45 exp(—0.5¢) + 0.05 [rad],
pu, (t) = 3exp(—0.5t) + 4 [m/s], po.(t) = Sexp(—0.5t) + 5 [m/s], and p,,(t) =
5exp(—0.5t) + 5 [rad/s]. The simulation results are depicted in Figs. and
Fig. shows the desired and actual trajectory of the object’s center of mass (top),
the pose errors e4(t) along with the performance functions ps(t) (middle), as well as
the velocity error e, (t) along with the velocity performance functions p,(t) (bottom).
It is verified that we achieve tracking of the desired trajectory with prescribed
performance. The control inputs (joint torques) as well as the joint velocities are
given in Fig. By following the procedure described in the proof of theorem
we tune the gains to the values g; = 0.05 and g, = 7 so that the joint torques and
velocities respect their respective bounds.

Experimental Results

We set the desired trajectory in this subsection as in subsection e, xq(t) =
0.3 4 0.05sin (22£) [m], za(t) = 0.15 — 0.05cos (%) [m], and 64(t) = 35 sin (22¢)
[rad]. The parameters for the prescribed performance functions are chosen as:
ps, (t) = ps.(t) = 0.03exp(—0.2t) + 0.02 [m], ps,(t) = 0.2exp(—0.2¢) + 0.2 [rad],
Pu, (t) = 5exp(—0.2t) + 5 [m/s], py, (t) = 5exp(—0.2t) + 10 [m/s], and py, (t) =
4 exp(—0.2t)+3 [m/s]. The values for the gains are set at g, = 0.05 and g, = 6.8. The
simulation results are depicted in Figs. [£.11] and .12} Fig. [f.11] shows the desired
and actual trajectory of the object’s center of mass (top), the pose errors e4(t)
along with the performance functions p,(t) (middle), as well as the velocity error
e,(t) along with the velocity performance functions p,(t) (bottom). The prescribed
performance tracking can be verified in the experimental case as well. The control
inputs (joint torques) as well as the joint velocities are given in Fig. where it
is shown that they respect their corresponding limits.

4.5.3 Discussion

It is clear from the aforementioned figures that the tracking of the desired trajectory
is achieved by both controllers in the computer simulation and experimental cases.
It is worth noting first the difference between the simulations and experiments,
which, for both control protocols, lies in the velocity errors. The latter present
some oscillatory behavior in the experimental case, which can be attributed to
sensor noise, external disturbances/model uncertainties, or inaccuracies/delays of
the internal ArbotiX-M controller. The same reason led us to choose slower desired
trajectories for the real-time experiments. Nonetheless, these oscillations do not
affect the overall tracking performance. Recall that for the Prescribed Performance
Controller, tracking of the desired trajectory does not require the functions p,, (¢) -
and hence the velocity errors e, , k € K - to asymptotically approach zero.
Among the two control schemes, we can notice a slightly more aggressive behavior
of the joint velocities and torques for the Prescribed Performance Controller, which
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can be attributed to the virtual force that “pushes” the errors e, ,e,, not to hit
the bounds of the performance functions ps(t), p,(t), respectively, Vk € K. Note,
however, that this methodology does not require knowledge of the structure of
the dynamic terms M;(q;), Ci(¢:,di), 9i(¢;), whose derivation can be tedious, and
yields thus significantly lower analytic complexity, without sacrificing the actual
performance.

4.6 Conclusion and Future Work

We presented two novel decentralized control protocols for the cooperative manipula-
tion of a single object by IV robotics agents. Firstly, we developed a quaternion-based
approach that avoids representation singularities with adaptation laws to compen-
sate for dynamic uncertainties. Secondly, we developed a robust control law that
guarantees prescribed performance for the transient and steady state of the object.
Both methodologies were validated via realistic simulations and experimental results.
Future efforts will be devoted towards applying the proposed techniques to cases
with non rigid grasping points as well as uncertain object geometric characteristics.



Chapter 5

Model-Predictive Cooperative
Transportation

This chapter addresses the problem of cooperative transportation of an object
rigidly grasped by N robotic agents. In particular, we propose two Nonlinear Model
Predictive Control (NMPC) schemes that guarantee the navigation of the object
to a desired pose in a bounded workspace with obstacles, while complying with
certain input saturations of the agents. The first control scheme is centralized, in
the sense that a central computer calculates the control inputs of the robotic agents,
whereas the second control scheme is based on inter-agent communication and
is decentralized, since each agent calculates its own control signal. Moreover, the
proposed methodologies ensure that the agents do not collide with each other or
with the workspace obstacles as well as that they do not pass through singular
configurations. The feasibility and convergence analysis of the NMPC are explicitly
provided. Finally, simulation results illustrate the validity and efficiency of the
proposed methods.

5.1 Introduction

Constrained-based control has always been of special interest to the automatic
control/robotics community, due to the advantages it yields, by keeping variables of
interest in specific compact sets, while achieving a primary task. A widely employed
methodology in the last years is the methodology of Model Predictive Control
(MPC) [113], where a constrained optimization problem is solved for a finite horizon
in the future, providing a prediction of the state evolution. Motivated by the
power limitations of robot actuators as well as collision- and singularity avoidance
properties in cooperative manipulation tasks, we aim to design a MPC scheme for
the cooperative transportation of an object by N robotic agents, while complying
with certain constraints.

Regarding manipulation tasks, such as pose/force or trajectory tracking (see
the references of the previous chapter), collision with obstacles of the environment

83
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has been dealt with only by exploiting the extra degrees of freedom that appear in
over-actuated robotic agents. Potential field-based algorithms may suffer from local
minima and navigation functions [I14] cannot be extended to multi-agent second
order dynamical systems in a trivial way. Moreover, these methods usually result
in high control input values near obstacles that need to be avoided, which might
conflict the saturation of the actual motor inputs.

Another important property that concerns robotic manipulators is the singu-
larities of the Jacobian matrix, which maps the joint velocities of the agent to a
6D vector of generalized velocities. Such singular kinematic configurations, which
indicate directions towards which the agent cannot move, must be always avoided,
especially when dealing with task-space control in the end-effector [26]. In the same
vein, representation singularities can also occur in the mapping from coordinate
rates to angular velocities of a rigid body.

In the previous chapter we considered the problem of trajectory tracking for
the center of mass of the object, without taking into account potential workspace
obstacles or kinematic singularities. Such constraints are incorporated in this chapter,
where we address the problem of cooperative transportation of an object in a bounded
workspace with obstacles. In particular, given N agents that rigidly grasp an object,
we design control inputs for the navigation of the object to a final pose, while
avoiding inter-agent collisions as well as collisions with obstacles. Moreover, we
take into account constraints that emanate from control input saturation as well
kinematic and representation singularities. We propose both a centralized and a
decentralized methodology.

For the design of a stabilizing feedback control law under such constraints, one
would ideally look for a closed-loop solution for the feedback law satisfying the con-
straints while optimizing the performance. However, typically the optimal feedback
law cannot be found analytically, even in the unconstrained case, since it involves the
solution of the corresponding Hamilton-Jacobi-Bellman partial differential equations.
One approach to circumvent this problem is the repeated solution of an open-loop
finite-horizon optimal control problem for a given state. The first part of the resulting
open-loop input signal is implemented and the whole process is repeated. Control
approaches using this strategy are referred to as Nonlinear Model Predictive Control
(NMPCQ) (see e.g. [113] [II5HI23]), which we aim to use in this work for the problem
of the constraint cooperative object manipulation. We design a centralized control
protocol, where a central computer calculates the control signal of all the agents as
well as decentralized control laws, based on inter-agent communication.

The remainder of the chapter consists of two main parts. Section presents the
centralized methodology, with[5.2.1]and [5.2.2| presenting the problem formulation and
its solution, respectively, and [5.2.3] providing simulation results. Similarly, Section
5.3| presents the decentralized methodology, where Sections [5.3.1] [5.3.2], and [5.3.3]
give the respective problem formulation, its solution, and the simulation results,
respectively. Finally, Section [5.4] concludes the paper.
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Figure 5.1: Two robotic arms rigidly grasping an object with the corresponding
frames.

5.2 Centralized Cooperative Transportation

5.2.1 Problem Formulation

Consider a bounded and convex workspace YW C R? consisting of N robotic agents
rigidly grasping an object, (see Fig. , and Z obstacles described by the ellipsoids
O.={peR¥:(p—c;) Po.(p—c:)<1},2€ Z:={1,...,Z}, where c, € R? is
the center of the ellipsoid, and Py, is a matrix whose eigenvalues are the lengths
of the ellipsoid’s three semi-axes. The agents are considered to be fully actuated
and they consist of a base that is able to move around the workspace (e.g., mobile
or aerial vehicle) and a robotic arm. The reference frames corresponding to the
i-th end-effector and the object’s center of mass are denoted with {E;} and {O},
respectively, whereas {I} corresponds to an inertial reference frame. The rigidity of
the grasps implies that the agents can exert any forces/torques along every direction
to the object. We consider that each agent ¢ knows the position and velocity only of
its own state as well as its own and the object’s geometric parameters. Moreover,
no interaction force/torque measurements or on-line communication is required.

System model

In this section we provide the modeling of the robotic agents, the object, and the
coupled dynamics, which follows closely the modeling of chapter [d] elaborating in
more detail on the structure of the agents.

Robotic Agents

We denote by ¢; € R™ the joint space variables of agent ¢ € N, with n; == n,, +6,
qi = [p;vnlyaﬂi where pp, = [zBiaprZBJT € Rgﬂ?Bi = [CZSBNGBN‘/)BJT €Tis
the position and Euler-angle orientation of the agent’s base, and «; :€ R™i n,, >0,
are the degrees of freedom of the robotic arm. The overall joint space configuration
vector is denoted as ¢ == [g{ ,...,qy]" € R", with n:=",_\ n;. In addition, we
denote as py, : R" — R3,n, : R" — T the position and Euler-angle orientation of
agent 4's end-effector. Let also v; = [p; ,w; " € R® denote the velocity of agent i’s
end-effector, where pp,,wp, are the linear and angular velocity, respectively, of the
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agent’s base.

We consider that each agent 7 € A has access to its own state ¢; as well as pg;, ngf,
and ¢; via on-board sensors. Then, pp,,ws, can be obtained via ps, = Rp, (nB, )p?7
wp, = Ry, (nBj)ng, where Ry, : T — SO(3) is the rotation matrix of the agent i’s
base. Moreover, 15, is related to wp, via wg, = Jp, (nBi)ﬁBi, where Jp, : T — R3%3,
with

1 0 sin(05,)
Js,(Ms,) = |0 cos(¢ds,) —cos(fs,)sin(¢z,)
0 sin(¢g,) cos(fz,)cos(dp,)

The pose of the ith end-effector can be computed via
Pr,(qi) = s, + Ry, (15, kp, (i),
Ne; (qz> = km (773,- ) ai)?

where kj, : R — R3 k,. : TxR™: — T are the forward kinematics of the robotic
arm [26]. Then, v; can be computed as

pEi (Qi) _ pBi - S(RBikpi)wBi + RBi
wEl(qlaq’L) Wpg, +RBiJAiO.57L

Ok,
o | | (5.1)

V; =

where J,, : R" — R3*7; is the angular Jacobian of the robotic arm with respect
to the agent’s base. The differential kinematics (5.1)) can be written as

v = l PE,(%)

where J; : R — R6%" is the agent Jacobian matrix, with

8k1’i (67}
M) = | B TS Be O k(@) o (15) R (1) 7]
O3x3 JBi(nBi) RBi(nBi)JAi(qi)

Remark 5.1. Note that J,, becomes singular at representation singularities, when
05, = £5 and J; becomes singular at kinematic singularities defined by the set

Qi = {q € R™ :det(J, J;) = 0},i € N.
In the following, we will aim at guaranteeing that g; will always be in the closed set:
Qi = {q € R" : |det(J; J;)| > e > 0}, i € N,
for a small positive constant ¢.

The joint-space dynamics for agent i € A/ can be computed using the Lagrangian
formulation, as in (4.3) (see [124] for the explicit derivation when a moving base
with an attached robotic arm is concerned):

Bi(¢:)di + Cq (qiy d:)di + 9q. (@:) = 7 — J;' iy (5.3)



5.2. Centralized Cooperative Transportation 87

where we use \; € RS for the generalized force vector that agent i exerts on the
object; 7; € R™ is the vector of generalized joint-space inputs, with 7; == [)\g , T;]T
where A, == [f3 5 ]" € RS is the generalized force vector on the center of mass
of the agent’s base and 7,, € R": is the torque inputs of the robotic arms’ joints.

Similarly to (4.5)), we obtain the task-space dynamics:

)

M;(q:)0; + Ci(as, Gi)vi + gi(q:) = us — ;. (5.4)

We define by A;(q;), ¢ € N, the ellipsoid that bounds the i th agent’s volume,
i.e., the workspace of the arm of agent i [20] enlarged so that it includes the ith
base. Note that 4; depends on ¢; and can be explicitly found.

Object Dynamics

Similarly to chapter 4 for the object, we denote by z, = [p),n0]", vo =
B, wl]T the pose and velocity of the object, with the second order dynamics:

To = Jo(ﬁo)”o; (5.5&)
Ao = Mo(26)06(t) + Co(xo,T06)vo + go(To), (5.5b)

with the corresponding terms as in ; Ao € RS is the force vector acting on the
object’s center of mass. Also, similarly to the robotic agents, we define by Co (o)
as the bounding ellipsoid of the object.

Coupled Dynamics By following Section @, we obtain the coupled object-
agents dynamics:

M(q)io +Cla,d)v0 +3(a) = G" (g)u, (5.6)
with the respective terms as in (4.15)

Remark 5.2. As mentioned in Chapter [} since the geometric object parameters
pg ;0 and Nz, o are known, each agent can compute po, 7o and v, from the coupled
kinematics and dynamics, respectively, without employing any sensory data. In the
same vein, all agents can also compute the object’s bounding ellipsoid C,, which
depends on q.

Remark 5.3. Note that the agents dynamics under consideration hold for generic
robotic agents comprising of a moving base and a robotic arm. Hence, the considered
framework can be applied for mobile, aerial, or underwater manipulators.

We can now formulate the problem considered in this work:

Problem 5.1. Consider N robotic agents rigidly grasping an object, governed

by the coupled dynamics (5.6). Given the desired pose o 4., design the control

input u € R such that tlim 2o (t) = To.4es, While ensuring the satisfaction of the
hade el

following collision avoidance and singularity properties:

1. Ai(qi(t))NO, = OVieN,ze Z,
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2. Colzo(t))NO, =0,Vz € 2,

3. Aiai(t)) N A;(g;(t) = 0,Vi, j € Ni # j,
-0 <0o(t) < -0 <
5. -2 <—0<0,()<-0<3,
6. qi(t) € Qs

vVt € R>q, for a 0 < 6 < 5, as well as the input and velocity magnitude constraints:
75| < 7iy lGin | < 3, Vk € {1,...,n;},i € N, for some positive constants 7;, ¢;,7 € N.
The aforementioned constraints correspond to the following specifications:

e 1) stands for collision avoidance between the agents and the obstacles.
e 2) stands for collision avoidance between the object and the obstacles.

¢ 3) stands for collision avoidance between the agents.

e 5) stands for representation singularity avoidance of the agents’ bases.

)
)
)
o 4) stands for representation singularity avoidance of the object.
)
o 6) stands for kinematic singularity avoidance of the agents.

In order to solve the aforementioned problem, we need the following reasonable
assumption regarding the workspace, which implies that the collision-free space is
connected:

Assumption 5.1. (Problem feasibility) The set {g € R" : A;(¢;)NO, =0, A;(q;) N
Aj(g;) =0,Ci(xo,(q:)) N O, =0,Vi,j € N,i # j,z € Z}, is connected.

In the aforementioned assumption, z,, = 128 7170 ] denotes the pose of the
object as a function of ¢;, derived by inverting (4.9)):

Po = Po, (1) = Pe,(¢i) + Pose, () = pe, (@) + Re, (4)Po) s, (5.7a)
Mo = Mo, (i) = N, (i) + Noyw,» (5.7b)
We also define the following sets for every i € N:
Sio ={q €R™ : Ai(¢:) N O, #0,Vz € Z},
Si,A = {q cR™: -Ai(qi) N -Aj(Qj) # (Z),Vj € N\{Z}}a
So ={xo €M : Co(zo)NO, # 0}
associated with the desired collision-avoidance properties. Note that the afore-

mentioned sets can be explicitly calculated, since the ellipsoids A;, Co, O, are
known.
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5.2.2 Problem Solution

In this section, a systematic solution to Problem 1 is introduced. Our overall approach
builds on designing a Nonlinear Model Predictive control scheme for the system
of the manipulators and the object. Nonlinear Model Predictive Control (see e.g.
[113} 115H122]) have been proven suitable for dealing with nonlinearities and state
and input constraints.

The coupled agents-object nonlinear dynamics can be written in compact form
as follows:

fl(x’u)
&= f(z,u) = | fo(z,u)| ,2(0) = xo, (5.8)
fg(ib,u)
where z := [z),v],q"]T € R"M12 4 € RSN and

fi(@,u) = Jo(no)vo,

falw,w) = M (q) |G (@)u ~ Cla d)vo — 5(a)|

fa(z, ) = J(q)Jo(q)Tvo,

where we have also used that:
Ja) = ding {7 [(1I1) ]y b € ROV,
Jo(q) == diag { [JOJZEN} € RONX6N,

~ T
I= {16,-.- ,16} c ROV xS (5.9)

Note that f is locally Lipschitz continuous in its domain since it is continuously
differentiable in its domain. Next, we define the respective errors:

xo(t) Lo, des xo(t) — L0, des
et) =xz(t) — Tdes = |vo(t) | — |Zoaes| = Vo (1) e R"H12, (5.10)
q(t) Gdes q(t) — (des
where qdes = [¢1.dess - - - » qN,dCS}T is appropriately chosen such that o, (¢ des) =

Zo.desy ANA T6 4es = Gdes = 0. The error dynamics are then é(t) = f(x(t), u(t)), which
can be appropriately transformed to be written as:

é(t) = fe(e(t)a ’U,(t)), 6(0> = €0 = I(O) — Ldes- (511)

where f.(t) = f(e(t) + Zqes, u(t)). By ignoring over-actuated input terms, we have
that 7, = J," (¢;)u;, which becomes

7l < 75 © owmin,i[|will < 7, (5.12)
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where we have employed the property oumin(J;")|luill < |77 will, with omin(J;")
denoting the minimum singular value of J; , which is strictly positive, if the constraint
g; € Q; is always satisfied. Hence, the constraint |7;, | < 7; is equivalent to

Let us now define the following set U C RGN :
mln(JT)

as the set that captures the control input constraints of the error dynamics system
(5.11)). Define also the set X C R™+12:

U:={uecR":|ul < Vi € N}, (5.14)

]aGqu € [év ]7
< ir0i € O\ (Si0 (@) USia(0)) Vi € N, 26 € R\ S (w0) |-

The set X captures all the state constraint of the system dynamics (5.8). In view of
(5.10), we define the set £ C R"*12 as

FE = {e c Rn+12 ree X P (_mdes)}a

as the set that captures all the constraints of the error dynamics system .
The problem in hand is the design of a control input u(t) € U such that
lim;_, o |le(t)]| = O while ensuring e(t) € E, V¥t € R>g. In order to solve the aforemen-
tioned problem, we propose a Nonlinear Model Predictive scheme, that is presented
hereafter.
Consider a sequence of sampling times {t;};>0 with a constant sampling period
0 < h < T,, where is T}, is the prediction horizon, such that:

tig1 =t +h,Y i >0. (5.15)

X = {xeR”+12 0o € [0,

In the sampling-data NMPC, a finite-horizon open-loop optimal control problem
(OCP) is solved at discrete sampling time instants ¢; based on the current state error
information e(¢;). The solution is an optimal control signal @(¢), for ¢ € [t;,t; + T)).
For more details, the reader is referred to [115]. The open-loop input signal applied
in between the sampling instants is given by the solution of the following Optimal
Control Problem (OCP):

a() a()

i

ti+Ty
min J(e(t;), 4(-)) = min {V(é(ti +1,))+ /75 F(é(s), ﬁ(s))ds} (5.16a)

subject to:
é(s) = fe(e(s),a(s)), e(t:) = e(ts), (5.16b)
é(s) € B u(s) € U, s € [ty ti + Tp), (5.16¢)

et + 1)) € &, (5.16d)
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where the hat * denotes the predicted variables (internal to the controller), i.e. é(+)
is the solution of driven by the control input 4(-) : [t;, ¢; + T] — U with
initial condition e(¢;). Note that the predicted values are not necessarily the same
with the actual closed-loop values (see [I15]). The term F : E x U — Ry, is the
running cost, and is chosen as:

F(e(t),u(t)) =e' Qe +u' Ru. (5.17)

The terms V : E — Ry and & are the terminal penalty cost and bounded terminal

set, respectively, and are used to enforce the stability of the system (see Section
4.2). The terminal cost is given by V(e) := e ' Pe. The terms Q € R(Z”0+12)X(”+12)

Pc R(;OHQ)X(”Hm and R € R(;JXXGN are chosen as:

9

Q = diag{f}vl, e 7an+12}7
P = diag{p1,...,Dn+12},
R = diag{r1,...,Ten}-

where ¢; € R>0,p; € Ry, Vi € {1,...,n+ 12} and 7¥; € Ryo,Vj € {1,...,6N} are
constant weights. For the running cost, it holds that F'(0,0) = 0, as well as:

2 2
mllleTuT)T|? < m H H < Fle,u) < M H H <M|[eTaTTI?, (5.18)
u u
where
m = min{ala ey an+12a;Fla cee 37’:’6N}7
M = max{q”h N 7§n+127?17 .o ,FGN}.

Note that m||[eTuT]T||?, M||[eTuT]T||? are Ko functions, according to Definition
23

The solution of the OCP ([5.16a))-(5.16d|) at time ¢; provides an optimal control
input denoted by @*(¢;e(t;)), for ¢ € [t;,t; + T}p]. It defines the open-loop input that
is applied to the system until the next sampling instant ¢;1:

u(t,e(tz)) = ﬁ*(t“e(tz)),t S [ti,ti+1). (519)
The corresponding optimal value function is given by:
T*(e(t:)) = T*(e(t:), 0" (s e(t:))). (5.20)

where J(-) as is given in (5.16a]). The control input u(t; e(t;)) is a feedback, since it is
recalculated at each sampling instant using the new state information. The solution
of starting at time ¢; from an initial condition e(¢;), applying a control input
w: [t1,t2] = U is denoted by e(s;u(-),e(t1)), s € [t1,t2]. The predicted state of the
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system (5.11]) at time ¢; + s, s > 0 is denoted by é(¢; + s; u(+),e(t;)) and it is based
on the measurement of the state e(t;) at time ¢;, when a control input u(-; e(t;)) is
applied to the system (5.11)) for the time period [t;,t; + s]. Thus, it holds that:

e(ti) = é(ti;ul-), e(ts)). (5.21)
We define an admissible control input as:

Definition 5.1. A control input u : [0,7},] — RV for a state eq is called admissible,
if all the following hold:

1. u(-) is piecewise continuous;

(
u(s) € U,V s €[0,T,];

2.
3. e(s;u(-),e0) € E,¥ s €[0,T,);
4. e(Tp;u(-),eo) € E;

Lemma 5.1. The terminal penalty function V' (-) is Lipschitz continues in Ef, with
Lipschitz constant Ly = 2e00max(P), for all e(t) € ¢, where g == sup{|le] : e €

Er}.
Proof. For every eq,es € Ef, the following holds:

[V (e1) — V(ea)| = |e] Pey — eg Pey| = |e] Pey + e Pey — e Pey — eg Pey|

= |61TP(61 —eg) — e;P(el —e9)| < \elTP(el —ea)| + |62TP(61 —es)|.

By employing the property that:
" Ayl < omax(A)||z[lly], ¥ z,y € R", A € R™™,
(5.22)) is written as:
[Vier) = Vel < omax(P)lerlller — eall + omas (P)lesllle — es]
= omax(P)([lex]| + [lez[)[lex — ezl
< Tmax(P) (€0 +€o)ller — ez = [2e00max(P)] [[e1 — e2]|.
which completes the proof. O

Through the following theorem, we guarantee the stability of the system which
is the solution to Problem 1.

Theorem 5.1. Let Assumption[5.1] hold. Suppose also that:
1. The OCP (5.16a)-(5.16d)) is feasible for the initial time t = 0.
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2. The terminal set £y C E is closed, with 0p412 € .

3. The terminal set £ is chosen such that there exists an admissible control
input wy : [0, h] = U such that for all e(s) € E it holds that:

a) e(s) € &Y s € [0, h).
b) %ie/fe(e(s)v“f(s)) + F(e(s),uf(s)) <0,¥ s € [0,h].

Then, the closed loop system (5.11)), under the control input (5.19)), converges to the
set E¢ fort — oo.

Proof. As usual in predictive control the proof consists of two parts: in the first part
it is established that initial feasibility implies feasibility afterwards. Based on this
result it is then shown that the error e(t) converges to the terminal set £y.

Feasibility Analysis: Consider any sampling time instant ¢; for which a solution
exists. In between ¢; and t;11, the optimal control input @*(s;e(t;)),Vs € [t;, tit1)
is implemented. According to , it holds that:

e(tiv1) = e(tip1; 0 (s e(ti)), e(ts)).

The remaining piece of the optimal control input @*(s;e(t;)),s € [tit1,t; + Tp)
satisfies the state and input constraints F, U, respectively. Furthermore,

e(ti + Tpya* (5 e(ti), e(ti)) € &,

and we know from Assumption 2b of Theorem 1 that for all e(t) € &, there exists
at least one control input us(-) that renders the set £; invariant over h. Picking any
such input, a feasible control input @(+;e(t;+1)), at time instant ¢;11, may be the
following:

a*(s;e(ti)), s € [tix1, bt +Tp),

up(eti + Tp;u(-),e(ts))), s € [ti + Ty, tigar + Tl (5.23)

u(s;e(tip1)) = {

Thus, from feasibility of 4*(s, e(t;)) and the fact that ur(e(t)) € U, for all e(t) € &y,
it follows that:
ﬂ(S; e(ti+1)) € U,V s € [ti+1,ti + Tp]

Hence, the feasibility at time t; implies feasibility at time ¢;11. Therefore, if the
OCP - is feasible at time t = 0, it remains feasible for every ¢ > 0.

Convergence Analysis: The second part involves proving convergence of the state
e in the terminal set £¢. In order to prove this, it must be shown that a proper value
function is decreasing along the solution trajectories starting at a sampling time ;.
Consider the optimal value function J*(e(t;)), as is given in (5.20). Consider also
the cost of the feasible control input, indicated by:

J(e(tiz1)) = J(e(tiyr), a(; e(tiy1)))- (5.24)
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Define:

ur(s) = u(s;e(tiy1)), (5.25)

where e1(s) stands for the predicted state e at time s, based on the measurement of
the state e at time ¢;41, while using the feasible control input u(s;e(t;+1)). Let us
also define the following terms:

uz(s) = a*(s; e(ti)), (5.26)
ea(s) = é(s;ua(s),e(t;)), s > tir1.

5.25)), (5.26]) form convenient notations for the readability of the proof hereafter.
By employing (5.16a)), (5.20) and (5.24)), the difference between the optimal and
feasible cost is given by:

- tip1+Tp
Tettin) = I (elt) = Viesta + T + [ [Flea(s)un(s))]ds

tit1

—V(es(ti +T,)) — /:Mp [Fea(s), uals))] s

i

ti+T)
Vit + )+ [ [Pl n)]ds - Vet + 1)+

lj:;pr [F(e1(s)7u1(s))] ds — /titHl [F(€2(8)7U2(8))} ds
ti+T,
- /t [F(@(S)’“?(S))} ds. (5.27)

Note that, from (5.23]), the following holds:
u(s;e(tiv1)) =0 (s;e(ty)),V s € [tig1,ti + Tp). (5.28)

By combining (5.25)), (5.26) and (5.28)), it yields that:
ur(s) = ua(s) = u(s),Y s € [tix1, ti + Ty, (5.29)

which implies that:
e1(s) = e2(s),V s € [tig1, ti + Tp). (5.30)

The combination of (5.29)) and (5.30]) implies that:
F(e1(s),u1(s)) = F(e1(s),u1(s)),V s € [tix1,t; + Tp].
which implies that:

/tH_TP [F(el(s),ul(s))}ds = /tﬁTp [F(eg(s),ug(s)) ds. (5.31)

tit1 tit1
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By employing (5.31)), (5.27) becomes:

tiv1+Tp

Teltin) = J*(elt) = Viesta + T + [ [Flea(s)un(s))]ds

ti+Tp

_w@m+n»—lmﬁﬂ@@wﬂmp& (5.32)

i

Due to the fact that t;11 + T}, — (t; + Tp) = ti41 — t; = h, and that Assumption 3b
of Theorem holds for one sampling period h, we obtain:

/tther {8—er(e1(s),u1(s)) + F(el(s)’ul(s))]ds =0

i+Tp de
tivi+Tp tiv1+Tp
@/ W@@w@+/ [Fe(9).ua ()]s < 0
t; +Tp ti +Tp

tip1+Typ
@V@AMJ+EDV@KQ+%D+L;T [Flex(s),ui(s)] ds <0

1t’i+1p+Tp
@V(el(tiﬂ + Tp)) — V(el(ti + Tp)) —+ \/t.-’_T |:F(€1(S), Ul(S)):| ds
< V(ea(ti +1,)) — Veat: + 1))

tip1+Ty
SVl +T) + [
ti Jer

<V(ei(t; +Tp)) — V(ea(t; + Tp)).

[Fler(s),ua(s))|ds = V(ealts + ;)

By employing the property y < |y|,Vy € R, we get:

tiy1+Typ
V@mﬂ+n»+1g [Flea(s),u(s)|ds = Viea(ts +T,))
< Ver(ts +Tp)) = Vealts + Tp))|. (5.33)

By employing Lemma [5.1] we have that:

V(er(ti +Tp)) = Vea(ti + Tp))| < Lvllea(t: + Tp) — ea(ti + Tp)[- - (5.34)
By combining (5.33)) and ([5.34) we get:
tip1+Typ

wﬁmﬂ+n»+/
t; +Tp

< Ly|lei(t; + Tp) — eat; + Tp)|l (5.35)
For s =t; + T, (5.30) gives:

[Fler(s).wa(s))|ds = V(ealt: + T;))

€1 (tl + Tp) = eg(ti + Tp) (536)
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By combining ([5.36) and ( we have:

tiv1+Tp

Viei(tip1 +Tp)) + /

L, [F(el(s),ul(s))}ds—V(e2(ti+Tp>)go. (5.37)

By combining (5.32)) with (5.37)), the following holds:

Te(tin)) — J*(e(t) < — /t " [Pea(s). uas))] s (5.38)

i

By substituting e = es(s),u = ua(s) in (5.18)) we get:
Fea(s), uz(s)) = mllez(s)[|?

or equivalently:

/ [Fea(s). ua(s))]ds > m / T ea(s)lds

i

tit1 tita1
o [F(eQ(s),ug(s))}ds <-m llea(s)|2ds. (5.39)
ti ti
By combining (5.38)) and ([5.39) we finally get:
-~ tit1
J(e(tiv1)) — " (e(t:)) < —m/ le2(s)[|*ds. (5.40)
ti

It is clear that the optimal solution at time ; 1, i.e., J*(e(t;11)), will not be worse
than the feasible one at the same time i.e. J(e(t;+1)). Therefore, (5.40|) implies:

tita

J*(e(tirr)) — I (e(t:)) < —m le2(s)[1%s <0, (5.41)

ti

t] 1
or, by using the fact that / llea(s)|ds = Z/ lle2(s)|ds, equivalently, we
to

obtain:
tit1 i—1 tit1
T (e(tin)) — T (e(ts)) < —m / lea(s)[2ds +m S / lea(s)|2ds. (5.42)
to ]:O t]'

By using induction and the fact that t; = h-i,t;41 = h- (i +1),¥i > 0, from (5.15),
(5.42)) is written as:
t;

T(e(t)) = J*(elto)) < —m [ [lea(s)|%ds. (5.43)

to



5.2. Centralized Cooperative Transportation 97

Since tg = 0 we obtain:

J*(e(t;)) < J*(e(0)) — m/o i lle2(s)|%ds. (5.44)
which implies that:
J*(e(t;)) < J*(e(0)). (5.45)
By combining , , we obtain:
J*(e(tiy1)) < J(e(t;)) < J*(e(0)),V t; =i-h,i > 0. (5.46)

Therefore, the value function J*(e(t;)) has proven to be non-increasing for all the
sampling times. Let us define the function:

V(e(t)) == J*(e(s)) < J*(e(0)),t € Rxo, (5.47)
where s = max{t; : t; < t}. Since J*(e(0)) is bounded, (5.47) implies that V is

bounded. Since the signals e(t), u(t) are bounded (e(t) € E,u(t) € U), according to
(5.11)), it holds that é(t) is also bounded. From (j5.44]) we have that:

V(e(t) = J*(e(s)) < J*(e(0)) — m/os lle2(s)]|*ds.

which due to the fact that s < t, is equivalent to:

¢

V(e(t)) < J*(e(0)) — m/ llea(s)||?ds, t € Rsg. (5.48)
0

From (5.48)), we get:

/0 lea()?ds < — [7(e(0)) ~ V(e(t)] . € Reo. (5.49)

t
Since J*(e(0)), V(e(t)) has been proven to be bounded, the term / lle2(s)||%ds is

0
also bounded. Therefore, by employing Lemma we have that ||ex(¢)|| — 0, as
t — oo. The latter implies that:

Jim le(t)]| = 0= lim [le(t)]| &

and leads to the conclusion of the proof. O
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States of the Object
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Figure 5.2: The states of the object.
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Figure 5.3: The velocities of the object.

5.2.3 Simulation Results

To demonstrate the efficiency of the proposed control protocol, we consider two
simulation scenarios.

Scenario 1: Consider N = 2 ground vehicles equipped with 2 DOF manipulators,
rigidly grasping an object with n; = ne = 4,n = n; + ny = 8. From we

ha_lye tha:lu_ v = [v),v],¢"]T € R u € RS, Wi‘_ul_h :Bo_l_: TnolT € RY v, =
[povwzo] E R4, pO = [LL.OvyOwZO]—r E R3vq = [Q1 7q;] E Rgv CIz = ;»am-r E

RY, pp, = [@5,,ys,]" € R?, a; = [0, ,]T € R2,i € {1,2}. The manipulators
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become singular when sin(a;,) = 0},¢ € {1, 2}, thus the state constraints for the
manipulators are set to:

Vs ™
8<a11<§—€,—§+6<a12<

™ ™
—*+E<Olgl<—€,—§+€<0£22<

2

We also consider the input constraints:
—10 < w; ;(t) < 10,1 € {1,2},5 € {1,...,4}.

The initial conditions are set to:

1T T
aco(O):[0,—2.2071,0.9071,5} ,v0(0) = [0,0,0,0] T,

1 (0) = [0,0, %, ﬂT L q2(0) = [o, —4.4142, _%, _ﬂT

The desired goal states are set to:

el T

Toa = [10,10,0.9071, 5} o = 0,0,0,0] T,

T o]’ T w'
d1.des = [10,12.2071,1, ﬂ @des = |10, 7.7929,—1,—1]
We set an obstacle between the initial and the desired pose of the object, that is
spherical with center [5,5,1] and radius 2. The sampling time is h = 0.1 seconds,
the horizon is set to T}, = 0.3 seconds, and the total simulation time is 80 seconds;
The matrices P, @, R are set to:

P =Q =10l16x16, R = 2I3xs.

The simulation results are depicted in Fig. [5.2} Fig.[5.7, which shows that the states
of the agents as well as the states of the object converge to the desired ones while
guaranteeing that the obstacle is avoided and all state and input constraints are
met.

Scenario 2: Consider N = 3 ground vehicles equipped with 2 DOF manipulators,
rigidly grasping an object with n; = no = n3 = 4,n = n; + ng + ng = 12. From
we have that z = [z),v],¢"]T € R?° v € R1%, with 2, = [p},n0]T € R4,
Vo = [P, wap]’ € R, po = [10,Y0.20] " € R%, ¢ = [q].43,¢]]" € R'2, ¢; =

;’a;r]‘r €RY, py, = [w5,,y5,]" € R a; = [, ,]" € R%i € {1,2}. The
manipulators become singular when sin(a;,) = 0},4 € {1,2,3}, thus the state
constraints for the manipulators are set to:

™ T ™
5<a11<§—8,—§+8<a12<§—5,
T T ™

—§+5<a21<—8,—§+5<a22<§—5.
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Errors of Agent 1
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Figure 5.4: The errors of vehicle 1 as well as the errors of the manipulator.

Errors of Agent 2
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Figure 5.5: The errors of vehicle 2 as well as the errors of the manipulator.

We also consider the input constraints:

—10 < u, () <10,i € {1,2},5 € {1,...,4}.
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Control Inputs of Agent 1

ol

uy(t), 5 €{1,2,3,4}

Time [sec]
Figure 5.6: The control inputs of the actuators of agent 1.

Control Inputs of Agent 2

ug (), 5 € {1,2,3,4}
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Figure 5.7: The control inputs of the actuators of agent 2.

The initial conditions are set to:

.
26(0) = [0, —2.2071,0.9071, g} ,00(0) = [0,0,0,0] ",

m™ T

1 (0) = [0.5,0, 4,Z}T,qg(0) - [o, —4.4142,—3,—5]T,

11
T w7
0) = [—0.5,0,f,f]
Q3() 4’4
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Errors of the Object

€0 (1) €4 (£), €5, (1), €4 (1)
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Figure 5.8: The errors of the object.
The desired goal states are set to:

o T
o qes = [5, —2.2071,0.9071, 5] Vo = [0,0,0,0]

3

T om T T mwT
q1,des = |:55,07 Za Z:| y42,des = [57744142771772 )
T om '
g des = 4.5,0.0,f,f]
43,4 { 44

The sampling time is h = 0.1 seconds, the horizon is set to T}, = 0.5 seconds, and
the total simulation time is 100 seconds; The matrices P, @, R are set to:

P =Q = 0.515x20, R = 0.5112%12.

The terminal set is taken as a ball of radius 0.1 around 0 for both scenarios. The
simulation results are depicted in Fig. [5.8} Fig. [5.15] which shows that the states
of the agents as well as the states of the object converge to the desired ones while
guaranteeing that all state and input constraints are met. The simulation scenarios
were carried out by using the NMPC toolbox given in [I19] and they took 23500,
45547 seconds for Scenario 1 and 2, respectively, in MATLAB Environment on a
desktop computer with 8 cores, 3.60 GHz CPU and 16GB of RAM.

5.3 Decentralized Cooperative Transportation

The controller synthesize in the previous section is centralized, i.e., a central computer
unit calculated all the MPC-based input signals for the agents. In this section, we aim
at extending the results to a decentralized framework, where each agent calculates
its own control signal.
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Velocities of the Object
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Figure 5.9: The velocities of the object.
Errors of Agent 1
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Figure 5.10: The errors of vehicle 1 as well as the errors of the manipulator.

5.3.1 Problem Formulation

The formulation we adopt here follows from the previous section, so we omit the
derivations of the agents’ and the object’s dynamic modeling.
The grasping rigidity along with (5.7a)) yields

Vo = Vo, (i 4i) = Ji, (¢i)vi(dis 4i)s (5.50)

for every i € N, where J;, (¢;) == [Jo,(¢;)] ™", with J,_(g;) as defined in (4.10).

Consider now the constants ¢;, with 0 < ¢; < 1 and > ¢; = 1 that play
iEN
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Errors of Agent 2
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Figure 5.11: The errors of vehicle 2 as well as the errors of the manipulator.
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Figure 5.12: The errors of vehicle 3 as well as the errors of the manipulator.

the role of load sharing coefficients for the agents. Then can be written
s 52 i Mo(o,(@))io, (a1 6) + 90 0, (6))Co o, (1), vo, (a6 ) o, (4 d0) | =
> o, (¢:)] " Ai, from which, by employing the grasp coupling (see (4.14)), (5.2),
, and after straightforward algebraic manipulations, we obtain the coupled
dynamics

Z {M(Qi)(ji +Cilgi, di)di + gi((b')} = Z[Joi (a)] " us, (5.51)

iEN iEN
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Control Inputs of Agent 1
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Figure 5.13: The control inputs of the actuators of agent 1.
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Figure 5.14: The control inputs of the actuators of agent 3.

where:

Mi(g:) = ciMo (2o, (¢:))Jio (4:)Ji(a:) + [Jo, (a:)] T Mi(a:)Ji(as),

Classds) = o, (@)1 (Mila) (@) + Cilass 6 Ta0)) +
¢iMo(wo,(a:))Jio (@) Ji(ai) + ciMo(zo, (@) Jio (¢:) i (i),
+ ¢iCo(0,(4:),vo, (¢is Gi))s

9i(ai) = cigo(zo, (i) + [Jo, (¢:)]  gi(ai),i €N

The problem in hand in this section is the same as Problem [5.1] with the extra
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Control Inputs of Agent 3

ug (1), € {1,2,3,4}
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Figure 5.15: The control inputs of the actuators of agent 3.

constraint that the control design needs to be decentralized. For that, we need the
following assumption regarding the agent communication:

Assumption 5.2. (Sensing and communication capabilities) Each agent i € N is
able to continuously measure the other agents’ state ¢;,q;, j € N'\{i}. Moreover,
each agent ¢ € N is able to communicate with the other agents 7 € M\{i} without
any delays.

Note that the aforementioned sensing assumption is reasonable, since in coopera-
tive manipulation tasks, the agents are sufficiently close to each other, and therefore
potential sensing radii formed by realistic sensors are large enough to cover them.
Moreover, each agent ¢ € N can construct at every time instant the set-valued
functions A;(g;), Vj € N\{i}, whose structure can be transmitted off-line to all
agents.

Along with the sets S; o, S; 4 defined in the previous section, we also define
So, ={aq € R™ : Co(wo,(q:)) N O, # 0}, Vi € N, as well as the projection sets
for agent 1 :Sv'i’A([qz]geN\(i}) ={q € R" : q € §; 4}, Vi € N, where the notation
[q¢)eenr iy stands for the stack vector of all go, £ € N'\{i}.

5.3.2 Main Results

In this section, a systematic solution to Problem 1 is introduced, based on NMPC.
The proposed methodology is decentralized, since we do not consider a centralized
system that calculates all the control signals and transmits them to the agents, like in
the previous section. To achieve that, we employ a leader-follower perspective. More
specifically, as will be explained in the sequel, at each sampling time, a leader agent
solves part of the coupled dynamics (5.51f) via an NMPC scheme, and transmits
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its predicted variables to the rest of the agents. Assume, without loss of generality,
that the leader corresponds to agent ¢ = 1. Loosely speaking, the proposed solution
proceeds as follows: agent 1 solves, at each sampling time step, the receding horizon
model predictive control subject to the forward dynamics:

M1(Q1)f11 +Ci(qr,d0)d + 3(q) = [Jo, (q1)] ", (5.52)

and a number of inequality constraints, as will be clarified later. After obtaining a
control input sequence and a set of predicted variables for ¢, ¢1, denoted as 1, ¢1,
it transmits the corresponding predicted state for the object 2, (41), vo, (41, 1) for
the control horizon to the other agents {2,..., N}. Then, the followers solve the
receding horizon NMPC subject to the forward dynamics:

M;(a:)ds + Cilgir )i + 3(ai) = [o, ()] i, (5.53)
the state equality constraints:

To,(q1) = %o, (41), Vo, (s di) = Vo, (G1, 1), (5.54)

i €{2,..., N} as well as a number of inequality constraints that incorporate obstacle
and inter-agent collision avoidance. More specifically, we consider that there is a
priority sequence among the agents, which we assume, without loss of generality,
that is defined by {1,..., N}. Each agent, after solving its optimization problem,
transmits its calculated predicted variables to the agents of lower priority, which
take them into account for collision avoidance. Note that the coupled object-agent
dynamics are implicitly taken into account in equations , in the following
sense. Although the coupled model does not imply that each one of these
equations is satisfied, by forcing each agent to comply with the specific dynamics
through the optimization procedure, we guarantee that is satisfied, since it’s
the result of the addition of and (5.53), for i = 1 and every i € {2,..., N},
respectively. Intuitively, the leader agent is the one that determines the path that
the object will navigate through, and the rest of the agents are the followers that
contribute to the transportation. Moreover, the equality constraints guarantee
that the predicted variables of the agents {2,..., N} will comply with the rigidity
at the grasping points through the equality constraints (5.54)).

By using the notation x; := [ZE;E,IE;E]T =[g;,q¢']" € R®™ i € N, the nonlinear
dynamics of each agent can be written as:

i = filws,ug) = fal@) (5.55)
fia (iswi)

where f; : E; x RS — R2% is the locally Lipschitz function: f;, (z;,u;) = a,,

fio (i, ui) == M;(q;) ([Joi (¢:)] "ui—Ci(qs, Qi>q_§i(Qi))7i € N, where M; : R"\Q; —

_ _ -1
R™ %0 is the pseudo-inverse M;(g;) = [MI]T(ql)(M’L(Q’L)[M’L(ql)]—r) , and E; =
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R™\Q; x R™ Vi € N. It can be proved that in the set R"\Q; the matrix
Z\AJJZ((J,)[Z\Aﬁ(qL)]T has full rank and hence, M;(q;) is well defined for all ¢ € R\ Q;.
By abusing the notation with respect to the proof of Theorem [5.1 we define the
error vector eq : 1 — M x RS, as:

e (-rl) — [xol (Q1) - Ides]

Vo, (q1, 1),

which gives us the error dynamics:

é1 = g1(z1,u1), (5.56)
with g1 : B1 x RS — R?":
(z1,u1) = [Jo (Mo, (q1))]J16 (q1)J1(q1)da
o J10 (q1) J1(qn) fra (w1, ur) + <Jloj1(¢h)+jlo(Q1)J1(Q1))Qh

where we employed (5.56|) and the object dynamics.

Remark 5.4. It can be concluded that g; (-, u1) is Lipschitz continuous in Ey since it
is continuously differentiable in its domain. Thus, for every z1, 2] € Ey, with z1 # «f,
there exists a Lipschitz constant Ly such that: |g(z1,u) — g(2],u)| < Lg|lzr — 2.

The time derivative of joint space inputs is given by: 7; = [J; (¢:)] T wi +[Ji (¢:)] " s
Hence, the constraints for 7;, and 7;,, k € R",i € N, can be written as coupled
state-input constraints: ||7;[| < 7; < N[ (g)]) Tus|| < 7, [17:]l < 75 & ||[Ji(qi)] Tus +
[J:(g:)] ;]| < 7i. Let us now define the following sets U; C R6*6x(2n).

Ui == { (uiy i, i) € RO 4 |17(q)] T < 7,
1)) i + [Ti(g)]) Tl < i} yi € N, (5.57)
as the sets that capture the control input constraints of (5.55]) (note that, compared

to the previous section, these sets capture also constraints of the input rate), as well
as their projections

Uiw = {u; € R®: (u;,05,2;) €U} i €N. (5.58)

Define also the set-valued functions X; : R*~" = R?" j € N, by:

Xl([qf]l’«E{Q-,---,N}) = {Il € R2n1 : 901 ((h) S [70_3 ]7931 € [7§v 5}7 ‘qlﬁ‘ < qua

Xi([qZ]ZEN\{i}) = {‘rl € R2ni : 937: € [_év ]7 |qk1

q; € éz\ (Si,o U Si,A([QZ]eeN\{i})) }7

< Gi»
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Vi € {2,...,N}. Note that ¢; € X;([qe)een(y) = @ & Qi, Vi €N

The sets X; capture all the state constraints of the system dynamics , ie.,
representation- and singularity-avoidance, collision avoidance among the agents and
the obstacles, as well as collision avoidance of the object with the obstacles, which
is assigned to the leader agent only. We further define the set-valued functions & :
R*™ ™ = M x RS as gl([Qd@em ..... N}) = {61(931) €M x RE: Ty € Xl([QZ]ee{Q ..... N})}a
which now represent the constraints sets for the NMPC scheme.

The main problem at hand is the design of a feedback control law u, € Uy for
agent 1 which guarantees that the error signal e; with dynamics given in ,
satisfies lim; o ||e1(21(¢))|| — 0, while ensuring singularity avoidance, collision
avoidance between the agents, between the agents and the obstacles as well as
the object and the obstacles. The role of the followers {2,..., N} is, through the
load-sharing coefficients cs, ..., cy in , to contribute to the object trajectory
execution, as derived by the leader agent 1. In order to solve the aforementioned
problem, we propose a NMPC scheme, that is presented hereafter.

Consider a sequence of sampling times {t;}, j € N as defined in the previous
section. For agent 1, the open-loop input signal applied in between the sampling
instants is given by the solution of the following FHOCP:

1 (+) a1(-)

min Jy (e1(21(t;)), @1 (-)) = min {‘/1(61(561(75;‘ +13)))

J

“f o [ﬂ(q(@(s))ﬂﬂs))}ds} (5.592)

subject to:

é1(21(s)) = g1(21(s), 01 (s)), e1(21(t))) = ex(21(ty)), (5.59Db)
e1(21(5)) € E1([qe(t))]eeqa...ny), s € [t 15 + Tp), (5.59¢)
(41(s),11(s), 81(8)) € Uy, s € [t;,t; + Ty, (5.59d)
er(21(t; +Tp)) € Fi(laceeqz,....ny)- (5.59)

At a generic time ¢; then, agent 1 solves the aforementioned FHOCP. In the following,
we use the notation &£;(-) instead of &£1([gelee(z,... . ny) for brevity. The functions
Fr1: &()xUy .y — Rxg, V1 : &1(+) = Rxg stand for the running cost and the terminal
penalty cost, respectively, and they are defined as: Fy (el, ul) = elTQlel + ulTRlul,
% (61) = eIPlel; Ry € R%%6 and P, € R(™)*x(m) are symmetric and positive
definite controller gain matrices to be appropriately tuned; Q; € R(2m1)*(2n1) jg
a symmetric and positive semi-definite controller gain matrix to be appropriately
tuned. The bounded terminal set is defined here as F;. Note that, similarly to ,
there exists class K, functions oy, as such that ai(||[e] ,u{]"|) < Fi(er,u1) <
as(|lfef ul 7], Viel, ul]T € E1() x Ur .

The terminal set Fi(-) is chosen as: F1([qeleeqz,...ny) = {e1 € E1([aeleere,... . Ny) -
Vi(e1) < €1}, where €; € Ry is an arbitrarily small constant to be appropriately
tuned. Moreover, similarly to the case of [5.2} it can be proved that the terminal
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penalty function V7, is Lipschitz continuous in Fj(+), and it holds that: ’Vl(el) —
Vi(e))| < Ly, ller — ell|,Ver, e} € Fi(-), where Ly, = 20max(P1)sup{|le1]| : e1 €
Fitlell-

The solution to FHOCP - at time ?; provides an optimal control
input, denoted by @} (s; e1(z1(t;)),z1(t;)), s € [tj,t; + Tp). This control input is
then applied to the system until the next sampling instant ¢;1:

up (83 w1(t), e1(z1(ty))) = 47 (85 21(ty), e1(w1(t5))), (5.60)

for every s € [t;,t; + h). At time t;41 = t; + h a new FHOCP is solved in the same
manner, leading to a receding horizon approach. The control input u; () is of feedback
form, since it is recalculated at each sampling instant based on the then-current state.
The solution of at time s, s € [t;,t; + T}], starting at time ¢;, from an initial
condition z1(t;), el(xl( i), by apphcatlon of the control input w; : [t;,s] = Uy, is
denoted by ey (xl(s); ul( )i w1(t;), e1(z1(t)))), s € [tj,t; + Tp]. The predicted state
of the system (5 at time s, s € [t;,t; + T},] based on the measurement of the
state at tlme tj, 331( /), by application of the control input uy (t; z1(t;), e1(z1(t;)))
as in (5.60), is denoted by 21 (s; u1(-); @1(t;),e1(z1(t;))), and the corresponding
predicted error by e1(£1(-); u1(-); @1(t;), ex(w1(t;))), s € [tj,t; + Tp).

After the solution of the FHOCP and the calculation of the predicted states
Z1(s; wi(),er(@1(t)), 21(¢5)), s € [t;,t; + T, at each time instant ¢;, agent 1
transmits the values §i (s, -), ¢1(s,-) as well as o, (41(s,-)) and v, (41 (s, ), 41 (s, ),
as computed by (5.7), - Vs € [t;,t; + Tp] to the rest of the agents {2 ,N}.
The rest of the agents then proceed as follows. Each agent i € {2,..., N}, Solves
the following FHOCP:

fﬁ?%ga]i(mi(tj))ﬂi(')) (5.61a)
subject to:

i = fi(wi(s), ui(s)), (5.61D)
zi(s) € Xi([QZ(tj)]ZE{i-i-l,.A.,N})» (5.61c)
zi(s) € X ([de(s Myeqr.oimn ) (5.61d)
o, (qi(s)) = 2o, (41(s57)), (5.61e)
vo,(4i(8),4i(s)) = vo, (@ (55 -), 41 (s;-)), (5.61f)
(ui(s),i(s), zi(s)) € Us, s € [t;,t; + Tp), (5.61g)

at every sampling time ¢;. Note that, through the equality constraints ,
(5.611), the follower agents must comply with the trajectory computed by the leader
41(8,-),q1(s,-). This can be problematic in the sense that this trajectory might drive
the followers to collide with an obstacle or among each other. Resolution of such
cases is not in the scope of this paper and constitutes part of future research. We
state that with the following assumption:
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Assumption 5.3. The sets {(q,s) € R™ x [t;,t; + T}] : 0,(qi(5)) = ®o, (1 (55)),

SlA([(H(S)]ge{L_“’i_l}) are nonempty, Vi € {2,...,N}.

Next, similarly to the leader agent ¢ = 1, it calculates the predicted states
Gi(s,-), d4i(s,-),s € [tj,t; + Tp], which then transmits to the agents {i +1,..., N}.
In that way, at each time instant ¢;, each agent ¢ € {2,..., N} measures the other
agents’ states (as stated in Assumption , incorporates the constraint for
the agents {i+1,..., N}, receives the predicted states g(s, -), ¢e(s, -) from the agents
¢ € {2,...,i— 1} and incorporates the collision avoidance constraint for
the entire horizon. Loosely speaking, we consider that each agent i € N takes into
account the first state of the next agents in priority (ge(t;),¢ € {i+1,...,N}), as
well as the transmitted predicted variables g(s,-),¢ € {1,...,i — 1} of the previous
agents in priority, for collision avoidance. Intuitively, the leader agent executes the
planning for the followed trajectory of the object’s center of mass (through the
solution of the FHOCP —), the follower agents contribute in executing
this trajectory through the load sharing coefficients ¢; (as indicated in the coupled
model ), and the agents low in priority are responsible for collision avoidance
with the agents of higher priority. Moreover, the aforementioned equality constraints
, as well as the forward dynamics guarantee the compliance of
all the followers with the model (5.51)). For the followers, the cost J;(z;(t;), 4;(-))
can be selected as any function of x;,u;, Vi € {2,...,N}.

Therefore, given the constrained FHOCP —, the solution of problem
lies in the capability of the leader agent to produce a state trajectory that guarantees

Zo,(q1(t)) = Zdes, by solving the FHOCP ([5.59a)-(5.59¢), which is discussed in
Theorem (.21

Remark 5.5. Note that, if the satisfaction of the equality constraints ,
(5.61f) guarantees that there is no collision among the agents (e.g., in the case that
two agents grasp a large object from two symmetrical - with respect to the object’s
center of mass - grasping points), then the transmission of the predicted variables
among the follower agents {2,..., N} is not needed. In that case, the followers

can solve the problem (5.61a)) - (5.61g)) simultaneously, reducing thus the overall
computation time.

We redefine now the admissible control input, in order to be consistent with this
section’s notation, and provide the theorem that summarizes the main results.

Definition 5.2. A control input u; : [t;,t;4+T,] — R™ for a state e; (x1(t;)) is called
admissible for the FHOCP ([5.594))-(5.59¢)) if the following hold: 1) u(-) is piecewise
continuous; 2) u1(s) € Uy, Vs € [t;,t;+Tp]; 3) e (xl(s); up(+); xl(tj),el(xl(tj))) €
51('),V CES [tj,tj +Tp], and 4) e (l’l(tj + Tp); 'Llll()7 xl(tj),el(xl(tj))) S fl()

Theorem 5.2. Suppose that: 1) Assumption|[5.1] -[5.9 hold; 2) The FHOCP (5.59a))-
(5.59¢) is feasible for the initial time t = 0; 3) There exists an admissible control
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input k1 : [tj + Tp, tjy1 + Tp] — Ur such that for all e1 € Fi(-) and for every
oV,

8 € [tj + Ty, tjy1+Tp) it holds that: ey (z1(s)) € Fi(-) and Tel gi(er(z1(s)), w1 (s)) +
1

Fi(e1(z1(s)), hi(s)) < 0. Then, the system (5.56), under the control input (5.60)),
converges to the set Fi(-) when t — oo.

Proof. The proof is similar to the proof of Theorem [5.1] and is omitted. O

5.3.3 Simulation Results

To demonstrate the efficiency of the proposed control protocol, we consider a
simulation example with N = 3 ground vehicles equipped with 2 DOF manipulators,
rigidly grasping an object with n; = ng = n3 =4, n = nj +ng +n3 = 12. The states
of the agents are given as: ¢; = [p;,aiT]T ERY, py, = [75.,y5]" €R?, a; = [y,
ai,]T € R?, i € {1,2,3}. The state of the object is 7o = [pJ,7o]" € R* and it is
calculated though the states of the agents. The manipulators become singular when
sin(a;, ) = 0},7 € {1,2}, thus the state constraints for the manipulators are set to:
e<a, <g5—¢& —5+e<a, <5—§ —5+e<ay <—¢ —5te<a, <F—c
We also consider the input constraints: —8.5 < w; ;(t) < 8.5,7 € {1,2},7 € {1,...,4}.

The initial conditions of agents and the object are set to: ¢1(0) = [0.5,0, F, %]T,
q2(0) = [0, —4.4142, = 7, = 17, g3(0) = [-0.50, —4.4142, =5, = F]", ¢1(0) = ¢2(0) =
¢3(0) = [0,0,0,0]" and x,(0) = [0,-2.2071,0.9071, %] 7. The desired goal state

the object is set to o 40 = [5, —2.2071,0.9071, g]T, which, due to the structure of
the considered robots, corresponding uniquely to g1 4es = [5.5,0, F, g]T, g2,des =
[5,-4.4142, - % = 2|7 g3 qes = [4.5,0, =%, —Z]T, G3.des = [0,0,0,0] " and ¢ des =
42.des = G3.des = [0,0,0,0]T. We set an obstacle between the initial and the desired
pose of the object. The obstacle is spherical with center [2.5, —2.2071, 1] and radius
v/0.2. The sampling time is A = 0.1 seconds, the horizon is T, = 0.5 seconds,
and the total simulation time is 60 seconds; The matrices P;, @;, R; are set to:
P, =Q; =0.5Igxs, R; = 0.51444, Vi € {1,2,3}, and the load sharing coefficients as
c1 = 0.3, co = 0.5, and c3 = 0.2. The simulation results are depicted in Fig. [5.16
Fig. [5.23} Fig. [5.16] Fig.[5.17  and Fig. show the error states of agent 1, 2 and
3, respectively, which converge to 0; Fig. depicts the states of the objects; Fig.
[5.23] shows the collision-avoidance constraint with the obstacle; Fig. [5.20] - Fig. [5.22]
depict the control inputs of the three agents. Note that the different load-sharing
coefficients produce slightly different inputs. The simulation was carried out by using
the NMPC toolbox given in [I19] and it took 13450 sec in MATLAB Environment
on a desktop computer with 8 cores, 3.60 GHz CPU and 16GB of RAM. Note the
significant time difference with respect to the centralized case of the previous section.
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Figure 5.16: The error states of agent 1.

Error states of agent 2

N — N

@2(t) = q2des, G2(t) — Go,des
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Figure 5.17: The error states of agent 2.

5.4 Conclusions and Future Work

In this work we proposed two NMPC schemes for the cooperative transportation
of an object rigidly grasped by N robotic agents. The proposed control scheme
deals with singularities of the agents, inter-agent collision avoidance as well as
collision avoidance between the agents and the object with the workspace obstacles.
We proved the feasibility and convergence analysis of the proposed methodology
and simulation results verified the efficiency of the approach. Future efforts will be
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%o(t), Yo(t), Zo(t), do(t)

q3(t) — Qrdes, @3(t) — G3.des

Errors states of agent 3

Time [sec]

Figure 5.18: The error states of agent 3.

States of the Object

Time [sec]

Figure 5.19: The states of object converging to the desired ones.

devoted towards reconfiguration in case of task infeasibility for the followers, event-
triggered communication between the agents so as to reduce the communication
burden that is required for solving the FHOCP at every sampling time, and real-time

experiments.
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Figure 5.20: The control inputs of agent 1 with —8.5 < w1 ;(t) < 8.5.
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Figure 5.21: The control inputs of agent 2 with —8.5 < ug ;(t) < 8.5.



116 Model-Predictive Cooperative Transportation

Control Inputs of Agent 3
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Figure 5.22: The control inputs of agent 3 with —8.5 < us ;(t) < 8.5.

The function c(z(t), Yo(t), 20(t)) = 1.5 — (2o(t) — 3)? — (yo(t) — 3)* — (20(t) — 1)?
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Figure 5.23: The function c(zo (), yo(t), zo(t)) = 0.2— (zo —2.5)% — (yo +2.2071)% —
(zo — 1)? is always negative, indicating collision avoidance.



Chapter 6

Abstractions for Multi-Agent
Manipulator-Endowed Systems

This chapter addresses the motion planning problem for a team of manipulator-
endowed robotic agents under high level goals. We propose a hybrid control strategy
that guarantees the accomplishment of each agent’s local goal specification, which is
given as a temporal logic formula, while guaranteeing inter-agent collision avoidance
and connectivity maintenance. The overall approach is based on abstraction of
the continuous systems to discrete transition systems, which we accomplish by
designing suitable decentralized continuous controllers based on previous work on
navigation functions. Next, given specific high-level tasks encoded by temporal
logic formulas, we employ standard formal verification techniques and we derive
high-level control algorithms that satisfy the agents’ specifications. Simulation and
experimental results verify the validity of the proposed methods.

6.1 Introduction

The importance of using multi-agent systems, highlighted in the previous chapters,
is evident when the multi-agent system consists of manipulator-endowed agents,
such as, e.g., mobile/aerial manipulators or unmanned aerial vehicles (UAVs). These
type of systems are widely used for inspection, surveillance as well as manipulation
tasks, such as pick-and-place tasks or object transportation.

In the case of aerial vehicles, the multi-agent problems are well studied in the
related literature. The standard problem of formation control for a team of aerial
vehicles is addressed in [I25HI30], whereas [I3THI35] consider leader-follower for-
mation approaches, where the latter also treats the problem of collision avoidance
with static obstacles in the environment; [I36], [137] and [138] employ dynamic
programming, Model Predictive Control and reachable set algorithms, respectively,
for inter-agent collision avoidance. In [I39] the cooperative evader pursuit prob-
lem is treated. Regarding the related literature that concerns cooperative robotic
manipulation tasks, we refer the reader to the previous chapters.

117
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Ultimately, we would like the robotic agents to execute more complex high-
level tasks, involving combinations of safety ("never enter a dangerous regions”),
surveillance ("keep visiting regions A and B infinitely often”) or sequencing (”collect
data in region C' and upload it in region D”) properties. Temporal logic languages
offer a means to express the aforementioned specifications, since they can describe
complex planning objectives in a more efficient way than the well-studied navigation
algorithms. A recent direction in the multi-agent control and robotics field is the use
of temporal logic languages for motion and/or action planning, since they provide
a fully-automated correct-by-design controller synthesis approach for autonomous
robots. Temporal logics, such as linear temporal logic (LTL), computation tree logic
(CTL) or metric-interval temporal logic (MITL), provide formal high-level languages
that can describe planning objectives more complex than the usual navigation
techniques. The task specification is given as a temporal logic formula with respect
to a discretized abstraction of the robot motion modeled as a finite transition
system, and then, a high-level discrete plan is found by off-the-shelf model-checking
algorithms, given the finite transition system and the task specification [38].

There exists a wide variety of works that employ temporal logic languages
for single- and multi-agent systems, e.g., [[40HI56]. Regarding aerial vehicles, [157]
addresses the vehicle routing problem using MTL specifications and [I58] approaches
the LTL motion planning using MILP optimization techniques, both in a centralized
manner. Markov Decision Processes are used for the LTL planning in [159]. The
aforementioned works, however, consider discrete agent models and do not take
into account their continuous dynamics. The discretization of a multi-agent system
to an abstracted finite transition system necessitates the design of appropriate
continuous-time controllers for the transition of the agents among the states of the
transition system [38]. Most works in the related literature, however, including the
aforementioned ones, either assume that there exist such continuous controllers or
adopt single- and double-integrator models, ignoring the actual dynamics of the
agents. Discretized abstractions, including design of the discrete state space and/or
continuous-time controllers, have been considered in [I60H164] for general systems
and [165] [166] for multi-agent systems.

Another drawback of the majority of works in the related literature of temporal
logic-based motion planning is the point-agent assumption (as, e.g. in [143] 147, [148]),
which does not take into account potential collisions between the robotic agents.
The latter is a crucial safety property in real-time scenarios, where actual vehicles
are used in the motion planning framework.

The contribution of this chapter is the design of well-defined abstractions for a
multi-agent manipulator-endowed system.

1. Firstly, we propose a novel decentralized control protocol for the motion plan-
ning of a team of aerial vehicles under LTL specifications with simultaneous
inter-agent collision avoidance. In particular, we extend previous work on
decentralized navigation functions [37] to abstract the motion of each agent
as a finite transition system. Then, we employ standard formal-verification
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techniques to derive plans that satisfy each agent’s LTL specification. The pro-
posed control protocol is decentralized in the sense that each agent has limited
sensing information and derives and executes its desired path without commu-
nicating with the other agents or knowing their respective goals/specifications.
Simulation and experimental results with quadrotors verify the effectiveness
of the proposed framework.

2. Secondly, we design robust continuous-time controllers for the navigation of a
team of 2nd order mobile manipulators among predefined regions of interest.
The proposed methodology is decentralized, since each agent uses only local
information based on limited sensing capabilities. Moreover, we guarantee
(i) inter-agent collision avoidance by introducing a novel transformation-free
ellipsoid-based strategy, (ii) connectivity maintenance for a subset of the
initially connected agents, which might be important for potential cooperative
tasks, and (iii) kinematic singularity avoidance of the robotic agents.

The rest of the chapter consists of two main parts: Firstly, Section [6.3]is devoted
to the abstraction derivation of a team of aerial vehicles, with Sections [6.3.1]
[6.3.2] [6.3.3] and [6.3.4] defining and solving the problem in hand, and providing
simulation and experimental results, respectively. Similarly, Section presents
the decentralized abstraction for the team of mobile manipulators with Sections
[6.41] [6.4.2] and [6.4.3] providing the corresponding problem formulation, solution
and simulation results, respectively. Finally, Section [6.5 concludes the chapter.

6.2 Preliminaries

6.2.1 Cubic Equations and Ellipsoid Collision

Proposition 6.1. Consider the cubic equation f(\) = e3A3+caA2+c1 A co = 0 with
ce € R,VE €{0,...,3} and roots (A1, Aa, A3) € C3, with f(A1) = f(X2) = f(A3) = 0.
Then, given its discriminant A = (c3)* ] ieqr,2y (A — A;)?, the following hold:
jefi+1,...,3}
(i) A=0« 3i,j €{1,2,3}, with i # j, such that A; = A, i.e., at least two roots
are equal,

(i) A >0 A\ e R, Vie{1,2,3}, and \; # \;,Vi,j € {1,2,3}, with ¢ # j, ie,
all roots are real and distinct.

Proposition 6.2. [167] Consider two planar ellipsoids A = {z € R? s.t. 2T A(t)z <
0}, B = {z € R¥s.t. 2" B(t)z < 0}, with z = [p"1]7 being the homogeneous
coordinates of p € R?, and A, B : R — R3*3 terms that describe their motion in
2D space. Given their characteristic polynomial f : R — R with f(A) = det(AA— B),
which has degree 3, the following hold:

(i) IA* € Ry s.t. f(A*) = 0, i.e, the polynomial f(\) always has one positive
real root,
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Figure 6.1: Bounding sphere of an aerial vehicle.

(i) ANB =0 < 3IN;, N5 € Reg, with A} # A3, and f(A]) = f(A5) =0, ie., A
and B are disjoint if and only if the characteristic equation f(\) = 0 has two
distinct negative roots.

(iil) ANB # 0 and ANB = 0 < IA;, N € Reg, with A7 = A3, and f(\}) =
f(A5) =0, ie., A and B touch externally if and only if the characteristic
equation f(A) = 0 has a negative double root.

6.3 Decentralized Motion Planning with Collision
Avoidance for a Team of UAVs under High Level Goals

6.3.1 System and Problem Formulation

Consider N aerial agents operating in a static workspace that is bounded by a
large sphere in 3-D space W = B, (po) = {p € R3s.t. |[p — pol| < 7o}, where
po € R? and ry > 0 are the center and radius of W. Within W there exist K
smaller spheres around points of interest, which are described by 7, = B, (Pry) =
{p eR3s.t. |[p— pryll < 72} C W, where pr, € R® 7, > 0 are the central point
and radius, respectively, of 7. We denote the set of all 7, as II = {m,..., 7k}
For the workspace partition to be valid, we consider that the regions of interest
are sufficiently distant from each other and from the workspace boundary, i.e.,
d3(pry, Py ) > 4maxpeqy,. ky (T, ) and d3(pr,, po) < 10 —377,, Yk, k' € {1,..., K}
with k # k’. Moreover, we introduce a set of atomic propositions ¥; for each agent
i € {1,...,N} that indicates certain properties of interest of agent ¢ in II and
are expressed as boolean variables. The properties satisfied at each region 7 are
provided by the labeling function £; : II — 2% which assigns to each region
Tk, k € {1,..., K} the subset of the atomic propositions ¥; that are true in that
region.
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System model

Each agent i € {1,..., N} occupies a bounding sphere: B, (p;(t)) = {p(t) € W s.t.
lp(t) — pi(t)|| < 7}, where p; : R>o — R? is the center and r; > 0 the radius of the
sphere (Fig. . We also consider that r; < rr,,Vie {l,..., N} ke {l,...,K},
i.e., the regions of interest are larger than the aerial vehicles. The motion of each
agent is controlled via its centroid p; through the single integrator dynamics:

pi:ui,iE{l,...,N}. (61)

Moreover, we consider that agent i has a limited sensing range of ds;, > max; ;—¢1, .. N}
(ri +7;). Therefore, by defining the neighboring set N; = {j € {1,..., N}, s.t. |[|p; —
pjll < ds,}, agent ¢ knows at each time instant the position of all p;,Vj € N; as well
as its own position p;. The workspace is perfectly known, i.e., pr, ,7r, are known to
all agents, for all k € {1,..., K}.

With the above ingredients, we provide the following definitions:

Definition 6.1. An agent i € {1,...,N} is in a region 7, k € {1,...,K} at a
configuration p;, denoted as A;(p;) € my, if and only if B, (p;) C B, (Pry)-

Definition 6.2. Assume that A;(p;(to)) € 7,5 € {1,...,N},k € {1,...,K} for
some ty > 0. Then there exists a transition for agent ¢ from region 7 to region
e, k' € {1,..., K}, denoted as m; —; mp, if and only if there exists a finite
t; > 0 and a bounded control trajectory u,; such that (i) A;(pi(ty)) € me, (ii)
By, (pi(t)) N By, (pr,,) =0, and (iii) By, (pi(t)) N B, (pir(t)) = 0,Ym € {1,..., K}
with m # k, k' Vi’ € {1,..., N} with ¢/ # i and ¢ € [0, t;].

Loosely speaking, an agent ¢ can transit between two regions of interest 75 and
7, if there exists a bounded control trajectory w; in (6.1]) that takes agent 4 from
to 7, while avoiding entering all other regions and colliding with the other agents.

Specification

Our goal is to control the multi-agent system subject to so that each agent’s
behavior obeys a given specification over its atomic propositions ¥;.

Given a trajectory p;(t) of agent 4, its corresponding behavior is given by the
infinite sequence f8; = (pi(t),¥i) = (Piys Vi) (Pins ¥is) -+, with ;€ 2%+ and
A(pim) € g, , Vi, € Ez’(ﬂkm), km € {1, ey K},Vm € N.

Definition 6.3. The behavior 3; = (p;(t), ;) satisfies an LTL formula ¢ if and
only if ¢; = ¢.

Problem Formulation

The control objectives are given for each agent separately as LTL formulas ¢;
over ¥;,i € {1,...,N}. An LTL formula is satisfied if there exists a behavior
Bi = (pi(t), ;) of agent i that satisfies ¢;. Formally, the problem treated in this
section is the following:
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Problem 6.1. Given a set of aerial vehicles N subject to the dynamics and NV
LTL formulas ¢;, over the respective atomic propositions ¥;,7 € {1,..., N}, achieve
behaviors 3; that (i) yield satisfaction of ¢;,Vi € {1,..., N} and (ii) guarantee
inter-agent collision avoidance.

6.3.2 Main Results
Continuous Control Design

The first ingredient of our solution is the development of a decentralized feedback
control law that establishes a transition relation mp —; m,Vk, k' € {1,..., K}
according to Def. Our approach is based on the concept of Decentralized
Navigation Functions, introduced in [37], for which an overview can be found in
Section More specifically, given that A;(p;(to)) for some ¢ty > 0, we propose a
decentralized control law wu; for the transition mp —; 7/, as defined in Def. @

Initially, we define the set of "undesired” regions as Il = {m, € II,m €
{1,..., K}\{k,k'}} and the corresponding free space Fj r» = W\{B;, (px)}rem, .-
As the goal configuration we consider the centroid pr,, of ;s and we construct the
function v;,, : Frpr — Rxo with v, (pi) = ||pi — pr,, ||2. For the collision avoidance
between the agents, we employ the function G; : Fj jr x R3 V=1 5 R as defined in
[37].

Moreover, we also need some extra terms that guarantee that agent 7 will avoid the
rest of the regions as well as the workspace boundary. To this end, we construct the
function a, , : Frr — R with o, , (pi) = aio(pi) HmEHk y o m(pi), where the
function oy o : Fi,i» — R is a measure of the distance of agenf 1 from the workspace
boundary a; o = (ro—7;)%—||pi —pol|* and the function a; ,, : Fy » — R is a measure
of the distance of agent i from the undesired regions ; m = ||pi — pml|® — (ri +72m)>.

With the above ingredients, we construct the following navigation function
iy o P Tl X R3N=1 — [0, 1]:

. _ i, (pi) + fi(Gi)
P ) ) ¥ Gulpa ) 02

for agent 4, with A; > 0 and the following vector field:

. PPiw ()
S api(t)
0 if T =

if g Z T

cik,k’(t) = (63)

for all t > tg, with k,, > 0 and f;(G;) as defined in [37].

The navigation field guarantees that agent ¢ will not enter the undesired
regions or collide with the other agents and lim;_,o p;(t) = px,,. The latter prop-
erty of asymptotic convergence along with the assumption that r; < r. ,Vi €
{1,...,N},k €{1,..., K}, implies that there exists a finite time instant t;:k, > tg
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such that p;(t/,,) € B, (pr,) and more specifically that A (pit] ) € mr,
which is the desired behavior. The time instant tf w can be chosen from the set
Stk’ = {t > to,.Ai(pi(t)) S 7Tk/}.

Note, however, that once agent ¢ leaves region 7y, there is no guarantee that it will
not enter that region again (note that Fy, - includes 7). Therefore, we define the set
Iy o = {mm € II,m € {1,..., K}\{k'}} and the corresponding free space Fy =
W\{B, (px)}rem, ., and we construct the function ¢;, ,, : Fp p X R3WV-1 —[0,1]:

. _ Vi (i) + fi(Gi)
Piaus (P (% (i) + Gi(p)ewi, ., (p1)) /> (6.4)

where a;, ,, = @i o(pi) Hmenv, y a; m (pi), with corresponding vector field:

iy (P(t))

api(t) (6.5)

Ciq)’k/ (t) = 7kgi

which guarantees that region m; will be also avoided. Therefore, we develop a
switching control protocol that employs (6.3]) until agent 7 is out of region 7 and
then switches to (6.5) until ¢t = ¢/,,. Consider the following switching function:

s(z) = %(sat(2x 141 (6.6)

where sat : R — [—1,1] is the standard saturation function (sat(z) = =z, if
lz] < Ljsat(x) = /||, if [#| > 1), and the time instant ¢, that represents
the moment that agent i is out of region my, i.e., t;k = min S;,, where S;, =
{t > to, B, (pi(t)) N By, (pr,) = 0}. Note that t;, < t],,, since d3(pr,,pr,,) >
dmaxpeqr,.. ky(rr, ), Vh, K" € {1,..., K} with k # k. Then, we propose the follow-
ing switching control protocol u; : [to,t],,) — R®:

. . Cik,k’ (t), teT
0= { (1= s(€e))et o (0 + (Ees)ery o (), tET: o7

’
L=t . .
, where v; is a design param-

where T = [to, 1] ,,), To = [t;k,t{’k,) and &\, =

eter indicating the time period of the switching process, with ¢/ ,, — t;)k >v; > 0.

Invoking the continuity of p;(t), we obtain limtﬁ(tfk/), pi(t) = pi(t],) € Br. , (pr,)

and hence the control protocol guarantees, for sufficiently small v;, that agent
1 will navigate from 7 to 7y in finite time without entering any other regions or
colliding with other agents and therefore establishes a transition 7, —; 7. The
proof of correctness of and follows closely the one in [37] and is therefore
omitted.
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High-Level Plan Generation

The next step of our solution is the high-level plan, which can be generated using
standard techniques inspired by automata-based formal verification methodologies.
In Section [6.3.2] we proposed a continuous control law that allows the agents to
transit between any my, 7, € II in the given workspace W, without colliding with
each other. Thanks to this and to our definition of LTL semantics over the sequence
of atomic propositions, we can abstract the motion capabilities of each agent as a
finite transition system 7; as follows [38]:

Definition 6.4. The motion of each agent ¢ € {1,..., N} in W is modeled by the
following Transition System (TS):

7; = (HhH;nitv_)iv\Pivﬁi); (68)

where II; C II is the set of states represented by the regions of interest that the
agent can be at, according to Def. 1M C T1; is the set of initial states that
agent i can start from, —;C II; x II; is the transition relation established in Section
abbreviated as 7, — 7, T, T € IL;, and ¥, £; are the atomic propositions
and labeling function respectively, as defined in Section [6.3.1

After the definition of 7;, we translate each given LTL formula ¢;,i € {1,..., N}
into a Biichi automaton C; and we form the product 7~Z = T; x C;. The accepting
runs of 7; satisfy ¢; and are directly projected to a sequence of waypoints to be
visited, providing therefore a desired path for agent i. Although the semantics of
LTL is defined over infinite sequences of atomic propositions, it can be proven that
there always exists a high-level plan that takes a form of a finite state sequence
followed by an infinite repetition of another finite state sequence. For more details
on the followed technique, we kindly refer the reader to the related literature, e.g.,
[38].

Following the aforementioned methodology, we obtain a high-level plan for
each agent as sequences of regions and atomic propositions p; = m;, m;, ... and
Vi = Vi, Py ... with iy € {1,... K}y, € 2% ¢ € Li(m,),Ym € N and
Uy }: i, Vi € {1,...,N}.

The execution of (p;, ;) produces a trajectory p;(t) that corresponds to the
behavior B; = (pi(t),¥:) = (pi, (), ¥i,) (Pir (8), ¥i,) - - ., with Ai(p;,,) € m;,, and
;€ Li(m;, ), Vm € N. Therefore, since 1; = ¢;, the behavior §; yields satisfaction
of the formula ¢;. Moreover, the property of inter-agent collision avoidance is inherent
in the transition relations of 7; and guaranteed by the navigation control algorithm
of Section The previous discussion is summarized in the following theorem:

Theorem 6.1. The individual executions of (p;,;),i € {1,..., N}, that satisfy the
respective ¢;, produce agent behaviors f3;,1 € {1,..., N} that (i) yield the satisfaction
of all p;,i € {1,..., N} and (ii) guarantee inter-agent collision avoidance, providing,
therefore, a solution to Problem[6.1}
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Figure 6.2: Initial workspace of the simulation studies. The grey spheres represent
the regions of interest while the black, green and red crosses represent agents 1,2 and
3, respectively, along with their bounding spheres.
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Figure 6.3: The resulting 3-dimensional control signals of the 3 agents for the
simulation studies. Top: agent 1, middle: agent 2, bottom: agent 3.

Remark 6.1. The proposed control algorithm is decentralized in the sense that
each agent derives and executes its own plan without communicating with the rest of
the team. The only information that each agent has is the position of its neighboring
agents that lie in its limited sensing radius.

6.3.3 Simulation Results

To demonstrate the efficiency of the proposed algorithm, we consider N = 3 aerial
vehicles B, (pi(t)), with r; = 0.3m, ds, = 0.65m, Vi = {1,2,3}, operating in a
workspace W = B, (po) with 7o = 10m and py = [0, 0,0]7m. Moreover, we consider
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1l
11

(b)

Figure 6.4: Initial workspace for the first real experimental scenario. (a): The UAVs
with the projection of their bounding spheres, (with blue and green), and the centroids
of the regions of interest (with red). (b): Top view of the described workspace. The
UAVs are represented by the blue and green circled X’s and the regions of interest by
the red disks 71, ..., ma.

K =5 spherical regions of interest B, (pr,) with 7, = 0.4m, Vk = {1,...,5}
and pr, = [0,0,2)Tm, p., = [1,-9,5|"m, pr, = [-8,—-1,4]"m, p., = [2,7,-2]"m
and p,, = [7.5,2,—3]Tm. The initial configurations of the agents are taken as
p1(0) = pry,p2(0) = pry, p3(0) = pr, and therefore, A1 (p1(0)) € m1, A2(p2(0)) € 73
and As(p3(0)) € ms. An illustration of the described workspace is depicted in Fig.
0. 2!

We consider that agent 2 is assigned with inspection tasks and has the atomic
propositions ¥y = {“ins,”, “insy”, “ins.”, “insq”, “obs”} with La(m) = {“obs”},
Lo(ma) = {“ins,”}, La(ms) = {“insy”}, La(ma) = {“ins.”} and Lo(m5) = {“insq”},
where we have considered that region 7; is an undesired (“obstacle”) region for
this agent. More specifically, the task for agent 2 is the continuous inspection
of the workspace while avoiding region m. The corresponding LTL specifica-
tion is ¢o = (O=“obs”) A O(O%ins,” A O“insp” A O“ins.” A O“insq”). Agents 1
and 3 are interested in moving around resources scattered in the workspace and
have propositions Uy = U3 = {“res,”, “resy”, “res.”, “resq”, “res,”} with £4(m1) =
[,3(7'(1) = {resa}7£1(7r2) = ,C3(7T2) = {resb}7£1(7r3) = E3(7T3) = {resc},ﬁl(m) =
L3(my) = {resq} and Ly (m5) = L3(75) = {res.}. We assume that “res,” is shared
between the two agents whereas “resy,” and “res,” have to be accessed only by
agent 1 and “res.” and “resq” only by agent 3. The corresponding specifica-
tions are ¢1 = O-(“res.” V “resq”) A OO (“res,” O “rese” O “resp”) and ¢3 =
O=(“resp” V “rese”) A OO (“res,” O “res.” O “resq”), where we have also included
a specific order for the access of the resources. Next, we employ the off-the-shelf
tool LTL2BA [I68] to create the Biichi automata C;,7 = {1,2,3} and by following
the procedure described in Section [6.3.2] we derive the paths p; = (m1757m2)%, p2 =
(mymamsms)®, p3 = (mamim3)®, whose execution satisfies @1, ¢a, ¢3. Regarding the
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continuous control protocol, we chose kg, = 15, \; = 5,Vi € {1,2,3} in ,
and the switching duration in lmb was calculated online as v; = 0.1t} ,, where
we assume that the large distance between the regions m; (see Fig. implies
that ¢, > 1.1t} , and thus, v; < t{,, —t/ ,. The simulation results are depicted
in Figj and In particular, Fig. illustrates the execution of the paths
(mi7572)2 7y, (T3mamsma) 23 mams and (mymm3)?my by agents 1,2 and 3 respectively,
where the superscript 2 here denotes that the corresponding paths are executed
twice. Fig. depicts the resulting control inputs u;, Vi € {1,2,3}. The figures
demonstrate the successful execution of the agents’ paths and therefore, satisfaction
of the respective formulas with inter-agent collision avoidance.

6.3.4 Experimental Results

The validity and efficiency of the proposed solution was also verified through real-
time experiments. The experimental setup involved two remotely controlled IRIS+
quadrotors from 3D Robotics, which we consider to have sensing range d,, = 0.65m,
upper control input bound |u,,| < 1m/s, m € {z,y, z}, and bounding spheres with
radius 7, = 0.3m, Vi € {1,2}. We considered two 2-dimensional scenarios in a
workspace W = {p € R? s.t. ||p|| < 2.5m}, i.e. po = [0,0]7 and ro = 2.5m.

The first scenario included 4 regions of interest II = {my,...,m4} in W, with
Tre = 0.4,Vk € {1,...,4} and pr, = [0,0]Tm, pr, = [-1,0]Tm, pr, = [0,1.25]Tm
and p,, = [0.8,—0.7]"m. The initial positions of the agents were taken such that
Ai(p1(0)) € 3 and Az (p2(0)) € 74 (see Fig. [6.4). We also defined the atomic propo-
sitions ¥y = Wy = {“obs”, “a”, “b”, “c”} with Ly (m) = La(m1) = {#obs”}, L1 (m) =
L2(7T2) == {“a”},Ll(Trg) = Lg(ﬂ'g) = {“b”},L1(7T4) = L2(7T4) = {“C”}. In this sce-
nario, we were interested in area inspection while avoiding the "obstacle” region,
and thus, we defined the individual specifications with the following LTL formulas:
01 = ¢o = O=%obs” AOO(“a” O “c” O “b”). By following the procedure described
in Section we obtained the paths p; = (memams)®, pe = (mamams)®. Fig.
depicts the execution of the paths (memym3)! and (mumam3)! by agents 1 and 2,
respectively, and Fig. shows the corresponding input signals, which do not
exceed the control bounds 1m/s. It can be deduced by the figures that the agents
successfully satisfy their individual formulas, without colliding with each other.

The second experimental scenario included 3 regions of interest IT = {7, ..., 73}
in W, with r,, =0.4,Vk € {1,...,3} and p,, = [-1,-1.7)"m, p,, = [-1.3,1.3]Tm
and pr, = [1.2,0]"m. The initial positions of the agents were taken such that

Ai(p1(0)) € m and A;(p2(0)) € w2 (see Fig. [6.8). We also defined the atomic
propositions ¥y = Uy = {“res,”, “resy”, “base” }, corresponding to a base and several
resources in the workspace, with Ly (71) = Lo(m1) = {“res,”}, L1(m2) = La(ms) =
{“base”}, L1(m3) = La(ms) = {“res,”}. We considered that the agents had to transfer
the resources to the "base” in mo; both agents were responsible for “res,” but only
agent 1 should access “resy,”. The specifications were translated to the formulas ¢; =
O(0(“resa” O “base”) A Q(“resy,” O “base”)), o = O—“res,” AO(“res,” O “base”)
and the derived paths were p; = (mmemsma)® and py = (mw1m2)*. The execution of
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Figure 6.5: Execution of the paths (mwsms)?71, (7737r27r57r4)27737r27r5 and (7‘!'471'171’3)271'4
by agents 1,2 and 3, respectively, for the simulation studies.
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(d) (e) (f)
Figure 6.6: Execution of the paths (71'271'47'('3)1 and (7r471'37r2)1 by agents 1 and 2,
respectively for the first experimental scenario. (a), (d): w2 —1 74, a4 —2 73, (b), (e):
T4 —>1 3,73 —>2 T2, (C), (f):ﬂ'g —1 T2, T2 —>2 T4.
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Figure 6.7: The resulting 2-dimensional control signals of the 2 agents for the first
experimental scenario. Top: agent 1, bottom: agent 2.

the paths (mmam3ma)! and (m2m1)? by agents 1 and 2, respectively, are depicted in
Fig.[6.10} and the corresponding control inputs are shown in Fig. [6.9] The figures
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Figure 6.8: Initial workspace for the second experimental scenario. (a): The UAVs
with the projection of their bounding spheres, (with red and green), and the regions
of interest (blue disks). (b): Top view of the described workspace. The UAVs are
represented by the red and green circled X’s and the regions of interest by the blue
disks T1y...,73.

demonstrate the successful execution and satisfaction of the paths and formulas,
respectively, and the compliance with the control input bounds.
Regarding the continuous control protocol in the aforementioned experiments,

we chose kg, = 3,\; = 2 in (6.3)), (6.5) and the switching duration in as
v = 0.1¢] Vi € {1,2}.

K3

Remark 6.2. Note that, although the limited available workspace in the exper-
iments did not satisfy all the conditions regarding the distance between regions
and the workspace boundary, as introduced in Section the two experimental
scenarios were successfully conducted.

The simulations and experiments were conducted in Python environment using
an Intel Core i7 2.4 GHz personal computer with 4 GB of RAM, and are clearly
demonstrated in the video found in https://youtu.be/dO77ZYEFHIE.

6.4 Robust Decentralized Abstractions for Multiple Mobile
Manipulators

6.4.1 Problem Formulation

Consider N € N fully actuated agents with V := {1,..., N}, N > 2, composed by
a robotic arm mounted on an omnidirectional mobile base, operating in a static
workspace W that is bounded by a large sphere in 3D space, i.e. W = l’;’pmm =
{p € R3s.t. |lp — poll < 7o}, where py € R3 is the center of W, and 79 € R>q is
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Figure 6.9: The resulting 2-dimensional control signals of the 2 agents for the second
experimental scenario. Top: agent 1, bottom: agent 2.

(d) (e) (f)
Figure 6.10: Execution of the paths (7r17r27r3772)1 and (7r27r1)2 by agents 1 and 2,
respectively for the second experimental scenario. (a), (d): m1 —1 72,72 —2 71, (b),
(e): T2 —1 T3,T1 —2 T2, (C), (f): T3 —1 T2, T2 —»2 T1.
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N A AN

Figure 6.11: An agent that consists of ¢; = 3 rigid links.

its radius. Without loss of generality, we consider that pg = 03«1, corresponding
to an inertial frame {I}. Within W there exist K disjoint spheres around points
of interest, which are described by 7 = By, . = {p € R® s.t. |[p —pil| < 7mp bk €
K = {1,...,K}, where p; € R® and r;, € Rsq are the center and radius of the
kth region, respectively. The regions of interest can be equivalently described by
e = {2 € R¥s.t. 2T Ty, 2 < 0}, where z = [p', 1] T is the vector of homogeneous
coordinates of p € R?, and

Is  pg
Tr, = [OT —r2‘| Vk € K. (6.9)
3x1 k

The dynamic model of each agent is given by the second-order Lagrangian dynamics:
Mi(qi)Gi + Ng,(ais 4i)di + 9i(a:) + fi(@, 4i) = 7, (6.10)

Vi € V, where ¢; € R™ is the vector of generalized coordinates (e.g., pose of mobile
base and joint coordinates of the arms), and the rest of the terms as in with a
slight change of notation; f;(-) here represents unmodeled nonlinearities and external
disturbances. Without loss of generality, we assume that n;, = n € N;Vi € V. In
addition, we denote as {B;} the frame of the mobile base of agent i and p, : R" — R3
its inertial position. Moreover, the matrix M; — 2N; is skew-symmetric [I69], and
we further make the following assumption:

Assumption 6.1. There exist positive constants ¢; such that || f; (i, ¢:) || < cillg: ||| d: ],
V(gi,Gi) €ER™ x R™, i € V.

We consider that each agent is composed by ¢; rigid links (see Fig. [6.11]) with
Q; ={1,...,¢;} the corresponding index set. Each link of agent ¢ is approximated
by the ellipsoid set [167] &, (¢;) = {z € R*s.t. 2T E; (q:)z < 0}; z = [p',1]7
is the homogeneous coordinates of p € R?, and E;,, : R"® — R**% is defined as
E; (¢:) = Ti;LT(qi)E T *(g;), where E;, = diag{a; >,b; ?,¢; >, —1} corresponds

i gy, im
to the positive lengths a;,,,b;,,,ci,, of the principal axes of the ellipsoid, and
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T;, :R"™ — R*** is the transformation matrix for the coordinate frame {i,,} placed

Tm

at the center of mass of the m-th link of agent 7, aligned with the principal axes of
£

Tm *

T (@) =
() o, )

R;, (@) pi, (qi)]

with R;, : R™ — R3*3 being the rotation matrix of the center of mass of the link,
Vm € Q;,i € V. For an ellipsoid &;,,,i € V,m € Q;, we denote as Y, %, " its
projections on the planes z-y, x-z and y-z, respectively, with corresponding matrix
terms E7Y, EFZ, E/”. Note that the following holds for two different ellipsoids &;,,
and &,

Ein (@) NEilg) #0 A & (a)NE £5.(a) 0
& (a) NE(q) #0 A E (1) N ES(gz) =0

Vs € {zy,zz,yz}, i.e., in order for &; ,&;, to collide (touch externally), all their
projections on the three planes must also collide. Therefore, a sufficient condition
for &;,, and &, not to collide is & (g:) N &S (g;) = 0, for some s € {zy, r2,y2}. In
view of Proposition [6.2] in Chapter [2] that means that the characteristic equations

S (A) = det(AE (qi) — &5 (g5)) = 0 must always have one positive real root and
two negative distinct roots for at least one s € {xy, xz yz} Hence, be denoting
the discriminant of f7 . (\)=0as A7 ., Proposition in Chapter |2 I suggests
that A7 . must remam always pos1t1ve for at least one s € {xy,xz,yz}, since
a colhslon would imply A7 . =0, Vs € {wy,xz,yz}. Therefore, by defining the

function § : R = R3¢ as:

=

)

it

>0
5(a) = 2@ T >0, (6.11)
0, z <0,

where ¢s is an appropriate polynomial that ensures that d(x) is twice continuously
differentiable everywhere (e.g. ¢5(z) = 2%), we can conclude that a sufficient
condition for &;,, and &j, not to collide is 6(A7Y ; ) +d(AFZ ;) +(A]Z ;) > 0, since
a collision would result in A7 . =0& (A7 ) =0,Vs € {zy,rz,yz}.

Next, we define the constant dp,, which is the maximum distance of the

base to a point in the agent’s volume over all possible configurations, i.e. dj.

SquieR"{”pBi (@:)—pi(@:)ll},pi € Umegz i1, (¢i)- We also denote dp = [dBla . dBN
€ ]RIZVO. Moreover, we consider that each agent has a sensor located at the center

]T

of its mobile base ps, with a sensing radius dcon, > 2maxiev{d_3i} + €4, where g4
is an arbitrarily small positive constant. Hence, each agent has the sensing sphere
D;(g;) = {p € R® s.t. ||p — ps,(¢i)|| < deon, } and its neighborhood set at each time
instant is defined as Nj(q;) = {j € V\{i} s.t. [[ps, (@) — ps, (¢))]] < deon, }-

As mentioned in Section [6.1] we are interested in defining transition systems for
the motion of the agents in the workspace in order to be able to assign complex high
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level goals through logic formulas. Moreover, since many applications necessitate the
cooperation of the agents in order to execute some task (e.g. transport an object), we
consider that a nonempty subset N; C Ni(qi(0)),7 € V, of the initial neighbors of the
agents must stay connected through their motion in the workspace. In addition, it
follows that the transition system of each agent must contain information regarding
the current position of its neighbors. The problem in hand is equivalent to designing
decentralized control laws 7,7 € V, for the appropriate transitions of the agents
among the predefined regions of interest in the workspace.
Next, we provide the following necessary definitions.

Definition 6.5. An agent ¢ € V is in region k£ € K at a configuration ¢; € R",
denoted as A;(g;) € g, if and only if ||pi. (¢:)—pel < re—max{c,_ B ¢ },Vm e
Qi = lps, (@) — prll < re — da,.

Definition 6.6. Agents i,j € V, with ¢ £ j, are in collision-free configurations
¢i,q; € R", denoted as A;(q;) # A;(g;), if and only if & (¢;) N E;,(¢;) = 0,Ym €
Q;,l € 9Q;.

Given the aforementioned discussion, we make the following assumptions regard-
ing the agents and the validity of the workspace:

Assumption 6.2. The regions of interest are

(i) large enough such that all the robots can fit, i.e., given a specific k € K, there
exist ¢;,1 € V, such that A;(¢;) € m, Vi € V, with A;(¢;) # A;(g;), Vi,5 €V,
with i # j.

(ii) sufficiently far from each other and the obstacle workspace, i.e.,
P = pioll = maoc{2dy, } + 74 + i + 2,

— > 2d,,
o — |lpxll > I}g}{ ds, }s

Vk, k' € K,k # k', where ¢, is an arbitrarily small positive constant.
Next, in order to proceed, we need the following definition.

Definition 6.7. Assume that A;(q;(to)) € mx, i € V, for some tg € R>q, k € K, with
Ai(qi(to)) # A;(g;(t0)),Vj € V\{i}. There exists a transition for agent i between 7y,

and 7y, k' € K, denoted as (7, to) — (T, ts), if and only if there exists a finite time

ty > to, such that A;(qi(ty)) € me and A;(qi(t)) # A;j(g; (1)), &, (q:(t)) N Ei, (qi(t)),
i () Nmy=0,Ym, 0 € Qi,m # L, j € V\{i},z € K\{k,k'},t € [to,t5].

Given the aforementioned definitions, the treated problem is the design of
decentralized control laws for the transitions of the agents between two regions of
interest in the workspace, while preventing collisions of the agents with each other,
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the workspace boundary, and the remaining regions of interest. More specifically,
we aim to design a finite transition system for each agent of the form [38]

Ti = (IL 1L, 5, AP;, Li, F), (6.12)

where IT = {m,..., 7k} is the set of regions of interest that the agents can be at,
accordlng to Def. [6.5] . IT; o C IT is a set of initial regions that each agent can start
from, C (IT x R>()? is the transition relation of Def.[6.7, AP; is a set of given
atomic propositions, represented as boolean variables, that hold in the regions of
interest, £; : II — 24%7 is a labeling function, and F; : II — HIMWVil is a function that
maps the region that agent i occupies to the regions the initial neighbors A; of agent
i are at. Therefore, the treated problem is the design of bounded controllers 7; for
the establishment of the transitions —. Moreover, as discussed before, the control
protocol should also guarantee the connectivity maintenance of a subset of the initial
neighbors A, Vi € V. Another desired property important in applications involving
robotic manipulators, is the nonsingularity of the Jacobian matrix .J; : R® — R6X",
that transforms the generalized coordinate rates of agent i € V to generalized
velocities [I69]. That is, the set S; = {q; € R" s.t. det(J;(q;)[J:(¢:)]") = 0} should
be avoided, Vi € V.
Formally, we define the problem treated in this section as follows:

Problem 6.2. Consider N mobile manipulators with dynamics and K
regions of interest my, k € KC, with ¢;(to) < 00, A;(qi(t9)) € mk,, ki € K,Vi € V and
Ai(ai(to)) # A;j(g;(t)), &, (ai(to)) N i, (ai(to)) = 0, Vi, j € Vi j,m, L € Qi,m #
£. Given nonempty subsets of the initial edge sets NV; C N;(¢;(0)) C V,Vi € V, the
fact that det(J;(q;(to))[Ji(qi(t0))]") # 0,¥i € V, as well as the indices k! € K,i € V,
such that [[px — pir || + re; + rer < deon;, V€ Ni,i € V, design decentralized
controllers 7; such tﬁat, for all 4 EJ V.

1. (mk,, to) BN (s ty,), for some Ly, > to,
2. 10 — (||ps, ()| + ds,) > 0,V € [to,ty.],
3. jF € Ni(qi(t)),Vjr € Ni,t € [to, ty,],

4. ¢;i(t) € R™\S;,Vt € [to, ty,].

The aforementioned specifications concern 1) the agent transitions according to
Def. 2) the confinement of the agents in W, 3) the connectivity maintenance
between a subset of initially connected agents and 4) the agent singularity avoidance.
Moreover, the fact that the initial edge sets ./\71 are nonempty implies that the sensing
radius of each agent i covers the regions 7, of the agents in the neighboring set
N;. Similarly, the condition llpr; — P, [ +7e + Tk, < doon,, Vj € N, is a feasibility
condition for the goal regions, since otherwise it would be impossible for two initially
connected agents to stay connected. Intuitively, the sensing radii d¢on, should be
large enough to allow transitions of the multi-agent system to the entire workspace.
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6.4.2 Main Results
Continuous Control Design

To solve Problem we denote as ; : RAN7 R>o a decentralized potential
function, with the following properties:

(i) The function ¢;(q) is not defined, i.e., p;(q) = oo, Vi € V, when a collision or
a connectivity break occurs,

(ii) The critical points of ¢; where the vector field Vg, ¢;(g) vanishes, i.e., the
points where Vg, ¢;(q) = 0, consist of the goal configurations and a set of
configurations whose region of attraction (by following the negated vector field
curves) is a set of measure zero.

(iii) It holds that Vg, 9i(q) + 2= en; (41) Vai i (@) =0 < Vg, 9i(q) = 0 and

More specifically, p;(q) is a function of two main terms, a goal function ~; : R™ —
R>o, that should vanish when A;(¢;) € 7/, and an obstacle function, 8; : R™ — R
is a bounded that encodes inter-agent coilisions, collisions between the agents and
the obstacle boundary/undesired regions of interest, connectivity losses between
initially connected agents and singularities of the Jacobian matrix J;(g¢;);

Next, we provide an analytic construction of the goal and obstacle terms. However,
the construction of the function ¢; is out of the scope of this work. Examples can
be found in [37[7] and [170].

- Goal Function

Function 7; encodes the control objective of agent i, i.e., reach the region of

interest /. Hence, we define y; : R" — R>¢ as

@) = lla = aw I, (6.13)

where ¢ is a configuration such that ri — ||ps, (k) — prrl| < JBi — ¢, for an
arbitrarify small positive constant €, which implies Al(qk/) € T, Vi € V. In case
that multiple agents have the same target, i.e., there exists at least one Jj € VW{i}
such that 7, = m/, then we assume that A; (qk/) # Aj(ar; ).

Bi - Colllslon / Connectivity /Singularity Functlon

The function §; encodes all inter-agent collisions, collisions with the boundary of
the workspace and the undesired regions of interest, connectivity between initially
connected agents and singularities of the Jacobian matrix J;(g;), Vi € V.

Consider the function 4, ;, : R*™ — Rso, with A, ;,(¢i,¢5) = 6(AYY . (45, q5))+

Tm,J1

O(AFZ (g, q5)) + 0(AY . (i, q5)), where AF .t R*™ — Ry is the discriminant

im ]l imJl

of the cubic equation det{)\Es (@) — Ej,(q )} =0,Vs € {zy, zz,yz}, for two glven
ellipsoids &;,, and &;,m € Q“l € Qj,z j,€ V, and § as defined in . As

n that case, we could choose ¢; = 1%(#, where ¢; is the proposed function of [37]
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discussed in Section [6.4.1} a sufficient condition for the ellipsoids &;,, and &j, not to
collide, is A, ;,(qi(t), q;(t)) > 0,Vt € Rxo.

Additionally, we define the greatest lower bound of the A;  ; when the point
pj, is on the boundary of the sensing radius dD;(g;) of agent i, as 32]1 =
inf (g, g, er2n {50 (605 45)} 88 1P, () — iy (@) = deon, VM € Qisl € Qi €
V. Since deon; > 2maxi6v{cz .} +€a, it follows that there exists a positive constant

ea such that A; >6A>0Vm€QZ,l€Q1,z,]€V i 7.

Moreover, we define the function A; ,, : R" — Rxo, with A;, . (¢) =
S(AFY L (@) +0(AFZ | (i) +0(AY | (ai)), where A7 . R — Ris the discrim-
inant of the cubic equation det()\Es ( i) — T2 ) with T, the projected version of
Tr, in (6.9), s € {zy, x2,yz}, and § as given in . A sufficient condition for &
and region 7, k € K not to collide is Azmyﬂk(ql( )) > 0,Vt € R>g,m € Q;,i € V.

We further define the function 7;; . : R” x R® — R, with 7, (¢, ¢;) = dgoni —
Ip5, (¢i) — ps, (g;)|I?, and the distance functions 3;,, j, : R0 = R0, Bijc : R —
Rzo, Biw : RZO — R as

¢ s 0<A,; <A.m’_
Bim,jl( zm,]l) { Za( ¢ Jl)’ - imsJi G d1

Almdw Ainujz < Aiwnjl’
0, Nije < 0,

Bij,c(nij,c) =9 ¢ c('rlij,c)a 0< Nig,e < dconl
dgon ) dzon, — nijam

Biw(HpBiHQ) = (rw — dB,-)2 - ||pBiH27

where A;  j is a constant satisfying 0 < A; ;, < A; j,,Vm € Q;,1 € Q;,4,j €
V,i # j, and ¢; q, ¢i,c are strictly increasing polynomials appropriately selected to
guarantee that the functions 3; , ;,, and B;; , respectively, are twice continuously
differentiable everywhere, with ¢; o(0) = ¢; .(0) = 0,Vi € V. Note that the functions
defined above use only local information in the sensing range deon, of agent i. The
function f;,, ;, becomes zero when ellipsoid &;,, collides with ellipsoid &;,, whereas
Bij,c becomes zero when agent 7 loses connectivity with agent j. Similarly, B.
encodes the collision of agent ¢ with the workspace boundary.
Finally, we choose the function 3; : RV™ — R>q as

Bi(a) =(det(J;(a:)[Ji(a)] ) Biwllps, I7) TT Bisiemisie)

JENZ

H ﬁinnjl (AinL 2 ) H Aivnﬂrk (q1)7 (6'14)

(m,j,l)ef (m,k)ez

Vi eV, where T = Q; x V x Q;, L=0;x (K\{ki,k.}), and we have omitted the
dependence on ¢ for brevity. Note that we have included the term (det(J;.J;"))?
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also account for singularities of J;,Vi € V and the term H(mjl 7 Bim it (B i)

takes into account also the collisions between the ellipsoidal rigid bodies of agent 3.
With the introduced notation, the properties of the functions ; are:

(i) Bi(g) = 0 (wi(q) = 0),Vi €V,

(ii) Vg, 0i(@)]gi=¢ = 0,Yq; € R™ s.t. v;(¢f) = 0 and the regions of attraction

of the pomts {qg € RN" : V,,0i(q D0,,—7 = 0,%(a) # 0},i € V, are sets of
measure zero.

By further denoting I; = {q € RN™ : 3;(¢q) > 0}, we are ready to state the main
theorem, that summarizes the main results of this work.

Theorem 6.2. Under the Assumptions[6.1{6.9, the decentralized control laws T; :
D; x R™ — R™, with

7i(q,4i) = 9i(a:) — V. i(q Z Vapi(@) = ¢i(gis di)llailldi — Aigi,  (6.15)
JE€Ni(ai)

Vi € V, along with the adaptation laws & :R" x R® = R:
&gy di) = ol @il llasll, (6.16)

with ¢;(g;(to), ¢i(to)) < 00,0; € R>o , Vi € V, guarantee the transitions (my,,to) L
(7, ty,) for finite ty,,i € V for almost all initial conditions, while ensuring f; >
O,VLZ‘ €V, as well as the boundedness of all closed loop signals, providing, therefore,
a solution to Problem [6.2.

Proof. The closed loop system of (6.10)) is written as:
M;(qi)Gi + Ni(@i, 4i)Gi + [i(air4i) = =V, 0i(0:) — Nidi — (s, i)l g l|di—
Z qu‘,@j (Q)v (617)

JEN(q:)

Vi € V. Due to Assumption the domain where the functions ¢;(q) are well-
defined (i.e., where 3; > 0) is connected. Hence, consider the Lyapunov-like function
V:RNXRN"XRNXDl X~-~XDN—>RZO7 with

1
V(e d:¢.q) =D ¢i(9) + 5ld Mi(gi)di + —2)
eV g

where ¢ and ¢ are the stack vectors containing all y; and ¢;, respectively, ¢ € V,
and ¢; : R" x R" — R, with ¢;(q;, ¢;) = é(qi, ;) — ¢i, Vi € V. Note that, since there
are no collision or singularities at tg, the functions 5;(q),i € V, are strictly positive
at to which implies the boundedness of V' at tg. Therefore, since ¢;(tp) < oo and
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¢i(tog) < 00,Vi € V, there exists a positive and finite constant M < oo such that
Vo = V(g(a(to)), 4(to), é(q(to), q(to)) < M.

By differentiating V', substituting the dynamics , employing the skew
symmetry of M; — 2N; as well as Siev(Vawi(a)] " d + > jenian Va vi(q)]Td4;) =
Ziev([vqi%( )] +Zje/\/i(qi)[vqi90j( )] )in we obtain

. . . . 1
VZZ{Q?( w20+ Y Vaeile +Ti_gi(qi)> _Qi—rfi(Qi»Qi)"_o_,CiCi}’
i€y JEN(%) ’

(6.18)

which, by substituting the control and adaptation laws (6.15)), (6.16]) becomes:

V=Y {-Nilldall® = eslldall*lasll — d fi(ai 6i) + @illal| sl
icy
<D A-Nilldall® = @ — e — @) ldsl*llas (6.19)
i€V
where we have used the property | fi(q, )| < cillgll||d:]]- Since ¢ = & — ¢;, we
obtain V' < — 3., Aill¢i[|?, which implies that V is non-increasing along the
trajectories of the closed loop system. Hence, we conclude that V(t) < Vo < M, as
well as the boundedness of ¢;, ¢;, ¢; and hence of ¢;,Vi € V,t > tg. Therefore, we
conclude that f;(g(t)) > 0,Vt > tg,i € V.

Hence, inter-agent collisions, collision with the undesired regions and the obstacle
boundary, connectivity losses between the subsets of the initially connected agents
and singularity configurations are avoided.

Moreover, by invoking LaSalle’s Invariance Principle, the system converges to
the largest invariant set contained in

S={(gq) €Dy x - x Dy x RN s.t. ¢ = Onpx1}- (6.20)

For S to be invariant, we require that §; = 0,x1, V¢ € V, and thus we conclude for
the closed loop system that Vg, 0i(q) = Onx1, Vi € V, since || fi(gi, Onx1)]] <
0,Vg; € R™, in view of Assumption Therefore, by invoking the properties of ;(q),
each agent 7 € V will converge to a critical point of ¢;, i.e., all the configurations
where V,0i(q) = Onx1,Vi € V. However, due to properties of ¢;(g), the initial
conditions that lead to configurations ¢; such that tigoi(q)|qi:;;i = 0,x1 and
vi(q;) # 0 are sets of measure zero in the configuration space [35]. Hence, the agents
will converge to the configurations where ;(g;) = 0 from almost all initial conditions,
ie., tlggo 7i(qi(t)) = 0. Therefore, since rir — [|ps, (qrr) — pir || < ds, — €, it can be
concluded that there exists a finite time instance ty, such that A;(¢;(t5,)) € m,
Vi € V and hence, each agent ¢ will be at its goal region py; at time ¢y,,Vi € V. In
addition, the boundedness of ¢;, g; 1mphes the boundedness of the adaptation laws

&;,Vi € V. Hence, the control laws are also bounded.
O
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() (b) (c)

Figure 6.12: (a): The initial position of the agents in the workspace of the simulation
example. (b): The first transition of the agents in the workspace. Agent 1 transits from
1 to w2, agent 2 from 72 to 71, and agent 3 from 71 to ms. (¢): The second transition
of the agents in the workspace. Agent 1 transits from w2 to 71, agent 2 from 71 to me,
and agent 3 from 73 to 2.

Remark 6.3. Note that the design of the obstacle functions renders the con-
trol laws decentralized, in the sense that each agent uses only local information
with respect to its neighboring agents, according to its limited sensing radius. Each
agent can obtain the necessary information to cancel the term > - (@) Va v (q)
from its neighboring agents.

Finally, note that the considered dynamic model applies for more general
manipulation robots (e.g. underwater or aerial manipulators), without limiting the
proposed methodology to mobile ones.

Hybrid Control Framework

Due to the proposed continuous control protocol of Section [6.4.2] the transitions

(Tg, s to) — (s, ty,) of Problem are well-defined, according to Def. m Moreover,
since all the agents i € V remain connected with the subset of their initial neighbors
V; and there exist finite constants ty,, such that A;(q;(ty,)) € m, Vi € V, all the
agents are aware of their neighbors state, when a transition is performed. Hence,
the transition system is well defined, Vi € V. Consider, therefore, that
Ai(qi(0)) € T, . kio € K,Vi € V, as well as a given desired path for each agent,
that does not violate the connectivity condition of Problem [6.2] Then, the iterative
application of the control protocol for each transition of the desired path of
agent ¢ guarantees the successful execution of the desired paths, with all the closed
loop signals being bounded.

Remark 6.4. Note that, according to the aforementioned analysis, we implicitly
assume that the agents start executing their respective transitions at the same time
(we do not take into account individual control jumps in the Lyapunov analysis, i.e.,
it is valid only for one transition). Intuition suggests that if the regions of interest
are sufficiently far from each other, then the agents will be able to perform the
sequence of their transitions independently. Detailed technical analysis of such cases
is part of our future goals.
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Figure 6.13: The obstacle functions 8;,4 € {1, 2,3}, which remain strictly positive.

6.4.3 Simulation Results

To demonstrate the validity of the proposed methodology, we consider the simplified
example of three agents in a workspace with rg = 12 and three regions of interest,
with 7, = 4,Vk € {1,2,3} m. Each agent consists of a mobile base and a rigid link
connected with a rotational joint, with CZBI. = 1m, Vi € {1,2,3}. We also choose
p1 = [-5, —5|m, p2 = [6, —4]m, p3 = [3, 6]m. The initial base positions are taken
as pp, = [—3,—4]"'m, ps, = [3,—4]"m, ps, = [—4, —5]"m with ds, = 1.25m,Vi €
{1,2,3}, which imply that 4,(¢:(0)), A3(g3(0)) € m and Az(g2(0)) € w2 (see Fig.
a). The control inputs for the agents are the 2D force acting on the mobile base,
and the joint torque of the link. We also consider a sensing radius of deon, = 8m and
the subsets of initial neighbors as N7 = {2}, Vs = {1,3}, and N5 = {2}, i.e., agent
1 has to stay connected with agent 2, agent 2 has to stay connected with agents 1
and 3 and agent 3 has to stay connected with agent 2. The agents are required to
perform two transitions. Regarding the first transition, we choose Mgy = T2 for agent
L,y =m for agent 2, and Ty, = T3, for agent 3. Regarding the second transition,
we choose g = 71, Ty, = T2, and Mgy, = T2. The control parameters and gains
where chosen as k; = 5,\; = 10,p; = 1, and 0; = 0.01,Vi € {1,2,3}. We employed
the potential field from [37]. The simulation results are depicted in Fig. [6.1246.15
In particular, Fig. b) and c) illustrate the two consecutive transitions of
the agents. Fig. depicts the obstacle functions §; which are strictly positive,
Vi € {1,2,3}. Finally, the control inputs are given in Fig. and the parameter
errors ¢ are shown in Fig. which indicates their boundedness. As proven in the
theoretical analysis, the transitions are successfully performed while satisfying all
the desired specifications.
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Figure 6.14: The resulting control inputs 7;, Vi € {1,2,3} for the two transitions.
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Figure 6.15: The parameter deviations ¢;,Vi € {1,2,3}, which are shown to be
bounded.

6.5 Conclusion and Future Work

In this work, we proposed hybrid control strategies for the motion planning of
teams of aerial vehicles as well as mobile manipulators under LTL specifications.
By using decentralized navigation functions that guarantee inter-agent collision
avoidance as well as connectivity maintenance, we abstracted each agent’s motion
as a finite transition system between regions of interest. Each agent then can
derive the plan that satisfies its given LTL formula through formal-verification
techniques. Simulation studies and experimental results verified the validity of the
proposed algorithms. Future efforts will be devoted towards addressing abstractions
of cooperative tasks between the agents by employing hybrid control techniques as
well as abstraction reconfiguration due to potential execution incapability of the
transitions and partially known environments.



Chapter 7

Abstractions for Multi-Agent
Cooperative-Manipulation Schemes

This chapter addresses the problem of deriving well-defined abstractions for the
motion planning of a team of robotic agents and objects. In particular, we propose
two methodologies for the discrete abstraction of such systems. Firstly, we consider
the trajectory tracking of a cooperatively manipulated object without necessitating
feedback of the contact forces/torques or inter-agent communication. By employing
the prescribed performance control methodology, we pre-determine the transient
and steady state of the coupled object-agents system. The latter, along with a region
partition of the workspace that depends on the physical volume of the object and
the agents, allows us to define timed transitions for the coupled system among the
derived workspace regions. Therefore, we abstract its motion as a finite transition
system and, by employing standard automata-based methodologies, we define high
level complex tasks for the object that can be encoded by timed temporal logics.
Secondly, we present a hybrid control framework for the motion planning of a
multi-agent system including NV robotic agents and M objects, under high level goals
expressed as Linear Temporal Logic (LTL) formulas. We design control protocols
that allow the transition of the agents as well as the cooperative transportation of
the objects by the agents, among predefined regions of interest in the workspace.
This allows to abstract the coupled behavior of the agents and the objects as a
finite transition system and to design a high-level multi-agent plan that satisfies the
agents’ and the objects’ specifications, given as temporal logic formulas. Simulation
results verify the validity of the proposed frameworks.

7.1 Introduction

As pointed out in the previous chapter, temporal-logic based motion planning has
gained significant amount of attention over the last decade, since it provides a fully
automated correct-by-design controller synthesis approach for autonomous robots.
Temporal logics, such as linear temporal logic (LTL), provide formal high-level
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languages that can describe planning objectives more complex than the well-studied
navigation algorithms, and have been used extensively both in single- as well as in
multi-agent setups. The objectives are given as a temporal logic formula with respect
to a discretized abstraction of the system (usually a finite transition system), and
then, a high-level discrete path is found by off-the-shelf model-checking algorithms,
given the abstracted system and the task specification [38].

Most works in the related literature consider temporal logic-based motion plan-
ning for fully actuated, autonomous agents. Consider, however, cases where some
unactuated objects must undergo a series of processes in a workspace with au-
tonomous agents (e.g., car factories). In such cases, the agents, except for satisfying
their own motion specifications, are also responsible for coordinating with each
other in order to transport the objects around the workspace. When the unactuated
objects’ specifications are expressed using temporal logics, then the abstraction of
the agents’ behavior becomes much more complex, since it has to take into account
the objects’ goals.

In contrast to the related literature, which mainly considers the trajectory
tracking of manipulated objects, we are here interested in complex tasks, possibly
including time, such as “never take the object to dangerous regions” or “keep
moving the object from region A to B within a predefined time interval” which must
be executed via the control actions of the agents. Such tasks can be expressed by
temporal logic languages. Except for Linear Temporal Logic (LTL), which is the most
common language that has been incorporated in the multi-agent motion planning
problem, Metric and Metric Interval Temporal Logic (MTL, MITL) [39, [40] [171],
as well as Time Window Temporal Logic (TWTL) are languages that encode time
specifications and were used for multi-agent motion planning in [I5T) 172} [173]. As
highlighted in the previous chapter, in order to be able to define temporal logic
objectives, the continuous-time system must be abstracted to a higher-level discrete
representation that incorporates the motion and the actions of the system.

The previous chapters focused on the cooperative manipulation of an object by
multiple robotic agents, as well as the multi-agent discrete abstraction and control
synthesis for the satisfaction of temporal logic formulas. In this chapter, we combine
these results to address the discrete abstraction for cooperative manipulation schemes,
from two difference aspects. Firstly, we study the timed abstraction of a system
comprising of N robotic agents rigidly grasping an object. By using the prescribed
performance control methodology of Chapter [ we design a distributed model-free
control protocol for the trajectory tracking of the cooperatively manipulated object
that allows us to model the motion of the coupled object-agents system as a weighted
finite transition system. Then, by employing formal verification-based methodologies,
we derive a path that satisfies a given MITL task. Secondly, we present a novel
hybrid control framework for the motion planning of a team of N autonomous
agents and M unactuated objects under LTL specifications. Using previous results
on navigation functions (similarly to Chapter @, we design feedback control laws for
i) the navigation of the agents and ii) the cooperative transportation of the objects
by the agents, among predefined regions of interest in the workspace, while ensuring
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Figure 7.1: Two robotic arms rigidly grasping an object.

inter-agent collision avoidance. This allows us to model the coupled behavior of
the agents and the objects with a finite transition system, which can be used for
the design of high-level plans that satisfy the given LTL specifications. Simulation
results verify the validity of the proposed frameworks.

The rest of the chapter consists of two main parts: Firstly, Section [7.2] presents
the timed abstraction of a cooperative manipulated object, with [7.2.1] and [7.2:2]
describing the problem formulation and the proposed solution and providing
simulation results. Secondly, Section presents the abstraction of the multi-agent-
object system, with [7.3.1] [7.3.2] and [7.3.9] providing the problem formulation, the
proposed solution, and the simulation results, respectively. Finally, Section [7.4]
concludes the chapter.

7.2 Timed Abstractions for Distributed Cooperative
Manipulation

7.2.1 Problem Formulation

Consider a bounded workspace W C R? containing N robotic agents rigidly grasping
an object, as shown in Fig. The agents are considered to be fully actuated
and they consist of a base that is able to move around the workspace (e.g., mobile
or aerial vehicle) and a robotic arm. The reference frames corresponding to the
i-th end-effector and the object’s center of mass are denoted with {E;} and {O},
respectively, whereas {I} corresponds to an inertial reference frame. The rigidity of
the grasps implies that the agents can exert any force/torque along every direction
to the object. We consider that each agent ¢ knows only its own state, position and
velocity, as well as its own and the object’s geometric parameters. More specifically,
we assume that each agent ¢ knows the distance from its grasping point {E;} to
the object’s center of mass {O} as well as the relative orientation offset between
the two frames {E;} and {O}. This information can be either retrieved on-line via
appropriate sensors or transmitted off-line to the agents, without the need of inter-
agent on-line communication. Finally, no interaction force/torque measurements are
required and the dynamic model of the object and the agents is considered unknown.
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Figure 7.2: An example of the system shown in Fig. in the configuration that
produces L.

System model

The modeling of the object and the agents is identical to the one of Chapter [5] and
its derivation is omitted. The joint space variables of agent i € A is ¢; € R™, with
ni = na, + 6, ¢ = [p}, 5, o] ]". Bach agent i € N' = {1,..., N} has access to
its own state ¢; as well as ;bgj, ng, and ¢&; via on-board sensors, and it can obtain
Dp,, Wp, via the transformation given in Chapter [5| The task-space dynamics of the
agents is given by

M;(qi)0; + Ci(as, Gi)vi + 9i(@:) + fildir ds) +wiqi, t) = uwi — A, (7.1)

where we use here f;(-) for modeling uncertainties and w;(-) for external disturbances,
which are assumed to be continuous in ¢;, ¢;, and bounded in t. Moreover, as noted
in Chapter [5 the matrix J;, (np,), which maps 7, to wp,, and the agent Jacobian
matrix .J; become singular when 6, = &7 and at kinematic singularities, respectively.
We assume here that the agents do not operate close to such points.

The object dynamic equations are given by

To = Jo(no)vo (7.2&)
Mo (26)00 + Co(To,v0)V0 + go(To) + wo(t) = Ao, (7.2b)

with the matrix J,(-) and the dynamic terms as in Chapters and w, (t) a
bounded vector field representing external disturbances. The matrix J5 (1) is not
defined when 6, = £7, which, however, is guaranteed to be avoided by the control
design. The coupled dynamics between the object and the agents is given by

M(g)vo + Clg, d)vo + hlg, 4) + (g, t) = GT(g)a, (7.3)

with the coupled dynamic terms as in Chapter o} We assume again here that the
geometric object parameters are known and therefore each agent can compute po, 7o
and v, by the coupled kinematic equations, without employing any sensory data.

Workspace Partition

As mentioned in Section we are interested in designing a well-defined abstraction
of the coupled object-agents system, so that we can define MITL formulas over certain
properties in a discrete set of regions of the workspace. Therefore, we provide now a
partition of W into cell regions. We denote by S, the set that consists of all points



7.2. Timed Abstractions for Distributed Cooperative Manipulation 147

EE
. . A
- e 2L+2],

-~ 242 ——»

Figure 7.3: The workspace partition according to the bounding box of the coupled
system.

ps € W that physically belong to the coupled system, i.e., they consist part of either
the volume of the agents or the volume of the object. Note that these points depend

on the actual value of g. We further define the constant L > sup 4er» d(ps, po(q)),
PsES
where, with a slight abuse of notation and in view of the coupled (q)bject—agents

kinematics and the forward kinematics of the agents, we express p, as a function
of q. Note that, although the explicit computation of S, may not be possible, L is
an upper bound of the maximum distance between the object center of mass and a
point in the coupled system’s volume over all possible configurations ¢, and thus,
it can be measured. For instance, Fig. shows L for the system of Fig. It is
straightforward to conclude that

~

ps € B(po(q), L), Vps € Sg,q € R™. (7.4)

Next, we partition the workspace W into R equally sized rectangular regions
II = {m,...,7r}, whose geometric centers are denoted as pfrj ew,je{l,...,R}.

The length of the region sides is set to D = 2L+ 2ly, where I is an arbitrary positive
constant. Hence, each region m; can be formally defined as follows:

m ={p € Ws.t. (D)k € [(05,)6 — L —lo, (05, )k + L+ 1), Vk € {2y, 2}},

with d(ps, ., p,) = (2L+2l),Vj € {1,...,R—1}, and (pS)). = L +1,Vj €
{1,...,R}; (a)k, k € {x,y, z}, denotes the k-th coordinate of a = [(a),, (a),, (a).]" €
R3. An illustration of the aforementioned partition is depicted in Fig.

Note that each ; is a uniformly bounded and convex set and also m; N7 =
0,vj,5" € {1,..., R} with j # j'. We also define the neighborhood D of region =; as
the set of its adjacent regions, i.e., D(m;) = {m;» € Il s.t. d(pf,j,pfrj/) = (2L +2l)},
which is symmetric, i.e., m;; € D(7;) < m; € D(mj/).

To proceed we need the following definitions regarding the timed transition of
the coupled system between two regions 7;, m;::

Definition 7.1. The coupled object-agents system is in region m; at a configuration
g, denoted as A(q) € m;, if and only if the following hold:
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1. ps € mj,Vps € S,

2. d(po(a),ps,) < lo-

Definition 7.2. Assume that A(q(to)) € 7;,7 € {1,..., R}, for some ty € R>o.
Then, there exists a transition for the coupled object-agents system from ; to
mjr, 5" € {1,..., R} with time duration 6t; ;; € R>(, denoted as m; N w0, if and
only if there exists a bounded control trajectory u in (7.3]), such that the following
hold:

1. A(q(to + (5753‘,]‘/)) € Wy,
2. ps € m; U ﬂj/,vps S Sq,t € [to,to + (5tj,j/].

Note that the entire system object-agents must remain in 7;,7; during the
transition and therefore the requirement 7; € D(7;) is implicit in Definition

Specification

Given the workspace partition, we can introduce a set of atomic propositions AP for
the object, which are expressed as Boolean variables that correspond to properties
of interest in the regions of the workspace (e.g., “Obstacle region”, “Goal region”).
Formally, the labeling function £ : IT — 247 assigns to each region m; the subset of
the atomic propositions AP that are true in ;.

Definition 7.3. Given a time trajectory ¢(t),t > 0, a timed sequence of q is
the infinite sequence 8 = (g(t1),%1)(¢q(t2),t2) ..., with t,, € R>g,tmt+1 > b, and
A(q(tm)) € 7). jm € {1,...,R},¥Ym € N. The timed behavior of /3 is the infinite
sequence o5 = (01,t1)(02,t2) ..., with o, € 247 0, € L(7;,) for A(q(tm)) €
Tjmsdm € {1,..., R}, Vm € N, ie., the set of atomic propositions that are true
when A(q(tm)) € 7;,,.

Definition 7.4. The timed run § satisfies an MITL formula ¢ if and only if o5 = ¢.
We are now ready to state the problem treated in this section.

Problem 7.1. Given N agents rigidly grasping an object in W subject to the coupled
dynamics (7.3)), the workspace partition II such that A(q(0)) € ., jo € {1,..., R},
a MITL formula ¢ over AP and the labeling function £, derive a control strategy
that achieves a timed sequence § which yields the satisfaction of ¢.

7.2.2 Main Results

Control Design

The first ingredient of the proposed solution is the design of a decentralized control
protocol w such that a transition relation between two adjacent regions according to
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Figure 7.4: Top view of a transition between two adjacent regions 7; and ;. Since
po € B(p;.;+(t),10), we conclude that ps € B(po, L) C B(p;.+(t),lo + L) C mj Uy

Definition [7.2|is established. Assume, therefore, that A(q(to)) € 7;,5 € {1,..., R}
for some ty € R>o. We aim to find a bounded u, such that A(q(to + dt; ;) € mjr,
with 75, € D(nj), and p, € m; Unj,Vps € Sq,t € [to,to + 6tj 4], for a predefined
arbitrary constant dt; j; € R>o corresponding to the transition N .

The first step is to associate to the transition a smooth and bounded trajectory
with bounded time derivative, defined by the line segment that connects pfrj and pfrj/,
i.e. define p; ;v : [to, 00) — R?, such that p; j:(to) = p, pjj(t) = Pe,, sVt = to+0t 5
and

B(pjyj/ (t), L+ lo) Cm Uy, vVt > to. (75)
An example of pj j is
P, —DPa, . pe, (0t55 = 1) —p%,

! to, te T1
pjj(t) = ot jr ot ;.5 ; (7.6)

Pss teTy

where T1 = [to, to + 6tj7j/), T2 = [to + 5tj,j’a OO) The intuition behind the solution
of Problem @ via the definition of p;;  is the following: if we guarantee that
the object’s center of mass stays lo-close to p; 7, i.e., d(po(t),pj,;:(t)) < lo,Vt >
to, then d(po(to + (5tj,j/),pfrj,) < lp and, by invoking and (7.5)), we obtain
ps € B(po(t),L) C B(pj;(t),L +1o) C mj Umyr,¥ps € Syt > to (and therefore
t € [to,to + 6t;;]), and thus the requirements of Definition for the transition
relation are met. Fig. [7.4] illustrates the aforementioned reasoning.

Along with p; j/, we consider that the object has to comply with certain spec-
ifications associated with its orientation. Therefore, we also define a smooth and
bounded orientation trajectory n; ;s = [¢;.7,0; 7, %;5]F + [to, 00) — T with bounded
time derivative, that has to be tracked by the object’s center of mass. We choose
0;(t) € [-0%,0"] C (=5,%), Vt € Rxp, with 6* € (0,5), so as to ensure the
singularity avoidance of Jo,_(x,). We form, therefore, the desired pose trajectory
xj o [to,00) = M, with z; j/(t) = [pjTJ, (1), n}jj,(t)]T. In case of multiple consecutive
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transitions ..., 7, j N i U Tp ... over the intervals ... 0ty ;, 6t ,
0tjr ps. .., the desired orientation trajectories ..., np ;(t), 0,/ (t), njr n(t), ... must
be continuous at the transition points, i.e., ns_ ;(to) = n; 5 (to) and n; ; (to + 6t; ;1)
= 1y, (to + 0t 51).

Therefore, Problem is equivalent to a problem of trajectory tracking within
certain bounds. Finally, we make the following assumption:

Assumption 7.1. The configuration of the object at t = tg does not result in a
singular Jo, (26(t0)), i.e., 0o(to) € (=5, %) and 0 j(t) is chosen such that

- g +60* < oo(to) — ijj/(to) < % - 0*.

We can now define the associated position and orientation errors e, = [ep,, €py s €ps]
3 . — J "
€ R% e, = [e,,, €y, €n,] €T as follows:

€p = Po — pj»j’(t)v (7.7&)
En = No — Nj,j’ (t), (7.7b)

Vit € [to, OO)

A suitable methodology for the control design in hand is that of prescribed
performance control, which is adapted in this work in order to achieve predefined
transient and steady state response bounds for the pose errors. Following Section
and the already introduced control design of Chapter [4 prescribed performance
characterizes the behavior where the aforementioned errors evolve strictly within a
predefined region that is bounded by absolutely decaying functions of time, called
performance functions. The mathematical expressions of prescribed performance
are given by the inequalities:

—ppi(t) <ep, (t) < pp,(t), Vk€{1,2,3}, (7.8a)
P (t) < én, (t) < P, (t), Vle {¢a777¢}7 (7'8b)

Yt € [to, 00), where pp, , pn, : [to, 00) = R with

o () = (pb, — pi e tret7t0) 4 p= -y € {1,2,3}, (7.92)
P, () = (05, — pi)e e t=t0) 4 p= e e {9,0, 4}, (7.9b)

are designer-specified, smooth, bounded and decreasing positive functions of time
with lp,, by, oy P k€ {1,2,3}, £ € {6,0,7} positive parameters incorporating
the desired transient and steady state performance respectively, as described in
Section 2.11

Next, we propose a state feedback control protocol that does not incorporate any
information on the agents’ or the object’s dynamics or the external disturbances and
guarantees for all ¢ € [tg, 00) and hence [to, to + dt; ], which, by appropriately
selecting pp, (1), pn, (1), k € {1,2,3},0 € {¢,6,
¥} and given that A(q(tp)) € m;, guarantees a representation singularity-free (i.e.,
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0o(t) # 5,t € [to,00)) transition 7, N mj with time duration of dt; j/, as will be
clarified in the sequel.
Define first the stack pose error e, :€ M:

€sy €py
sy €py
€s. €.
es=| =" =20 —1z;(), (7.10)
€sy e77¢
685 ene
[ Es6 [Eny

Vt € [tg, o0), and perform the following steps:
Step I-a. Select the corresponding functions p,, , py, as in (7.9) with

i
L. p([))k = ppk(to) =lo, Vk € {1,2,3}, P%e = pne(to) = 9 0, p%l = pne(to) >
|em(t0)|v Ve e {¢a¢}7

2. lpk7l772 € IR>OaVk € {17273}7£ € {¢7971/)}7
3. p5 €(0,05,), pe(0,00,), Vke{1,2,3}, Le{o,0,¢}.

Step I-b. Define the normalized errors &, € RS:

&
&= | =ps (Bes, (7.11)
Ese

where p,(t) = diag{pp, (t), Pps (t); Pps (£)s Py, ()5 P (1), P, (1)} € RE¥C, and design
the reference velocity vector vp 4. : (—1,1)% X [tg, 00) — RS, with:

'Uo,des(fsat) = |‘ZO’deS(éS’?)‘| = —gsJo, (zo)Pgl(t)Ts (fs)gs(fs)

- _gsJoT(ps(t)gs + -rj,j’(t))ps_l(t)rs(fs)gs (55)3 (7'12)

where g, is a positive scalar tunable gain and the signals g5 : (—1,1)% — R r, :
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(—1,1)% — RS are defined as:

I (1 +531>
€51 (€s1) 1-¢&,
es(&s) = : = : : (7.13)

el ()

a S S
ra(c) =diag{ | Zealn)) { }}
Sm me{l,...,6

—diag{ {(1 _2 gm)}me{lmﬁ}} . (7.14)

Step II-a. Define the velocity error vector e, € RS with

€uy
€y = = Vo — v(),des(éS? t)a (715)
€y

6

and select the corresponding positive performance functions p,, , : [to, o0) = Rsg
with p,,, (t) = (05, — p Je~lom(E=t0) 4 e such that pS > |ey,, (to)], Ly, > 0 and
pz. € (0,00, ), ¥m € {1....,6}.

Step II-b. Define the normalized velocity errors &, € RS:

oy
&= | =p (ew, (7.16)

where p,(t) = diag{[po,, (t)],,c(1,.6)}> and design the distributed control protocol
for each agent i € N as u; : (—1,1)% x (=1,1)% x [tg, 00) — RE:

T
Ui(g& v, t) = —Cigv (Jo_ql(QJ) pgl(t)rv(gv)gv(gv)’ (717)

where J,, the coupled agent-to-object Jacobian, g, is a positive scalar tunable
gain, and ¢; are predefined load sharing coefficients satisfying ;.\ c; = 1 and
0 <c¢; <1,Vi € N. The signals &, : (—=1,1)® = R® and r, : (—=1,1)° — R5%6 are
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defined as:
1+&
1 1
6’01 (5’111) . <1 - fq;l )
(&) = = ) (7.18)
Eug (gve) In <1 + fva )
1- 51}5
To (é—v) :dlag |:8€'Um (gvm ) :|
35”177/ me{l,...,6}
=diag {2} (7.19)
(1 - é.’12’m) me{1,...,6} ' '
The control law ([7.17) can be written in vector form:
Uy (fsa o, t)
w(&s, &y t) = ; =Uj
un (58) &us t)
=~ CyG*(@)py (t)ro(€0)eu (&) (7.20)

where G*(q) as in , Cy = gudiag{[cilg];c -} € ROV*ON “and the notation Ujj/

stands for the transition from 7; to m;.

. s T . .
The aforementioned control protocol for the transition m; — 7, is summarized

in Algorithm

Algorithm 1 Transition Algorithm

Compute trajectory z; j/(t) associated to ; N T
Compute pose error es = z, — z;, j (1)

Define pose performance functions p;(t)

Define the pose normalized error & = p;1(t)es
Define reference velocity vo ges(€s,t)

Compute velocity error e, = Vo — Vo ges (€5, 1)
Define velocity performance functions p,(t)

Define the velocity normalized error &, = p, *(t)e,
Compute distributed control laws u; (s, &y, 1), € N

Remark 7.1. Notice by and that the proposed control protocol is
distributed in the sense that each agent needs feedback only from the state of the
object’s center of mass, which can be obtained by the coupled kinematics. The param-
eters needed for the computation of p,, (t), pr, (1), pu,, (t),Vk € {1,2,3}, £ € {9, 0,9},
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m € {1,...,6} as well as ¢;, gs, gv and 1, :(t),7 € N, can be transmitted off-line
to the agents. Moreover, the proposed control law does not incorporate any prior
knowledge of the model nonlinearities/disturbances or force/torque measurements
at the contact points. Furthermore, the proposed methodology results in a low
complexity design. Notice that no hard calculations (neither analytic nor numerical)
are required to output the proposed control signal, thus making its distributed
implementation straightforward.

Remark 7.2. Similarly to , we can also guarantee internal force regulation
by including in a vector of desired internal forces fintq € RSN that belongs
to the nullspace of G7, i.e., fint.a = (Ien — %G*(q)GT(q))ﬁnmd, where fint,d is a
constant vector that can be transmitted off-line to the agents.

The next theorem summarizes the results of this section.

Theorem 7.1. Consider N agents rigidly grasping an object with unknown coupled
dynamics (7.3) and A(q(to)) € mj,7 € {1,...,R}. Then, the distributed control
protocol (7.10)-(7.19) guarantees that m; N mj with time duration 6t and all

closed loop signals being bounded, and thus establishes a transition relation between
m; and wj for the coupled object-agents system, according to Definition @

Proof. By following the proof of Theorem 4.2} we conclude that & (t) € (—1,1)%,
&(t) € (=1,1)% Vt € Rsg. Therefore, it holds that |es,, (t)| < ps,, (t),Vm €
{1,...,6} and thus le,, (t)| < lo,Yp € {1,2,3}, t € [to,00), since py = lo,Vk €
{1,2,3}. Therefore, p,(q(t)) € B(pj,;(t),lo),Vt > to and, consequently, p,(q(to +
0t i) € B(pfrj,,lo), since pj i (to + 0t ;) = P~ Moreover, since po(g(t)) €
B(pj.j+(t), o), we deduce that B(po(q(t)), L) C B(p;.;(t),lo + L) and invoking
and , we conclude that ps € m; Umjr, ¥Vt € [to, to+0t; ;7] C [to,00), and therefore
a transition relation with time duration dt; ;- is successfully established. Finally, since
Py = Pre (to) = 5 —0" and |ey, (t)]| < pny () < png(to), |04 ()] < 0%, Vt € [tg, 00), we
conclude that [0, (t)| < §,Vt € [to,00), ensuring thus the representation singularity-

.- T
free transition m; — 7. O

High-Level Plan Generation

The second part of the proposed solution is the derivation of a high-level plan that
satisfies the given MITL formula ¢ and can be generated using standard techniques
from automata-based formal verification methodologies. Thanks to our proposed
control law that allows the transition 7 U mj for all m; € II with 7j, € D(7;)
in a predefined time interval dt; ;;, we can abstract the motion of the coupled
object-agents system as a finite weighted transition system (WTS) [38]

T = {IL, Iy, =, AP, L, 7}, (7.21)

where
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o IIis the set of states defined in Section [7:2:1]

e IIp C Il is a set of initial states,

« LiC I x I is a transition relation according to Definition

e AP and L are the atomic propositions and the labeling function, respectively,
as defined in Section and

o v (L) — R>0 is a map that assigns to each transition its time duration, i.e.,

e
’7(7‘(']' — 7Tj/) = 5tj7j/.
Therefore, by designing the switching protocol Uy?" (t) from (7.20)):
UL (t) = =CoG*(a(t)) py t ()ro(€u(t))ew (6o (£)), W8 € [ty 1) + 0ty 1), (7.22)

j €N, with (i) t; =0, (ii) tiv1 =1 —|—5t7«j,,~j+1 and (iii) rj € {1, . ,R}, Vj € N, we
can define the timed run of the WTS as the infinite sequence r = (7, t1)(7p,, t2) - . -,
where 7, € Iy with A(q(0)) € 7,7, € II,r; € {1,..., R} and t; are the corre-
sponding time stamps such that A(q(t;)) € 7,,,Vj € N. Every timed run r generates
the timed word w(r) = (L(my,),t1)(L(7r,), t2) ... over AP where L(7,,),j € N, is
the subset of the atomic propositions AP that are true when A(q(t;)) € 7.

Figure 7.5: The aerial robots employed in the simulation rigidly grasping an object,
with the frames {B;}, {E;},{O},i e N = {1,2}.

The given MITL formula ¢ is translated into a Timed Biichi Automaton Ag
[39] and the product A, = T ® Al is built [38]. The projection of the accepting
runs of A, onto T provides a timed run ry of T that satisfies ¢; ry has the form
ry = (Try,t1)(7ry, t2) ..., ie., an infinitd’| sequence of regions 7, to be visited
at specific time instants t; (i.e., A(q(t;)) € m,) with t; = 0 and t;;, = t; +
Oty rii,m5 € {1,..., R},Vj € N. More details on the technique are beyond the
scope of this work and the reader is referred to [38] 39} [172].

The execution of 74 = (m,,,t1)(7r,,t2) ... produces a trajectory ¢(t),t € Rxq,
with timed sequence 54 = (q(t1),%1)

(q(t2),t2) ..., with A(q(t;)) € mr,,Vj € N. Following Deﬁnition B4 has the timed

11t can be proven that if such a run exists, then there also exists a run that can be always
represented as a finite prefix followed by infinite repetitions of a finite suffix [38].
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Figure 7.6: Illustration of the initial workspace and pose of the system object-agents
in the V-REP environment (a) and in top view (b). The red cells imply obstacle regions
whereas the green cells are the goal ones.

behavior o5, = (01,t1)(02,t2) ... with o; € L(7,,), for A(q(t;)) € 7,;,Vj € N. Since
all 7, belong to rg,Vj € N, the latter implies that o, = ¢ and therefore that 3,
satisfies ¢. The aforementioned discussion is summarized as follows:

Theorem 7.2. The execution of ry = (mpy,t1)(Tpy,t2) ... of T that satisfies ¢
guarantees a timed behavior o, of the coupled object-agents system that yields the
satisfaction of ¢ and provides, therefore, a solution to Problem [7.1].

7.2.3 Simulation Results

The validity of the proposed framework is verified through a simulation study in the
Virtual Robot Experimentation Platform (V-REP) [109]. We consider a rectangular
rigid body of dimensions 0.025 x 0.2 x 0.025 m? representing the object that is rigidly
grasped by two agents. Each agent ¢ € N' = {1,2} consists of a quadrotor base
{B;} and a robotic arm of two degrees of freedom o, ;, € [~7, 5], as depicted
in Fig. The states of the agents are taken as ¢; = [pgi,ngi,ail,aiz]T € RS
and the control inputs as 7; = [fgi,ﬂgi,Tal,TQQ]T, i € {1,2}. We consider that
the quadrotor is fully actuated, as mentioned in Section and there exists an
embedded algorithm that translates the generalized force Ay, = [ f;;ri, ,u;‘;]T to the
actual motor inputs.

The initial conditions of the system are taken such that p,(0) = [0,0, 1.5]7m, 7, (0)
= [0,0,0]Tr. The workspace is partitioned into R = 16 regions, with L=075m
and [y = 0.5 m. Fig. [7.6] illustrates the aforementioned setup at ¢ = 0, from which
it can be deduced that A(¢q(0)) € m. We further define the atomic propositions
AP = {“green,”, “green,”, “red”, “obs”}, representing goal (“green,”, “green,”) and
obstacle (‘obs”) regions with L(ms5) = {“green,”}, L(m14) = {“green,”}, L(7g) =
L(m10) = {“obs”} and L(m;) = 0, for the remaining regions.
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We consider the MITL formula
¢ = (D[om)ﬁ“ObS”) A 0[0760] (“green;” A <>[0,24] “green,”)
, which describes the following behavior: the coupled system
1. must always avoid the obstacle regions,

2. must visit the first green region in the first 60 seconds and after that visit the
second green region in the next 24 seconds.

By following the procedure described in Section [7.2.2] we obtain the accepting timed
run

T¢ :(er,tl)(ﬂrz,tg) cee = (71'1, 0)(7’(’2, 6)(7’(3, 12)(71’4, 18)(7’(5, 24)(71’12, 30)(7T13, 36)
(71'14,42)(7711,48)(7‘(12,54)(7‘1’5,60).

Regarding each transition 7, 7, Triasd € {1,...,10}, we choose 6trj,rj, =6 s,
Pryry (1) as in and 1y, ., (t) = [0,0, § sin(5 (t—t,,)]" Pl where t,, = jot, ., =
6j plays the role of ty for each transition. Regarding the performance function
parameters, we choose py, = py, (t,;) = lo = 0.5m, [, = 0.5, py = tlgrolo Ppi () =
0.1 m,Vk € {1,2,3}, o)), = py,(tr;) = 5 1, 1y, = 0.5, pp = tlggo pn(t) = 15 1, VL €
{9,0,0}, 03, = pu,, (tr;) = 2ley,, (tr;)[+0.5, I, = 0.5 and py = tliglc P, (t) = 0.1,
m € {1,...,6},5 € {1,...,10}. The two agents contribute equally to the task by
choosing ¢; = co = 0.5. Finally, the control gains are chosen as gs; = 1, g, = 10.

The simulation results are depicted in Figs. More specifically, Fig. [7.7]
depicts the timed transitions of the coupled object-agents system, from which it
can be deduced that po(t) € B(pr,r.,,lo) and therefore p, € ., U Ty, VDs €
S, €41,...,10}. Moreover, Fig. and illustrate the errors e4(t) and e, (t)
along with the performance functions ps(t), p,(¢), respectively, for all the transitions
Ty = s J € {1,...,10}. Finally, the resulted control inputs 71,72 for the two
agents are shown in Fig. The aforementioned simulation paradigm is illustrated
in the accompanying video.

7.3 Motion and Cooperative Transportation Planning for
Multi-Agent Systems under Temporal Logic Formulas

7.3.1 System Model and Problem Formulation

Consider N > 1 robotic agents operating in a workspace W with M > 0 objects; W is
a bounded open ball in 3D space, i.e., W = B(0,70) = {p € R3 s.t. ||p|| < 0}, where

2Note that the nature of the quadrotors makes the whole system underactuated and values
Grjor (%), Or ;v (t) # 0 are not possible to be achieved without interfering with po (¢).
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Figure 7.7: (a): The overall desired object trajectory (with red), the actual object
trajectory (with black), the domain specified by B(prj,rj, (t),10),Vj € {1,...,10} (with
green), and the domain specified by B(po(t), L) (with blue), for ¢ € [0,60] s. (b), (c):
Illustration of the system at the final region at ¢ = 60s in the V-REP environment
along with the ball B(po(60), L). Since po € B(pr,.r (t);lo), the desired timed run is
successfully executed.

ro € Ry is the radius of W. The objects are represented by rigid bodies whereas the
robotic agents are fully actuated and consist of a fully actuated holonomic moving
part (i.e., mobile base) and a robotic arm, having, therefore, access to the entire
workspace. Within W there exist K > 1 smaller spheres around points of interest,
which are described by 7 == B(pay,7n,) = {p € R3 s.t. ||p — pr, || < 7r, }, where
Dr, € R3 is the center and T, € Rso the radius of 7. We denote the set of all 7,
as IT:= {m,...,mx }. Moreover, we introduce disjoint sets of atomic propositions
W;, U?, expressed as boolean variables, that represent services provided to agent
i € N and object j € M in II. The services provided at each region 7 are given
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t [sec]

Figure 7.8: The pose errors e,(t) (with blue) along with the performance functions
ps(t) (with red) (in m,m,m,r,r,r, respectively).

by the labeling functions £; : IT — 2%75]@ T 2% , which assign to each region
Tk, k € K, the subset of services U; and W7, respectively, that can be provided in that
region to agent : € N = {1,..., N} and object j € M = {1,..., M}, respectively.
In addition, we consider that the agents and the object are initially (¢ = 0) in the
regions of interest ;1 (;), Tinit,, (j), Where the functions init : N’ — K = {1,..., K},
inito : M — K specify the initial region indices. We denote by {E;}, {O} the robotic
arms’ end-effector and object’s center of mass frames, respectively; {I} corresponds
to an inertial frame of reference. In the following, we present the modeling of the
coupled kinematics and dynamics of the object and the agents.

We denote by g;,¢; € R™, with n; € N,Vi € N, the generalized joint-space
variables and their time derivatives for agent i. The overall joint configuration is
then ¢ = [q{ ,...,qN]", ¢:=[d],..., %] " € R", with n = > ien Mi- In addition,
the inertial position and Euler-angle orientation of the ith end-effector, denoted by
p; and 7;, respectively, expressed in an inertial reference frame, can be derived by the
forward kinematics and are smooth functions of g;, i.e. p; : R™ — R3, n; : R® — T.
The generalized velocity of each agent’s end-effector v; = ';'—,w;'— ]T € RY can be
considered as a transformed state through the differential kinematics v; = J;(q;)g;
[26], where J; : R™ — R*" is a smooth function representing the geometric
Jacobian matrix, Vi € AN [26]. The matrix inverse of J; is well defined in the
set away from kinematic singularities [20], which we define as S; = {¢; € R™ :
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Figure 7.9: The velocity errors e, (t) (with blue) along with the performance functions
po(t) (with red) (in m/s,m/s,m/s,r/s,r/s,r/s, respectively).

det(J;(g:)[Ji(g:)] ") > 0}, Vi € N
The differential equation describing the task-space dynamics of each agent is

[26]:
M;(q:)0i + Ci(i, Gi)vi + 9i(a:) = wi — fi, (7.23a)

with the standard dynamic terms (see previous chapters), which are well-defined in
the set S;, away from kinematic singularities. Avoidance of such configurations is
not explicitly taken account in this section. Note, however, that the agents’ tasks
consist of navigating as well as cooperatively transporting the objects to predefined
points in the workspace. This along with the fact that the agents consist of fully
actuated moving bases imposes a kinematic redundancy, which can be exploited to
avoid kinematic singularities.

We consider that each agent i, for a given ¢;, covers a spherical region A; :
R™ = R3 of constant radius r; € R+ that bounds its volume for that given ¢;, i.e.,
Ai(q:) = B(ci(gi),:), where ¢; : R — R? is the center of the spherical region (a
point on the robotic arm), Vi € A/; A; can be obtained by considering the smallest
sphere that covers the workspace of the robotic arm, extended with the mobile base
part. Moreover, we consider that the agents have specific power capabilities, which
for simplicity, we match to positive integers ¢; > 0, i € N, via an analogous relation.
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(a) The resulting control inputs 71(¢) (in N, Nm, and Nm, respectively)
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(b) The resulting control inputs 72(¢) (in N, Nm, and Nm, respectively)

Figure 7.10: The resulting control inputs 7; = [fgi,ugi,rai’l,raw] for i =1 and
1=2.
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Regarding the objects, we denote by x§ = [(p]Q)T, (njo)T]T € M, vf =
[(PJQ)T,(L«J;?)T]T € R'2, Vj € M, the pose (with p§ being the position of the
center of mass with respect to (and expressed in) an inertial reference frame, and
ny = [nﬁl, n52, njf3]T denoting the extrinsic Euler angles) and generalized velocity
of the jth object’s center of mass, which is considered as the object’s state. The
object dynamic equations are given by the standard Newton-Euler form (see previous
chapters):

= Jj (x5 )vf, (7.24a)
MO( 29 )05 + Co (a7, 07 )07 + go(af) = f7, (7.24b)

where J{(r§) represents here the representation Jacobian matrix that is only
defined in the subset of M that does not include the configurations where the pitch
angle 07, is &7, namely, representation singularities, i.e., JZ : S7 — R6%6 with
S§ ={a7 e M:[n7,| < 3}, VjeM.

Similarly to the agents, each object’s volume is represented by the spherical set
O; : R* = R? of a constant radius 7§ € Rso, ie., Oj(x9) = B(x?,r9), Vj € M.

Next, we provide the coupled dynamics between an object j € M and a subset
T C N of agents that grasp it rigidly (see Fig. . Although the derivation of the
coupled dynamics is identical to the previous chapters, we present it here due to
the slight change of notation. In view of Fig. [T.1] one concludes that the pose of the
agents and the object’s center of mass are related as

pi(qi) = p§ + Ri(9:)p5: 0,5 (7.25a)
i(ai) = n5 + s, /0, (7.25b)

Vi € T, where R; : R™ - SO(3) is the rotation matrix from {I} to the ith agent’s
end-effector {E;}, and pE /0,2 B, /0; Are the const(mt distance and orientation offset
between {O} and {E;}, respectlvely Following (7.25), along with the fact that, due
to the grasping rigidity, it holds that w; = wj ,Vz € T, one obtains

— ) (a)5, (7.26)
where J7; : R"" — R6%6 is the object-to-agent Jacobian matrix, with

I3 —S(Ri(x)pg:/oj)

Ve € R™
033 I3

which is always full-rank.

The agent task-space dynamics ([7.23|) can be written in vector form as:

MT((]T)@T + CT(QT7 QT)'UT + QT(CIT) =ur — fr, (7~27)

.
where ¢ = [¢]' 1L, 4r = [4/ lcrs vr = 0] 1y 97 (gr) = [[gi(qi)]T]_ =

i€

[fi']ier and My (q7) = diag{[Mi(q:)lic7}, Cr (a7, ¢r) = diag{[Ci(i, 4s)]ieT}-
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The kineto-statics duality along with the grasp rigidity suggest that the force f5
acting on the object’s center of mass and the generalized forces f;,i € T, exerted by
the agents at the grasping points, are related through:

f]Q = [GT,j(QT)}TfTv (7-28)

.
where G : R"7 — RNV*6 with G (q,) = {[Jﬁj(qi)]q ~_ is the grasp matrix,

icT
and n = ), n;. By combining (7.28) with (7.24)), (7.27), and (7.25) we obtain

the coupled dynamics

My (w7,)85 + Cory (27,05 + s (07) = (G (@) Tur, (729)
where
My (7 ;) = Mo(2) + [Gr ,(¢r)] " Mr(gr)Gr ;(gr)
éT,j(xT,j) = Co(ﬂi?vvf) + [GT,J'(QT)]TMT(QT)GT,j(QT)
+[Gr (g0 Cr(ar, d7)Gr s (ar)
gr.i(@r;) = go(«F) + [Gr;(ar)] " g97(ar).
and x; ; is the overall state z,; == [q;,q,,(z§) ", (v9)T]T € R?"7 %6 x M. Note

that the aforementioned coupled terms are defined only when ¢; € S; C R™ Vi € T.
We also use the following Lemma from Chapter [ that is necessary for the following
analysis.

Lemma 7.1. The matrices B;(q;) and MT,]'(J;TJ) are symmetric and positive

definite and the matrices Bi(q;) — 2N;(qi, ¢;) and MT,J.(:UT,J-) —2C;,(z,,) are skew
symmetric, Vi e N,j € M, T CN.

Regarding the volume of the coupled agents-object system, we denote by
AO7; : R® = R3 the sphere centered at p§ with constant radius rr; € Rso,
ie, AOT1; (p;)) = B(p;),rfj), which is large enough to cover the volume of the
coupled system in all configurations qTﬂ This conservative formulation emanates
from the sphere-world restriction of the multi-agent navigation function framework
[36, [114]. In order to take into account other spaces, ideas from [I74] could be
employed or extensions of the respective works of [35], [I75] to the multi-agent case
could be developed.

Moreover, in order to take into account the introduced agents’ power capabilities
iy 1 € N, we consider a function A € {T, L} that outputs whether the agents that
grasp an object are able to transport the object, based on their power capabilities. For
instance, A(m§,(7) = T, where m$ € R is the mass of object j and (7 = [Ci]iTeT7
implies that the agents 7 have sufficient power capabilities to cooperatively transport
object j.

377, can be chosen as the largest distance of the object’s center of mass to a point in the
agents’ volume over all possible g (see previous section)
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Problem Formulation

In this subsection, the problem formulation is provided. We first introduce some
preliminary required notation. We define the boolean functions AG, ; : R™ x M —
{T,L1},i € N,j € M, to denote whether agent ¢ € N rigidly grasps an object
J € M at a given configuration ¢;, z7; We also define AG; o : R™ x MM — (T, 1},
to denote that agent i does not grasp any objects, i.e., AG; (g, x§) = L,Vj €
M & AG; 0(qi,xz°) = T, Vi € N, where 2° = [(x;))T];reM € MM . Note also that
AGio(qi,xf) = T, L € M & AG; j(gi,x5) = L,Vj € M\{{}, i.e., agent i can grasp
at most one object at a time.

In addition, we use the boolean functions C;; : R™ ™ — {1 T}, Cio, t R™ x
M — {L, T}, Co,.0, : M* = {L, T}, to denote collision between agents 4,1 € N, i #
I, agent ¢ € N and object j € M and objects j,£ € M, j # £, respectively.

We also assume the existence of a procedure Py that outputs whether or not a
set of non-intersecting spheres fits in a larger sphere as well as possible positions
of the spheres in the case they fit. More specifically, given a region of interest my
and a number N € N of sphere radii (of agents and/or objects) the procedure can

be seen as a function Py := [Ps0,P,,]", where Py : RY™ — {T, L} outputs
whether the spheres fit in the region 7 whereas Ps 1 provides possible configurations
of the agents and the objects or 0 in case the spheres do not fit. For instance,
Ps o(1ry, 71,73, 77, 75) determines whether the agents 1,3 and the objects 1,5 fit in
region 7o, without colliding with each other; (g1, g3, 27, 29) = Py 1(rny, 71,73, 75, 75)
provides a set of configurations such that A;(q1),.43(gs3), O1(z¢), Os(xg) C 73 and
C13(q1,q3) = Co, 05(x7,75) = Cio,(gi,2§) = L,V(i,j) € {1,3} x {1,5}. The
problem of finding an algorithm Py is a special case of the sphere packing problem
[176]. Note, however, that we are not interested in finding the maximum number of
spheres that can be packed in a larger sphere but, rather, in the simpler problem of
determining whether a set of spheres can be packed in a larger sphere.

The following definitions address the transitions of the agents and the objects
between the regions of interest.

Definition 7.5. (Transition) Consider that 4;(q;(to)) C 7, for some i € N,k €
Kty € R>9, and Ci,l(Qi(tO)y ql(to)) = Ci,oj (%‘(io),l‘?“o)) =1,Vie N\{Z}M] e M.
Then, there exists a transition for agent ¢ from region 7 to m, k' € K, denoted
as mp —; Tk, if there exists a finite ¢y > ¢p and a bounded feedback control
trajectory u; such that A;(gi(ty)) C mr, Cii(qi(t), au(t)) = Cio,(qi(t), 25 (1)) = L,
and A;(g;i(t)) Ny = 0, VE € [to, tr],l € N\{i},j € M,m e K\{k,k'}.

Definition 7.6. (Grasping) Consider that A;(qi(to)) C 7k, O;(zf(t0)) C 7k,
k € K for some i € N, j € M, tg € R>q, with AG; 0(¢;(to), z°(to)) = T, and

L Ciulai(to), a(to)) = Ci.o, (ai(to), 25 (o)) = L, VI € N\{i},j" € M,

2. Ci’,oj (Qi’ (to),fﬂ?(to)) = Coj,og (I?(to),l‘?(to)) = J_,Vi/ S N,g S M\{]}
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Then, agent ¢ grasps object j, denoted as ¢ EN j, if there exists a finite ¢ty > to and
a bounded control trajectory u; such that AG; ;(qi(ts), 2§ (ty)) = T, Ai(qi(t)) C 7,
O;(x5(t)) C T, k € K with

L Cia(ai(t), a(t)) = Cio,(qi(t), z7 () = L,
2. Cio,(a(t), x7(t) = Co, 0, (27 (t), 27 (1)) = L,
vt € [to,ts], 1 € N\{i}, £ € M\{j}

Definition 7.7. (Releasing) Consider that A;(q;(to)) C m, O;(5(to)) C mk,
k € K for some i € N, j € M, tg € Rxo, with AG; ;(qi(to), 2§ (to)) = T, and

L. Cii(qi(to), qi(to)) = Ci,o,(qi(to), x7 (to)) = L,
2. Cio,(q(to), 27 (to)) = Co, 0, (5 (to), z (t0)) = L,

Vi € NM\{i},¢ € M\{j}. Then, agent i releases object j, denoted as i — j,
if there exists a finite t; > to and a bounded control trajectory wu; such that
AGiol(gi(ty),z°(ty)) = T, Ailqi(t)) C mx, Oj(x§(t)) C i, k € K with

L Ciu(qi(t),qi(t)) = Cio,(qi(t), 27 (t)) = L,

2. Cro;(@u(t), 27 (t)) = Co,.0, (x5 (t), 7 (1)) = L,
Vt € [to, ts], 1 € N\{i}, £ € M\{j}.
Definition 7.8. (Transportation) Consider a nonempty subset of agents 7 C N
with A;i(qi(to)) C mk, Vi € T, and O;(zf (to)) C mx, for some j € M, k € K, tg > 0,
with Agi,j(qi(to),xf(to)) =T,VieT and

L. Cii(qi(to), qi(to)) = Ci,o,(qi(to), x7 (to)) = L,

2. Cz,oj (QZ(tO)vx;')(tO)) = Co]',O[ (905-)(7?0)’ l‘?(to)) =1,

Vi,l € N, with i £ 1, £ € M\{j},z € N\T. Then, the team of agents 7 transports

the object j from region 7 to region 7/, k' € K, denoted as 1)7—,j Tk, if there
exists a finite ¢; > t¢ and bounded control laws u;,7 € T, such that A;(g;(ts)) C
e, Vi € T,05(x5 (tr)) C mry AGi j(qi(t), 27 (t)) = T, and

L Cia(qi(t), q(t)) = Cio,(qi(t), 27 (1)) = L,
2. C.oo (@u(t), 29(8) = Cop, 0, (€9 (), 20 (1)) = L,

and AOT ;(p§ (1)) N Tm = 0, Vt € [to,1y],i,1 € N, with i # 1, £ € M\{j},z €
N\T,m e K\{k, K'}.
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Loosely speaking, the aforementioned definitions correspond to specific actions of
the agents, namely transition, grasp, release, and transport. We do not define these
actions explicitly though, since we will employ directly designed continuous control
inputs u;, as will be seen later. Moreover, in the grasping/releasing definitions, we
have not incorporated explicitly collisions between the agent and the object to be
grasped /released other than the grasping point. Such collisions will be assumed to
be avoided in the next section.

Our goal is to control the multi-agent system such that the agents and the objects
obey a given specification over their atomic propositions ¥;, U7, Vi € N,je M.
Given the trajectories g;(t),z§(t),t € Rxo, of agent i and object j, respectively,
their corresponding behaviors are given by the infinite sequences

bi = (qi(t),0:) = (Qi(ti,l)agi,l)(%’(ti )s0i2) -

i)
b7 = (x5 (t),07) = (27 (t71), 051) (x5 (17 2), Jz)

with ¢; 41 > ;0 > 0, t;'),£+1 > tf,e > 0,V € N, representing specific time stamps. The

sequences oy, oj are the services provided to the agent and the object, respectively,

over their trajectories, i.e., o,/ € o¥i sz € 2% with Ai(qi(tie)) C Thy 4060 €
Li(mk,,) and O; (7 (t5 ))Cﬂ'ko,O' 1 € LY (ﬂko) ki, kS, € K,V LENie N j €
M, Where L; and L'O are the prev1ously deﬁned labeling functions. The following
Lemma then follows

Lemma 7.2. The behaviors b;,b§ satisfy formulas ¢i, ¢o, if 0 = ¢;i and of = ¢,
respectively.

The control objectives are given as LTL formulas ¢;, ¢7 over ¥;, U7, respectively,
Vi € N,j € M. The LTL formulas ¢;, ¢§ are satisfied if there ex1st behav1ors bi, b
of agent 7 and object j that satisfy ¢i,¢j. We are now ready to give a formal

problem statement:

Problem 7.2. Consider N robotic agents and M objects in W subject to the

dynamics (7.23) and (|7.24)), respectively, and

L. ¢i(0) = 0,v§ =0, Ai(¢i(0)) C Tinit(iy, Q5 (25 (0)) C Tinito (), Vi € N,jeM,

2. Ci1(¢i(0),0(0)) = Co, 0,(25(0),27(0)) = Cio,(qi(0),27(0)) = L, Vi,l €
N,i#lLjle M,j#L.

Given the disjoint sets ¥;, \II?, N LTL formulas ¢; over ¥; and M LTL formulas
¢$ over W7, develop a control strategy that achieves behaviors b;, b7 which yield
the satisfaction of ¢;,¢9,Vi € N, j € M.

Note that it is implicit in the problem statement the fact that the agents/objects
starting in the same region can actually fit without colliding with each other.
Technically, it holds that Ps,o(rr,, [rilictienmit@)=k}, 15 ljejemiinito ()=k}) = T
vk € K.
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7.3.2 Main Results

Continuous Control Design

The first ingredient of our solution is the development of feedback control laws that
establish agent transitions and object transportations as defined in Def. [7.5] and [7-8]
respectively. We do not focus on the grasping/releasing actions of Def. and
we refer to some existing methodologies that can derive the corresponding control
laws (e.g., [177],[178]).

Assume that the conditions of Problem hold for some ¢y € R, i.e., all
agents and objects are located in regions of interest with zero velocity. We design a
control law such that a subset of agents performs a transition between two regions
of interest and another subset of agents performs cooperative object transportation,
according to Def. and respectively. Let Z,7,G,R C N denote disjoint
sets of agents corresponding to transition, transportation, grasping and releasing
actions, respectively, with |Z| + |T| + |G| + |R| < |N| and A.(q.(to)) C 7.,
A (q-(to)) C mr,, Ag(qy(to)) C mr,, Ap(q(to)) C mx,, where k., k., kg, k, € K,
Vze Z,7€T,g9g€G,peR. Note that there might be idle agents in some regions,
not performing any actions, i.e., the set AN\(Z UV UG U Q) might not be empty.

More specifically, regarding the transportation actions, we consider that the set
T consists of T disjoint teams of agents, with each team consisting of agents that
are in the same region of interest and aim to collaboratively transport an object,
ie. T=TiUTaU...T5, and A;(g-(to)) C Tr, , V7 € Trnym € {1,..., T}, where
kr, € K,Vvm € {1,...,T}. Let also S := {s7;,875, ..., 57}, X = {[xglgeg}, Y =
{lyplper} € M be disjoint sets of objects to be transported, grasped, and released,
respectively. More specifically, each team T, in the set 7 will transport cooperatively
object s1.., m € {1,... ,T}, each agent g € G will grasp object 4, € X and each
agent p € R will release object y, € V. Then, suppose that the following conditions
also hold at tg:

o Oy (xg)Tm (to)) C mryp, , Ym € {1,... T}, O%(mgg (to)) C mx,,Vg € G,
pr (.Z‘L)p (to)) C 7Tk,J>VP € Ra

. .Agp’yp (qp(t0)7l‘gp (to)) = T7Vp c R, Agz’o(qz(to),xo(fo)) = T,VZ c Z,
AGg0(qq(t0),2°(t0)) = T,Vg € G, AGr s, (a-(to),xg, (to)) = T, V1 €
Tomsm € {1,...,T},

which mean, intuitively, that the objects s7.., x4,¥, to be transported, grasped,
released, are in the regions 7, , Tk, , 7k,, respectively, and there is also grasping
compliance with the corresponding agents. By also assuming that the agents do not
collide with each other or with the objects (except for the transportation/releasing
task agents), we guarantee that the conditions of Def. hold.

In the following, we design u. and w, such that 7, —, . and g, LTm,sm
Ty, with kKL k. € K,Vz € Z,m € {1,...,T}, assuming that (i) there exist

m

appropriate ug and u, that guarantee g EN zg and p 5 Yp in g, , Tk, , rEspectively,
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Vg € G,p € R and (ii) that the agents and objects fit in their respective goal regions,
ie.,

PS,O (me [TZ]ZEQZ,k7 [TQ]QEQQ,IM [TP]PEQR,k7
[P i Ime@r s [, Ja 0o s 75, Jpens ) = T (7.30)

Vk € K, where we define the sets: Qzr :={2 € Z: k. =k}, Qgr={9€G:ky =
k}, Qri ={p€R k. =k},Qrp={me{l,..., T} : k% =k}, that correspond
to the indices of the agents and objects that are in region k € K.

Example 7.1. As an example, consider N = 6 agents, N’ = {1,...,6}, M = 3
objects, M = {1,2,3} in a workspace that contains K = 4 regions of interest,
K ={1,...,4}. Let ¢, = 0 and, according to Problem take init(1) = init(5) =
1,init(2) = 2,init(3) = init(4) = 3, and init(6) = 4, i.e., agents 1 and 5 are in region
Tinit(1) = Tinit(5) = 71, agent 2 is in region miyir2) = 72, agents 3 and 4 are in
region Tinig(3) = Minit(4) = 73 and agent 6 is in region mi,i¢6) = ma. We also consider
inito, (1) = 1,inito(2) = 2,inite(3) = 3 implying that the 3 objects are in regions
my, Ty and 73, respectively. We assume that agents 1,5 grasp objet 1, and agents 3,4
grasp object 3, i.e., AG1 1(q1(0), 25 (0)) = AGs5.1(¢g5(0), 27 (0)) = AG3 3(g3(0), 25(0))
= AGu5(q1(0),25(0)) = AGs0(q2(0),2°(0)) = AGs0(qs(0),2°(0)) = T. Agents 1
and 5 aim to cooperatively transport object 1 to 74, agent 2 aims to grasp object 2,
agents 3 and 4 aim to cooperatively transport object 3 to 71 and agent 6 aims to
perform a transition to region my. Therefore, Z = {6}, T = 2, T; = {1,5}, T> = {3, 4},
T=THUTs= {17{'—),4:,3}7 g= {2}77?, =0, s =1,87,=2,8= {87*1,87*2} = {1,2},
X = {x2} = {2}, = 0. Moreover, the region indices k., k;, kg, k., kT, , k., ko 2 €
Z={6},7eT =1{1,543}ge€gG={2},reR=0me {1,2}, take the form
ke =4,k = ks = L, kg = 2,kg = ka = 3, ky; = L kyy = 3, kg = 2,k =4,k = 1.

Finally, the actions that need to be performed by the agents are m; 1)7'1,1 71,252,

T
M3 —75, T1 and w4 — 7.

Next, for each region 7, we compute from Py a set of configurations for the
agents and objects in this region. More specifically,
O*
Tg

([qz]ZEQZ,k’ [q;]QEQQ,k’ [q;]PEQ’R,k7 [‘rgﬁ;—m]megrk? [33 ]gEQg,w [x;:]pEQR,k) =

PSJ (Tﬂ'k’ [TZ]ZEQZ,k’ [TQ]QEQQ,IN [TP]PEQR,IC7 [TTNLVST,,L]WEQT,M [T;)Q]QEQQ,M [Tg(/)p]PEQR,k)’

where we have used the notation of . Hence, we now have the goal configurations
for the agents Z performing the transitions as well as agents 7 performing the
cooperative transportations.

Following Section we define the error functions 7, : R"2 — R with
Y (q2) = |lg. — ¢||?, V2 € Z,nz = Y ez Nz and vyt M — Rxg as va(x‘Sij) =
Ipg,. — 09 |2, where pf;m is the position part of 7 .
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Regarding the collision avoidance, we have the following collision functions:

Bia(giq) = llei(a:) — a(@)|” — (ri +10)%, Vi, L € N\T i # 1,

Bio,(ai) = llei(ai) — pf|I” — (ri +77)%, Vi € N\T,j € M\S

/B'L,Tm(qiangm) = Hcl(q’b) 7pi)7‘m ||2 - (Ti =+ TTmySTm)27VZ’ € N\T7 me {17 cee 7T}7
/BTmU(mson7x§7—£) = ||png - pSOT[' H2 - (TTm,sTm + rn,sn)2avm7€ € {17 e 7T}7m # £7
BTm,Oj (mSOTm) = HpSOTm 7pjo||2 - (rTm’STm + T]C'))2?vm € {17 cee 7T}7j € M\S7

Bimi (@i) = llei(@:) — pmy|I” = (ri + 7, )*, Vi € 2,k € K\{k, K.},

/Bvafrk (ngm) = Hpng — Prmy, ”2 - (TTm,STm + Tﬂk)Q,Vm S {17 R T}7 k S ’C\{kTm, k/Tm}’
Biw(qi) = (ro = r:)* = [lei(qi)|*, Vi € N\T

BvaW(wson) = (TO - TTMvSTm )2 - HpSon ||27vm € {17 s ’T}’

that incorporate collisions among the navigating agents, the navigating agents and
the objects, the transportation agents, the transportation agents and the objects,
the navigating agents and the undesired regions, the transportation agents and
the undesired regions, the navigating agents and the workspace boundary, and
the transportation agents and the workspace boundary, respectively. Therefore, by
following the procedure described in Section 2.3.1] we can form the total obstacle

function G : R"2 x M!S| — R> and thus, define the navigation function [35, 36]
0 : Rz x MISI — [0,1] as

v(gz, %) 1
([v(qz,xé’)]“ + G(qz,xé’)> .

©(gz,29) =

)

where xg = [(x(s)',—m)—r];le{17.._,f} € M‘Slv ﬁY(qzvxg) = Zzez ’Yz(Qz) + Zme{l,...,f}
Vo (xfm) and k > 0 is a positive gain used to derive the proof correctness of ¢
[35] [36]. Note that, a sufficient condition for avoidance of the undesired regions and
avoidance of collisions and singularities is ¢(¢z,29) < 1.

Next, we design the feedback control protocols u, : R®* x R* — R® u, :
S, x S;)Tm xRS, Vze Z,7€Tp,me{l,...,T} as follows:

uz(qZ7 5527 Qz) = qu (QZ) - V(Izgo(an xfg)) - KZdZ? (7313.)
wr(r 2l 02 ) = 2, @) {er(g0(a2,, )=

7, @ NTV.o plaza2) =02, ) b+ grlar), (7.31b)
where c; are load sharing coefficients, with the properties c¢; > 0, V7 € T,
Yorer, ¢ =1, Yme{l,...,T}, K, = diag{k.} € R"=*"=, with k, > 0,Vz € Z, is
a constant positive definite gain matrix. The proof of convergence of the closed loop
system is stated in the next Lemma.
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Lemma 7.3. Consider the sets of agent Z,7T,G, R and the set of objects S, X, R in
their respective regions interest, as defined above, described by the dynamics (7.23)),
(7.24]), (7.29) at to > 0. Then, under the assumptions that: (i) the actions g EN

Tg,p >y, are guaranteed, (ii) (7-30) holds and (iii) the robots and objects operate
in singularity-free (kinematic- and representation ones, respectively) configurations,
the control protocols ((7.31)) guarantee the existence of a ty > to such that m,, —, T

o7, kaTm,Vz € Z,m e {1,...,T}, according to Def. and

T
and T, —T,,,
respectively.

Proof. Define T = {1,...,T} and, following the notation of Section [7.3.1} consider

the stacked vector states zr,, ., = a7 > 4T, (ngm)T, (v;’Tm)T]T,m €T, d:=
4,41, [z, erm};ef]T as well as the domain: D := R"2 x R"Z x S§7; x --- X S7, x
R"T xS, x -+ x 8, x ROISI where S1, = [l.er, Sr¥m € T, and ny =

Y omeT ETGT Nr. Conslder now the candidate Lyapunov function V : D — R,
with

o

1
V(d) =p(gz, Z q. B 2(q2)4- + B Z[ on]TMTm T (IT,,, ng)vSTm'
ZGZ meT

Note that, since no collisions occur and the robots and objects have zero velocity
at tg, we conclude that Vy = V(d(to)) = ¢(gz(t0), 29 (t0)) =: o < 1, and hence
d(ty) € D= {deD: v(gz,22) < po < 1}. By considering the closed loop system
d d = fcl An explicit expression for f. can be obtained by combining (|7 ,
, (7.31))), we can verify the locally Lipschitz property of f., and thus the

ex1stence of a unique maximal solution d : [tg, tmax —> ]D) for a finite time instant

tmax > to. By differentiating V' and substituting (7.23] , we obtain
1.+ .
V= Z{ (az,29)] " ¢ + ( 7z = N2(gz,42)d= — G- (qz)) + §qZMz(qz)qz}
z€Z

+ 3 Va0 elaza@ a0, 4100 1T(D 2, @) ur = golef, 1S,

meT TE€ETm

T ~ 1 T
= > e @ 970 = O @y, )) + 5105 1 M, @7y 05,
TE€ETm

Vd € ]]3), where we have also used the fact that f, = 0,Vz € Z, since the agents
performing transportation actions are not in contact with any objects (and there

are no collisions in ]f))) By employing Lemma as well as (7.24a)), V becomes:

V=>4 ( ¢(gz,28) + 7= — o (qz)) > [v?Tm}T([Json (@2, ) Vao  @laz,28)+

— m
zEZ meT

> Uy @ Tur = 32 @) 9rar) — 90, ).

TE€ETm TETm
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and after substituting (7.31)): V = — ez K0 =30 7 Ilvd |2, Vd € D, which

is strictly negative unless ¢, = 0, v =0,vz € Z,m € T . Since J2. (gr)is always

non-singular, and J;(¢-(t)) has full-rank by assumption for the maximal I solution,
V7 € Tpn,m € T, the latter implies also that ¢, = 0, V7 € Tpn,m € T. Hence,
V(d(t)) < Vo <1, Vt € [to, tmax), which suggests that ¢(gz(t),z2(t)) < @0 < 1
and d(t) € D, Vt € [to, tmax). Therefore, since D is compact, the solution d(t) is

defined over the entire time horizon in D [28], i.e. d : [to,00) — D. Moreover,
according to La Salle’s Invariance Principle [2§], the systern will converge to the
largest invariant set contained in the set {d € D: G, =0, v =0,Vze Z,me ’%}
In order for this set to be invariant, we require that G, = O 11 = 0, which, by

employing (7.31)), (7.23)), (7.29)), and the assumption of non—smgular Jo (xo (1)),

STm

Vt € Rxg, implies that V4 (¢z,29) = 0, Vzo o(gz,22) =0, Vz € Z m e T.

Since ¢ is a navigation function [36], this condltlon is true only at the destination
configurations (i.e., where y(¢z,29) = 0) and a set of isolated saddle points. By
choosing k sufficiently large, the region of attraction of the saddle points is a set of
measure zero [35], [I14]. Thus, the system converges to the destination configuration
from almost everywhere, i.e., ||q.(t) — ¢}| pf’Tm (t)— pf;m || = 0. Therefore,
there exist finite time instants tf_,t;, > to, such that A.(¢.(t;.)) C T, and
A (g7 (t4,,)), 0. (20 (t1,)) C Tk; » with inter-agent collision avoidance, Vz €

STom

Z 1€ Tn,me 7T . Since the actions g% g, P 5 Y, are also performed, we denote
as ty,,ty, the times that these actions have been completed, g € G, p € R. Hence, by

setting t; := max{maxts ,maxts ,maxts ,maxte }, all the actions of all agents
8ty {maxty,, maxty,  maxts,, maxty, } g

will be completed at ;. O

Remark 7.3. We could modify the dynamic model by employing the physical
acceleration &$ instead of the generalized accelerations 07, j € M. In that way, we
would avoid using the term J” and hence ensure that representation singularities
(when [95| = 5) do not affect our scheme. Note that the actual difference lies in
the use of 7f instead of wy,j € M. Feedback, however, of 7¢ is not a realistic
assumption, since most sensors provide on-line measurements of the angular velocity
wjo and hence, the conversion via J]‘? cannot be avoided.

Remark 7.4. The fact that we consider fully actuated holonomic mobile bases is
not restrictive, since a similar analysis can be performed for non-holonomic agents
(see [108]). Note also that in our analysis we do not take into account potential
collisions between agents that grasp and transport the same object, since we just
consider the bounded spherical volume of the system. This specification constitutes
part of our ongoing work.
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High-Level Plan Generation

The second part of the solution is the derivation of a high-level plan that satisfies the
given LTL formulas ¢; and ¢ and can be generated by using standard techniques
from automata-based formal verification methodologies. Thanks to (i) the proposed
control laws that allow agent transitions and object transportations 7, —; 7 and
Tk LTJ' 7k, respectively, and (ii) the off-the-self control laws that guarantee grasp
and release actions i 2% j and i — j, we can abstract the behavior of the agents
using a finite transition system as presented in the sequel.

Definition 7.9. The coupled behavior of the overall system of all the N agents and
M objects is modeled by the transition system 7S = (IL,, IIM¢, — . AG, U, L, A, Py, ),
where

1. II, C II x II® x AG is the set of states; IT := II; x --- x Iy and II° :=
II¢ x - - x II§, are the set of states-regions that the agents and the objects
can be at, with TI; = II7 = TI,Vi € N,j € M; AG := AGy x --- x AGy is
the set of boolean grasping variables introduced in Section [7.3.1] with AG, :=
{Agi,O} U {[Agi,j]jGM}vvz. eN. By deﬁning T o= (ﬂ-kn T 77TkN))’7rO =
(7rklo,--- ’Wkﬁ)’w = (wq, - ,wy), with Thes o € II (ie., ki, k9 € K,Vi €
N,j e M) and w; € AG;,Vi € N, then the coupled state s = (7,70, W)
belongs to I, i.e., (T, 7o, w) € I if

a) Ps,o0 (Tﬂk’[Ti}ie{iej\f:lw:k}v[Tg(‘)]je{jeM:kJQ:k}) = T, i.e., the respective
agents and objects fit in the region, Vk € K,

b) ki = kY for all i € N,j € M such that w; = AG; ; = T, i.e., an agent
must be in the same region with the object it grasps,

2. TN C I, is the initial set of states at ¢ = 0, which, owing to (i), satisfies the
conditions of Problem

3. —4C II; x Il is a transition relation defined as follows: given the states
s, s € I1, with

s =(T, To, W) = (7rk1,...,7rkN,7rk?,...,Wkgf,wl,.,.,wN),

s =(T, To, W) = (7’["]:17 .. ,W;N,Tr;?, e ,ﬂ;?,wl, C L WN), (7.32)
a transition 7y —¢ 75 occurs if all the following hold:

a) ﬂl S N,j € M such that w; = Agi,j =T, @l = AQ@O =T, (OI‘
w; = Agi,o = T, @L = Agi,j = T) and k‘z 75 k‘i, i.e., there are no
simultaneous grasp/release and navigation actions,
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b) #i € N,j € M such that w; = AG,; = T, w; = AG,o = T, (or
w; =AGio=T,w; =AG;; =T) and k; = kY # k; = k7, i.e., there are
no simultaneous grasp/release and transportation actions,

c) #i € N,j,j’ € M, with j # j', such that w; = AG,;; = T and w; =
Agi,j/ =T (wi = .Agi,j/ =T and ’LﬂL = Agw-/ = T), i.e., there are no
simultaneous grasp and release actions,

d) #j € M such that kS # %f and w; # AG; ;,Vi € N (or w; # AG; ;,Vi €
N), i.e., there is no transportation of a non-grasped object,

e) #j € M, T C N such that kg # %f and A(m$,(7) = L, where w; =
w; =AG,; ; =T <4 €T,ie, the agents grasping an object are powerful
enough to transfer it,

4.0 = U UT° with ¥ = Uien ¥i and To = Ujem V5, are the atomic
propositions of the agents and objects, respectively, as defined in Section [7.3.1]

5. £: 1, — 27 is a labeling function defined as follows: Given a state 7, as in

[732) and 6, = (Usen ) U (Ujens 07) with @i € 2%, 59 € 27 then
Vs € L(ms) if Py € Li(my,) and 9§ € E?(ﬁk?),w eN,jeM.

6. A and P, as defined in Section |7.3.1

7. x : (—s) = R is a function that assigns a cost to each transition 7, —4 7.
This cost might be related to the distance of the agents’ regions in 7, to
the ones in 7y, combined with the cost efficiency of the agents involved in
transport tasks (according to ¢;,i € N).

Next, we form the global LTL formula ¢ = (Aienx®i) A (Ajem®§) over the
set . Then, we translate ¢ to a Biichi Automaton B.A and we build the product
TS =TS x BA. Using basic graph-search theory, we can find the accepting runs of
TS that satisfy ¢ and minimize the total cost x. These runs are directly projected
to a sequence of desired states to be visited in the 7S. Although the semantics
of LTL are defined over infinite sequences of services, it can be proven that there
always exists a high-level plan that takes the form of a finite state sequence followed
by an infinite repetition of another finite state sequence. For more details on the
followed technique, the reader is referred to the related literature, e.g., [38].

Following the aforementioned methodology, we obtain a high-level plan as se-
quences of states and atomic propositions 7 == 75 1752 ... and PYp1 = Vs 1Ps1 - - - =
¢, which minimizes the cost x, with

Mo = (7?5,771'0,27@4) e Il;, Vvl € N,

doe = (U vae) U (U ) €2% L(mo) W €N,
ieN

JjeEM

where
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o W= Thy g Thy,,--- With kg € K, Vi€ N,
* Mo =To,  Tko, ;.- With k3, € K,VjeM,
o Wy =Wy, Way,... Withw,, € AG;,VieN,

o g €2% Li(my,,),VieN,
% .
. U5 €2% LY (mp0,), V5 € M.

The path m, is then projected to the individual sequences of the regions
TkO TkO, - - - for each object j € M, as well as to the individual sequences of
the regions my, 7y, , ... and the boolean grasping variables w; 1w; 2 ... for each
agent 2 € V. The aforementioned sequences determine the behavior of agent i € N/,
i.e., the sequence of actions (transition, transportation, grasp, release or stay idle)
it must take.

By the definition of £ in Def. [7.9] we obtain that i, , € Li(ﬂki’z),wﬁz €
E?(ﬂ'kjoe),w € N,j € M, € N. Therefore, since ¢ = (Aiexdi) A (Ajemdbo,) is sat-
isfied Hy Y, we conclude that ¢; 19i 2. .. = ¢ and Y9195, ... = 67, Vi € N,j € M.

The sequences 7y, , Tx, , - -+, ¥i1%i2 ... and ThO TRO, -+ 17 .. over II, 9¥;

and II, 2‘1’;‘), respectively, produce the trajectories ¢;(t) and z¢(t),Vi € N,j € M.
The corresponding behaviors are 8; = (qi(t),0:) = (¢:i(ti1), 041)(q(ti2), 0i2) ...
and 37 = (29(t),07) = (2§ (t51),051)(x(t72),05s) ..., respectively, according
to Section with A;(gi(tie)) C Tk, ,s0ie € Li(my,,) and Oj(zo,(to, ) €
Tk, 0%y € Wk?e). Thus, it is guaranteed that o; = ¢;, 0% = ¢§ and consequently,
the behaviors 3; and 3 satisfy the formulas ¢; and ¢f, respectively, Vi € N,jeM.

The aforementioned reasoning is summarized in the next theorem:

Theorem 7.3. The execution of the path (mp, Ypi) of TS guarantees behaviors 3;, By
that yield the satisfaction of ¢; and d);), respectively, Yi € N,j € M, providing,
therefore, a solution to Problem[7.3

Remark 7.5. Note that although the overall set of states of 7S increases expo-
nentially with respect to the number of agents/objects/regions, some states are not
reachable, due to our constraints for the object transportation and the size of the
regions, reducing thus the state complexity.

7.3.3 Simulation Results

In this section we demonstrate our approach with computer simulations. We con-
sider a workspace of radius rg = 30m, with K = 4 regions of interest or radius
rr, = 3.50m, Vk € K, centered at p., = (0,0,0),pr, = (—14m,—14m,0), p, =
(20m, —10m, 0), pr, = (—16m, 15m,0), respectively (see Fig.[7.11)). Moreover, we

consider two cuboid objects of bounding radius ry = 0.5m, and mass m$ = 0.5kg,
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Figure 7.11: The initial workspace of the second simulation example, consisting of 3
agents and 2 objects. The agents and the objects are indicated via their corresponding
radii.

Vj € {1,2}, initiated at 2{(0) = [~16m, 15m,0.5m,0,0,0]" 29 (0) = [~1.5m, 0.2m,
0.5m, 0,0,0] ", which implies that Oy (x{(0)) C 72, and O2(x$(0)) C 1. The consid-
ered agents consist of a mobile base and a 2-dof rotational robotic arm. The mobile
base is rectangular with dimensions 0.5m x 0.5m x 0.2m and mass 0.5kg, and the
two arm links have length 1m and mass 0.5kg each. The state vectors of the agents
are ¢; = [Te,, Yo, Girs Gis] | € RY, G = [de,, Yo, Giys Gin] | € RY, where @, ye, are the
planar position of the bases’ center of mass, and ¢;, , g;, the angles of the arms’ joints.
The geometric characteristics of the considered agents lead to a bounding radius
of r; = 1.26m, Vi € N. The atomic propositions are ¥; = {“i-m 7, ..., “i-m4"},
Vi € N, and ¥° = {“O;-m",...,“Oj-14"}, Vj € M, indicating whether the
agents/objects are in the corresponding regions. The labeling functions are, there-
fore, L;(my) = {“i-m."}, LS (m1) = {“Oj-m"}, Yk € K,i € N, j € M. We test two
scenarios with NV = 2, 3 agents, respectively. We generate the optimal high-level plan
for these scenarios and present two indicative transitions of the continuous execution
for the second case. The simulations were carried out using Python environment on
a laptop computer with 4 cores at 2.6GHz CPU and 8GB of RAM memory.

1. We consider N = 2 agents with initial conditions ¢;(0) = [0.5m, 0, Frad,
Zrad] ", ¢2(0) = [18.5m,11.5m, Zrad, Zrad] ", ¢;(0) = [0,0,0,0]",Vi € {1,2}
which imply that A;(¢1(0)) C 71, A2(g2(0)) C 73, and that no collisions occur
at t = 0, Le., C12(01(0), 42(0)) = Co, 0, (25 (0),39(0)) = Ci.0, (1 (0), 22(0)) —
1.Y(4,7) € {1,2} x {1,2}. We also assume that AG; (¢;(0),2°(0)) = T,Vi €
{1,2}. We represent the agents’ power capabilities with the scalars (; = 2, (s =
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Table 7.1: The agent actions for the discrete path of the first simulation example

H Ts,0 ‘ Actions ‘ Tst ‘ Actions H‘
T
Ts,1 (-) Ts,14 (m1 —{1,2},2 m2)
Ts,2 (=, m3 =2 1) Ts,15 (152,252)
Ts,3 (1&2, 2&2) Ts,16 (’R’Q —r9 T4, T2 —2 7T4)
T
Ts,4 (7T1 —{1,2},2 7T4) Ts,17 (1 i) 1,2 i> ].)
T T
Ts,5 (74 —{1,2},2 ) Ts,18 (74 —7{1,2},1 1)
T
Ts,6 (1 L) 2, 2 L) 2) Ts,19 (7T1 —>{172}71 7'('4)
Ts,7 (ﬂ'l —1 T2, T1 —92 7T2) 77;’20 (—7 2 L) 1)
Ts,8 (1 i} 1, 2 i) 1) 7'(';721 (—7 Ty —292 7T3)
T
Ts,9 (T2 —r{1,2},1 Ta) T390 (=, m3 =2 )
Ts 10 151,251) T 03 (- 2%1)
T
Ts,11 (—, m4 =2 73) 77;,24 (74 —7{1,2},1 1)
N T
Ts,12 (M4 —o T, T3 —2 1) T 25 (m1 —7{1,2},1 4)
Te13 142 2% 09)

4 and construct the functions A(m¢,{7) = T if and only if 3 5+ ¢, > 5, with
AG,1 =T 1eT,and A(mg,(7) =T if and only if ) (- > 6, with
AG,o =T & 7€ T,ie., the objects can be transported only if the agents that
grasp them have a sum of capability scalars no less than 5 and 6, respectively.
Regarding the cost y, we simply choose the sum of the distances of the transi-
tion and transportation regions, i.e., given 7y, 75 as in such that 7y —
s, we have that X = Zie{l,Q}{”pﬂ'ki - pﬂ:} ”2} + Zje{l,z} Hpﬂ'kjo - p”:fo ”2}

The LTL formula is taken as (O-“1-m3”) A (O0“2-m37) A (|:|<>“01—7Ti7’) A
O(“O1-m1" = O“O1-147) A (0“Ogz-m4"), which represents the following behav-
ior. Agent 1 must never go to region 73, which must be visited by agent 2
infinitely many times, object 1 must be taken infinitely often to region 7,
always followed by a visit in region 74, and object 2 must be eventually taken
to region m4.

The resulting transition system TS consists of 560 reachable states and 7680
transitions and it was created in 3.19sec. The Biichi automaton B.A contains
7 states and 29 transitions and the product 7S contains 3920 states and
50976 transitions. Table [7.1] shows the actions of the agents for the derived
path, which is the sequence of states 75 1mg2... ...(7r§720, . 77r;f725)°", where
the states with (*) constitute the suffix that is run infinitely many times.
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Loosely speaking, the derived path describes the following behavior: Agent
2 goes first to m; to grasp and transfer object 2 to w4 and back to m; with
agent 1. The two agents then navigate to ms to take object 1 to m4. In the
following, after agent 2 goes to 73, they both go to m; to transfer object 2 to
. Then, they navigate to m4 to transfer object 1 to m; and back. Finally, the
actions that are run infinitely many times consist of agent 2 going to from 4
to w3 and back, and transferring object 1 to m; and 74 with agent 1. One can
verify that the resulting path satisfies the LTL formula. Note also that the
regions are not large enough to contain both agents and objects in a grasping
configuration, which played an important role in the derivation of the plan.
The time taken for the construction of the product 7S and the derivation of
the path was 2.79 sec.

2. We now consider N = 3 agents with ¢1(0), ¢2(0) as in case (i), ¢3(0) =
[_14m7 1511’1, %rad, gradf = AB(Q3(O)) € T4, AgS,O(qi(0)7$o(0)) Ta
(3 = 3, and no collisions occurring at ¢ = 0. The functions A and x are the
same as in case (i). The formula in this scenario is (O—*1-w3”) A (O0“2-737) A
(O0“01-m7) AO(*O1-m17 — O“O1-147) A (OO“Og-m3"), which represents the
following behavior. Agent 1 must never visit region 73, which must be visited
infinitely many times by agent 2, object 1 must be taken infinitely many times
to region 7y, eventually followed by a visit in region 74, and object 2 must be
taken infinitely many times to region ms.

The resulting transition system 7S consists of 3112 reachable states and
154960 transitions and it was created in 100.74 sec. The Biichi automaton B.A
contains 9 states and 49 transitions and the product 7S contains 28008 states
and 1890625 transitions. Table [7.2] shows the agent actions for the derived
path as the sequence of states ms 1752 ... ...(75 19,75 11)*. In this case, the
three agents navigate first to regions mo, 71, and 7y, respectively, and agents 2
and 3 take object 2 to m3. Next, agent 3 goes to mo to transfer object 1 to m
and then 74 with agent 1. The latter transportations occur infinitely often.
The time taken for the construction of the product 7S and the derivation
of the path was 4573.89sec. It is worth noting the exponential increase of
the computation time with the simple addition of just one agent, which can
be attributed to the centralized manner of the proposed methodology. The
necessity, therefore, of less computational, decentralized schemes is evident
and constitutes the main focus of our future directions.

Next, we present the continuous execution of the transitions 7,1 —4 7,2, and
Ts3 —rs Ts.4 for the second simulation scenario. More specifically, Fig. @ depicts
the navigation of the three agents my —1 mo, w3 —9 my, and w4y —3 mp, that
corresponds to ms 1 —s g2, with gains K, = diag{0.01,0.01,0.01}, Vz € {1, 2, 3},
and which had a duration of 900 sec. Moreover, Fig. depicts the transportation
of object 2 by agents 2 and 3, i.e., my L{Q’g} m3, that corresponds to 753 —5 7 4,
with load sharing coefficients ¢; = co = 0.5, and corresponding time duration 300 sec.



178 Abstractions for Multi-Agent Cooperative-Manipulation Schemes

30 4

20 A T,
3

10 A &é
| ®
~10 A 2 %

(€]

®
201 %tooo

—30

y [m]

-30  -20  -10 0 10 20 30
x [m]
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Table 7.2: The agent actions for the discrete path of the second simulation example

B3 Actions H

Ts,1 (-)

Ts,2 (771 —1 T2, T3 —»2 71,74 —23 771)

T3 (—2%41,3%9)
T

Ts,4 (= m —{2,3},2 m3,)

Tss (—,—352)

Ts,6 (=, —,m3 —3 m2)

Ter 1%41,3%1)
T

Ts,8 (72 —{1,3},1 T1, -)
T

Ts,9 (m1 —{1,3},1 T4, -)
T

5,10 (T4 —{1,3y,1 T1,—)
T

Te11 (M1 —{1,3},1 T4, —)

7.4 Conclusion and Future Work

We addressed the problem of defining abstractions for cooperative manipulation
schemes by designing continuous control protocols. Firstly, we abstracted the motion
of an object in the workspace into a timed transition system via a decentralized
continuous control law for the trajectory tracking of the object’s center of mass. In the
following, we presented a novel hybrid control framework for the motion planning of
a system comprising of N agents and M objects. We designed appropriate continuous
control protocols that guarantee the agent transition and object transportation
among predefined regions of interest. In that way, the coupled multi-agent system
is abstracted in a finite transition system, which is used to derive plans that
satisfy complex LTL formulas. Future efforts will be devoted towards compensating
uncertainties in the object’s geometrical characteristics, considering non-rigid grasps,
as well as incorporating limited sensing information in the second abstraction that
deals with the multi-agent-object system.






Chapter 8

Summary and Future Research Directions

This thesis focused on solving the problem of multi-agent and multi-agent-object
planning and control under complex specifications expressed as temporal logic
formulas. We divided the thesis into three main subproblems, namely formation-
control, cooperative object manipulation, and hybrid control synthesis for the
temporal-logic-based planning of multi-agent manipulator-endowed and multi-agent-
object systems.

In Chapter [3] we proposed a decentralized control protocol based on the pre-
scribed performance control methodology for the formation of tree graph in SFE(3),
while guaranteeing collision avoidance and connectivity maintenance among the ini-
tially connected agents. Simulation results have verified the validity of the proposed
approach. Future efforts will be devoted towards ensuring collision avoidance among
all the agents as well performing real-time experiments.

In Chapter [ we proposed two novel decentralized control protocols for the
cooperative manipulation of an object by a team of robotic agents without the
use of force/torque sensors. Firstly, we designed an adaptive control law based on
quaternion feedback to avoid potential representation singularities. Secondly, we
employed the prescribed control methodology, to achieve predefined transient and
steady state for the center of mass of the object. Both control laws are robust against
modeling uncertainties and external disturbances. Future directions will aim at
dealing with non-rigid grasps as well as unknown geometric characteristics of the
object.

In Chapter [p] we proposed two novel control protocols for the cooperative
transportation of an object by a team of robotic agents by using Nonlinear Model
Predictive Control. Firstly, we designed a centralized NMPC control protocol, where
a central unit computes the control signals of all the agents, and secondly, we designed
a decentralized NMPC control protocol, based on inter-agent communication. In
both methodologies, we have dealt with inter-agent collision avoidance, collision
avoidance between the agents/object and workspace obstacles as well as singularity
avoidance. Future efforts will be devoted towards addressing non-rigid grasps, and
reducing the NMPC complexity.

181



182 Summary and Future Research Directions

In Chapter [f] we proposed decentralized abstractions for teams of robotic
agents over predefined regions of interest in the workspace. In particular, based
on previous results on navigation functions, we synthesize hybrid controllers for
UAVs as well as teams of robotic mobile manipulators, to achieve satisfaction of
their individual LTL formulas. The proposed control protocols are decentralized,
since each agent is based on local information to determine its actions. Simulation
as well as experimental results verify the validity of the proposed approach. Future
efforts aim at incorporating cooperative actions in the abstraction in a decentralized
manner.

In Chapter[7} we design abstractions for multi-agent systems while incorporating
the motion of unactuated objects. Firstly, we employed the PPC design and the
prescribed transient and steady state performance from Chapter [4] to design timed
transitions for the object among a predefined workspace partition. That allowed
us to abstract the motion of the object as a timed transition system and apply
MITL formulas. Secondly, we designed navigation function-based control laws for
the multi-agent navigation and object transportation among predefined regions of
interest. That allowed us to defined a coupled abstracted transition system for the
multi-agent-object system, that incorporates the motion and task specifications of
the objects and the agents, and apply complex tasks expressed as LTL formulas.
Simulation results verified the effectiveness of the proposed methods. Future efforts
will aim at designing decentralized abstractions for a team of multiple robotic agents
and objects.
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